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In the present paper we give some remarks on the algebra of geometric
objects and we define the notion of Kronecker multiplication of linear homo-
geneous objects. Theoretically, the problem of algebra is not much considered;
, only for some special classes of objects as, for instance, for tensors or densites.

is problem has been dealt with by J. Aczél, M. Hosst, S. Golab and M. Ku-
‘charzewskl - M. ‘Kuezma (the complete references are given in [4]).

S 1. Under q-nary operation on the 'ob]ects (829, i=1,..,¢9>2 is under-
stood ([1], p. 92) any Rystem of functions :

(1) ’ ‘ ’ fi(Qly *Qq): ?“'1

such that the values of these functions are the components of an geometric
object. This object—the result of the operation (1), can be considered as an
algebraic concomitant of the ob]ects (£24) or, Wh&t means the same, as a con-
comitant of one object :

@ . | 2 =2y, Q)

— the union of these objects (1], p. 13). Thus the problem of finding all the
operations (1) (that is all the algebras for the objects (£2;)) reduces to the
problem of determining all the algebraic concomitants of the object (2). -
. Basing on this fact we shall give now some other (more algebralc) formula
~ for the above definition.

Let F' denote a family of homologeous geometric objects, i.e. of the obJects, ,
which are defined in the same point of a manifold and related to the same
 group of local transformations. An operation on F will be called a compo-
sition law, according to which to some ordered subsets of F there corresponds
exactly one geometric object and this correspondence is independent of the
choice of the coordinate system. (That means that any operation on F allows -
to build from the objects of F some new objects—concomitants of theirs.)
An algebra will be called a system of F' and some number on F defined ope-
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rations. This notion touches the families of objects. fields too. The result of
an operation will be called a composition object. :
~ If we treat any geometric ob]ect as a. structure 2 = (X, @), where X de-
note the domain of values of object (the fibre) and @ its transformation for-
mula, ‘then, for instance, the object (2) can be considered as result of an alge-
braic ecomposition and namely as the direct product of the given structures
0 = (X, @;)
Let object 2 = (.X D). Any operation m defined on the direct product '
(2, 2) such that the composition object is of the same type, with the fibre X’

. contained in X, is called an interior opemtwn on the obje¢t 2. The opera-

tion = determines a mappmg

(that is, = is an algébra,ic operation on the set X), which is invariant under
the transformations @. A system of 2 and some number of interior operations
on 2 will be called an interior algebra of this object. In Section 3 we deter-

mine the' complete interior algebra of a symmetric tensor ay (with the flbre
nint1)

X =R % ). In the paper [4] (p.,56) is given, in fact, the complete 1nter10r
algebra of a contravariant vector v. The interior algebras of any object with
one component can be deduced from the corresponding results in [1], p. 112.
.2. Now we shall give some suggestions to the problem of classification
of operations on geometric objects. ‘;
If 2 i3 a composition object under an operatlon a on the objects (Q¢),

then éach its concomltant 6 may be treated as a new composition object of

these objects and namely under the operation f§: (£2y)—6 which is a super-
position of the above operation a: (2;)—>£ and the mapping h: 20,
i.e. it holds -

@) . f=hea.

An operation g will be ca]led a prolongation of the operatlon o if B has
the form (3). Two Opera.tlons are called equivalent if each of them is a pro-
longation of the other one. ‘

In the above sense, every operatlon is a prolongatlon of the direct pro-
duct. In the sequel we shall ignore this fact.

Let be given a family F of geometric objects. An operation be ca.lled
elementar (on F) if it is not a prolongation of some other operation on F,
with aceuracy to equivalence. A system of operations will be called a funda-

-mental system of operations on F if it contains only the elementar operations

and any operation on ¥ may be obtained as an iteration of the finite numbetr
of operations of this system.

In general, the problem of finding of a fundamenta.l system on a given F
is very difficult. From the practical point of view the most interesting are
the algebraic operations (the ffnctions (1) are algebraic) and their fundamental

rd



115

systems. As example, we give below ‘the ﬁmda,mental system of algebraic
operations on tensors. .

Let F denote the family of all the tensors the indices of which run by the
~same set of numbers. The fundamental system of algebraic operations on F'
_consists of the following five operations viz. the addition and multiplication.
of tensors, the contradiction and permutat]on of indices and the multiplica-
tion by scalars.

That follows ffom the fundamenta.ll theorem of the theory‘ of invariants
(Cramlet 1928, [3], p. 182) and namely, that any algebraic invariant of ten-
sors is an algebraic function of expressions; each of them may be obtained
by the above mentioned operations.

. Let ay (i,j =1, ..., n) be a symmetric tensor with values in the Whole

n{n+1)

" space B 2 . Any interior operation of this object determmes a concomitant .
of a pair (by, ¢y) € X X X, where X is the fibre of a4, i.e. a concomitant of
a pair of symmetric tensors, which itself represents a symmetric tensor ;.
Such concomitants were determined in [5], p. 33. We construct them in
the following way:
We define a binom

S (4) | : Abis+ pciy

(A, y—parameters). If the determinant det(Absy;-+ ucey) vanishes identically,
then any concomitant w¢ has the form

@iy = Aobig+ poy -

. . , ‘ P
In the opposite case there exist values 1, u such that the corresponding
tensor (4) is regular and we can build the inverse contravarlant tensor, and
then the mixed tensor si. We put
i - .
(f)’ =5}, K )} sf‘s;'ﬁ: Shpiy - P =1, 'f"N
where N is the degree of minimal polynom of components matrix [s}]. With
the aid of the above power tensors of sj we construct the fo]lowmg N linear
‘ mdependent covariant tensors :

Qg aiks;‘, oy Qip; rS‘,' .

, ‘ ® -1
Any concomitant g is ‘a linear combination (with scalar coeﬂicieﬂts) of
these tensors. It follows from the above facts that any interior operation of
ai reduces to the superposition of the following elementar operations viz. the
addition and multiplication of tensors, the coutra,dlctlon, the inversion of .
tensor and the multiplication by scalars.
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4. Let be glven two lmear homogeneous geometric obJects 2, 2, w1th P
and ¢ components, respeetwely and. Wlth the transformatlou formula,e

(5) ' of =af o, w"'= ¥ o*
ot . w @& e

(’""—1,1 7?97‘77‘7—1 ;Q)

We. denote by C=4 ><B the Kronecker produet of the transformatlon
matrices 4 = {a,, '}, B [bk] of order p and ¢ respectively (cf. [2], P- 15)
The elements ¢ (m,m’ =1, ..., pq) of ¢ have the form

(.‘ka) @ 172
Clry - = Az by,

" where. the indices pairs (¢'k’) and (ik) are ordered lexicographish.
The Kronecker multlphcatlon of matrices have the following propertles
(A, 4;) X (B, By) = (A1 X By) (A, % By)
A (AxB) ' =A"'xB™
B xE = EM" (E® — the unit matrix of degree 8)
' (AxB)T = A" xB". \

 From the above relations follows that if Gy, G‘2 are two linear groups then

~ is such the set @, X @, too (the set of all products A X B where A €@, and

B G,).
We put in an' arbitrary coordinate system

w'* = pfek  (t.=1, ...,p; k=1,.. q).
(1)(2)

In view of (5) the numbers w"‘ transform by a change of coordinate sy-
stem as foﬂows 4
(6) o wi’lé’ == dﬁ’bk’w"wk .
@

The formula (6) may be written in the follo_wihg fashion ;

(N o L ™ =™

where m = (tk) and m =1, ..., pg. If G,, @, are the transformation groups
of objects £2,, 2, respectively, then ¢ = G, X @, is the transformation group of
the sequence of pg numbers (wm). Thus a new linear homogeneous geometric
object Q = (!, ..., ) with the transformation formula (7) is defined. It will
be called the Kromecker product of objects (5) and denoted by £, x£,. The
corresponding operation will be called a Kronecker multiplication.

The well-known multlphcatlon of tensors is a partlcula.r case of Kronecker
multiplication.
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Finally we remark -that the following propositions hold

‘1. The object £2;xQ, is eqmva.lent to the object 2,xQ,. : a

2. If Q,~80,, Q{~2% then (le!ll) (£2, x.Qg), where the gign “~” denote
the equivalence relation.

3. The direct product (Q,x!)a, szga) ig 1dentlcal with (QI,Q,) x 8.
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