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Primitive geometric objects

Introduction. Let Q = (X, ®) be a geometric object with the fibre X
(the set of values) and the transformation formula @7, i.e. the corresponding
transformation group @ of local coordinate system acts on X as follows

(1) X XG> (@,9)>7 =P(@,9).
An object 8 = (Y, V) is called a concomitant of £ if there exists a mapping
(2) h: XY

of X onto Y which is invariant under transformations of fibres X, Y, i.e. it
satisfies the condition :

(3) h(B(2, 9) = P(hia), 9)

for arbitrary =z, g. o .

A concomitant 6 is called trivial if it is a constant or 6is equivalent to £,
a proper concomitant in the opposite case and scalar non-trivial if 6 is a scalar
with at least two different values.

A geometric object will be called primitive if it does not exist any its pro-
per concomitant. A primitive geometric object will be called a strictly primitive
object if it has not any scalar non-trivial concomitant.

In the present paper we deal with a problem of primitivity of geometric
objects in general. Then we prove this property for some objects of the first
class and we give the complete classification of the primitive objects of the
second class. ‘ ‘ '

1. The strictly primitivity of a primitive ‘geometric object is closely
bounded with the transitivity of this object. This follows from the following
proposition. '

1 This representatioﬁ of a geometric objéct is closely connected with the notion of an
abstract geometric object in sense of Kucharzewski-Kuczma [4] or with the definition of
Haantjes-Laman (cf. also [4]).
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Proposition 1. A geometric object has a non-trivial scalar concomitant
if and only if it is intransitive. -
Proof. The condition (3) for a scalar concomitant 6 of a given object Q
takes the following form
h(D(z, g)) = h().

If we fix « then this equality holds for any g e @, i.e. the domain of h(z) is
the whole set @(w, @) that is & transitive fibre of object 2 which passes
trough 2. Thus there exist two different values h(x), h(2’) if and only if 2
has at least two different transitive fibres, i.e. if it is an intransitive object.
On the other hand, if £ is intransitive, then any mapping (2) which is
constant on-every transitive fibre and takes at least two different wvalues,
represents a non-trivial scalar concomitant of £. ~

From the above proposition we get immediately the following L

Proposition 2. 4 primitive geomstrw object is strictly primitive @j and
only if it is transitive.

We omit the simple proofs of the following propositions 3 and 4.

Propo 31’01011 3. If we have the two eqmwlem objects, then they both are
primitive, ov both are imprimitive.

Proposition 4. An object is primitive if and only if each its transitive
fibre (that means an independent geometric obyect with the same tmnsjormatwn
formula) is primitive. ;

In virtue of the above property we can reduce the elass1flcat10n of pr1~
mitive objects to the determination of primitive transitive objects.

Another form of primitivity represents so called simple geometric objects
defined by V. V. Vagner [6]. Vagner calls a differential geometric object of
the class r a simple geometric object, if there do not exist concomitants that
are geometric' differential objects of the class <7 and >0.

He gives too the full classification of simple objects of the clags r > 1
(cf. [6]). Vagner proves for instance that there do not exist simple differential
geometric objects of the class 7 > 2 in n-dimensional space if n > 1. For
n = 1 the same proposition holds for objects of the class r > 3. Since every
primitive geometric object is also simple, then we get immediately irom
Vagner’s results the following proposition.

Proposition 5. There are no primitive differential geometric objects of the
class r > 2 if n>1 and of the class r>3 if n =11

2. Primitive objects and maximal subgroups

Now, we shall give a group-theoretical condition for the primitivity of
transitive geometric objects. As a matter of fact it will be the same condi-
tion as for the primitivity of a representation of a group.

! In fact, Vagner has classified only the regular geometnc ob]ects (the transformation
formula @ is analytic.)
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Let be given an object (1). We denote by H the stationary subgroup of
a fixed point  of X, i.e. H is the set of all the elements g ¢ G which leave
the point z invariant. The object (X, ®) as a structure is isomorph to the
homogeneous space G/H in which G acts as the left translations group.

Let (Y, ¥) bé a concomltaﬁt of (X, ?) and b a mapping (2). If K denote
the stationary subgroup of ‘image h(z) then evidently the following rela-
tion holds '

(4) HCECG.

A concomitant (Y, ¥) determines in the above manner a subgroup K
satisfying condition (4) for any fixed subgroup H.

Conversely, let K be a subgroup satisfying (4) for a fixed H. It is well-
known (cf. [2], p. 109) that the structure of homogeneous space G/K is iso-
morph to the factor-structure (G/H)/(K/H). Let (Y, %) be an object which
is isomorph to G/K, thus also to the above mentioned structure. It follows
from the following diagram, that (Y, ¥) is a homomorph image of the
structure (X, &), i.e. (¥, ¥) is a concomitant- of the object 2 = (X, D).

G/H — (X, )

‘ ¥
(G/H)[(K/H) — G/K — (Y, ¥)

{;,—~""—homomorphism).

Thus we have proved that any subgroup K satisfying the relation (4)
determines (with accuracy to the equivalence) a concomitant of given
object (1).

If K = H then the corresponding concomitant is equivalent with the
object Q; if K — @ then it is a trivial scalar, while the space GG consists
of one point only. Thus (Y, ¥) is a proper concomitant of Q if and only if
the subgroup K satisfies except the relation (4) also the condition*

(5) ’ K+H and K=+#@.

It follows from the above results that an object (1) has a proper conco-
mitant if and only if its stationary subgroup H ' is maximal, i.e. if there do

' not exist subgroups K of G satisfying the relations (4) and (5).

As follows by using the word “primitive’” we can that formulate:

Theorem 1. A transitive geometric object is primitive if and only of ils
stationary subgroup is maximal in the transformation group G. )

The analogous condition for intransitive ob]ects from that and from the
proposition 4: ‘

Theorem 2. A4An mtmns'i,twe geometmo object is primitive if and only if
a stationary subgroup of any of its poinis is mawximal.

‘We shall use these conditions practically in the next sections.

! Defined with occuracy to the interior authomqrphism of G.
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3. The primitivity of some linear objects of the first class

A differential geometric object of the type (m,n,r) is mentioned (class-
ically) as an object (X, @) such that: (a) X is a subset of B™ (m-number of
components) and (b) @ = L, —the group of all jets of order r of differomor-
phisms in R" at the origin.

The condition (a) leads sometimes to a non-consequence, if we consider
for instance a so-called Pensov object w with the transformation formula

1’ 1
o =B FA e e
) : Ay +4; o -

It is treated as a differential geometric object of the type (1, 2, 1), although
its set of values X is a one-dimensional projective space P.

Some extension of condition (a) was given by E. Siwek [5]. Instead of (a)
he assumes that X is'a subset of some factor-space R™/8 of space R™ by an
equivalence relation S defined on R™. In such a manner generalized objects
Siwek calls the pseudoobjects. (The notion which has been used earlier by
some mathematitians for some objects, without any strict definition.) These
objects are in fact the factor-objects in sense of factor-structure of structure
(X, @) by the relation 8. *

The fact that in every case of an pseudoobject we ought to mention the
corresponding equivalence relation is not convenient. Therefore we deal with
the general situation and ‘we shall understand an object (X, Lp) by a diffe-

rential geometric object, where X is a subset of R™ or P™ and in the last case

we identify the objects and pseudoobjects.

Let 2 = (w,, ..., ®m) (w;—real components) be a linear homogeneous geo-
metric object. We put
(6) ‘ !’91:"2;; (1=2,..,m).

The numbers #; represent a (non-linear) geometric object; it will be called
a projective object associated with the object 2 and denoted by II. Its fibre
is a subset of m—1 dimensional projective space P™ . The components w;
(¢#=1,..,m) can be regarded as homogeneous components of II.

For éxample, the above mentioned Pensov object w can be obtained as’
a projective object, associated with the contravariant vector » = (!, v*), such
that ® = v,/v,. The numbers o', v? represent here the homogeneous compo-
nents of the object w. -

Let

(7 ‘ pitie gl il (@:1,...,71,}

1 2 v
be a simple p-vector (p > 1). We shall study now the corresponding pro-
jective object (6) which will be called a projective p-vector. Not writing exactly
its components we shall regard the number (7) as the homogeneous compo-
nents of this object (according to the above remark).
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To every hdmogeﬁeous system of components (7) we have a one—to-ﬁﬁe
correspondence , between a linear subspace VP C V"™ spanned on the vectors
0y ..., v from (7). We thus can consider the eomponénts (7) as the homoge-
; o . : _

neous Pliicker coordinates of p-dimensional subspaces of V™. Consequently
there exists a one-to-one correspondence between the set of values X of the
projective p-vector and' the, Grassmanns. manifold M (p, n) of all the p-sub-
spaces of V" and moreover the structure of this object is isomorph with the
structure of M(n,p) under the transformations of the linear group GL(n).
In particular the transitivity of the considered object follows from the above.
Let us choose the point =z, of X such that the corresponding subspace V7
is spanned on the first p unit vectors e,, ..., ¢,. Then the stationary subgroup
of m, (nb. leaving this V? invariant) consasts of all the matrices of the form

Ay ... 1pn
a/p]_ ce. QApp .
0 0 apripn

.y -0 0 a,,, P+l e e -

Lemma 1. The subgroup H of all the matrices (8) is a maximal subgroup
of GL(n

Proof The subgroup H’C H of all unimodular matrices of the form (8)
. is maximal in S8L(n), while it consists of all unimodular matrices leaving in- -
variant a linear subspace (ef. Dynkin [3D. Each subgroup K containing H
and different from it must have at least one non-zero element on a zero place
in (8); its ummodu]ar subgroup K’ contains H’ and K’ = H’': From the ma-
ximality of H' follows K’ — SL(n). On the other hand, the determinants of
‘matrices of K can take arbitrary values; consequently it must hold K = GL(n).
This completes the proof of the lemma.

In virtue of the above lemma and of the theorem 1 we get immediately
the following : '

-Theorem 3. Every projective simple p-vector (1 <p <. n) 48 strictly pri-
mitive.

In particular the projective 1-véctor (i.e. a pro;ectlve vector) is a Pensov
object and thus we get

Corollary 1. Tke Pensov object is smctly primitive.

4. Primitive objects of the sécond class

The group G = L% consists of all the pairs (a, #) where @ ‘is arbitrary non-
singular matrix of order =, 1e d e GL(n) and & = (a}x) arbitrary system

of 'n( +1) numbers with symmetry condition ao',-k = ,wky. (6,9, k=1, ..,n).
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‘The group product (¢, z) =(a, z)(b, y) is defined as follows
(9) c=ab, & —abbibi+aby%.
Let us denote the two following characteristic subgroupé of G and namely
@ = {(a, 0), a e GL(n)}
@ = {(e, ), e—unit matrix, & arbitrary}
G’ being: an abelian group ((e, ) (e, y) = (e, x+9)).

Lemma 2. Let V be a vector space of all the elements mik( =a}4;) on which the
linear group GL(n) acts as follows

(10) , Bop— ap abalal .
The unique non-irivial subspace of V which are invariant under tramsfor-
mation (10) are the following

(11) Wl =0, Z: ah—— =8y, =0,

—I—l
for i,j,k=1,..,n

The above lemma follows immediately from the correspondmg Vagner’s
results in (6).
Lemma 3. The unigue subgroups of G satisfying the condition

(12) HYH g =@

i.e. the intersection of a given subgroup H with G° is G°, are the subgroups A
and B with the elements (a, zv) satisfying the relations

(13) A: aql”wpk=0, (k:l,...,n),

14) . BiapMaf— gyl =0,  (iyj,k—=1,..,n).

n—+1

Proof. Let H be a - subgroup satisfying condition (12). Let us denote
by H’ the intersection H with G' (i.e. an invariant subgroup of ). H' is an
invariant subgroup in H, namely if (a, x) ¢ H then we have (a, 2)"'(¢, w)(a, )
= (e, w) where o .

(15) 'wﬁc = a,p uq,a, a%

and (e, w)eH ~ @G = H'. On the other hand H is a subspace of vector
space G'. In virtue of (15) H’ is a subspace invariant under transformation (15)
(cf. (10)). It follows from the assumption (12) that the matrices a in (15)
are arbitrary matrices of GL(n). According to lemma 2 H’ is either the sub-
space A’ consisting of pairs (e, #) where ¢ W, or the subspace B’ of pairs
(e,y) where y e Z (W, Z as in (11)). '

Let A be a subgroup containing A’ and satisfying (12). The intersections
A=A~ G =@ and A=A ~ G determine the subgroup A completely
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_(analogously for the corresponding subgroup B): In fact, if (a,) ¢ A then
also (a~?, 0)(a, x) = (e, ) where ‘
- (16) Bk = ap " T
belongs to A. Moreover (e, ) belongs to A’, thus. 4 « W and from (11) and
(16) we get the relations (13). Conversely, it is easy to see that all the ele-
ments (a4, #) which satisfy (13) form a subgroup of G such that the inter-
section with G gives G and this Wlth G’ gives A’. By a sumlar Wa.y we de-
termine the subgroup B.

Lemma 4. The subgroups A, B from lemma 3 are the unique maximal sub-
groups of G satisfying the condition
(14) HAG #6171,

Proof. If a subgroup H is maximal in G then it must satisfy condition
(12), otherwise in view of (17) H would be contained in the subgroup K for
which

K~@=H" and Kn@ =6".

Slnce H® # G° s0o K # & and we get a contradiction to maXImallty of H.
Thus it must be H® = @® and according to lemma 3 H is either the subgroup
A or B, g.e.d.

Theorem 4. Every strictly primitive differential geometric object of the
second class is equivalent either to the contracted object of the aﬁme connection

06 Ty.

Iy = I'py, or to the 'ob;iect of projective connection Iy, = I'ik— )

Proof. The stationary subgroups of the zero-elements of the above men-
tioned objects I and ITj are exactly the subgroups 4 and B from lemma 3,
respectively. In view of lemma 4 these are the unique maximal subgroups
of G satisfying condition (17), Thus in virtue of theorem 1 there do not exist
other (with occuracy to the equivalence) strictly primitive objects of the
second class which are different from the above.
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