",

ZESZYTY NAUKOWE UNIWERSYTETU, JAGIELLONSKIEGO Y

. [ Nr CXXXI " PBACE MATEMATYCZNE ‘ZESZYT 11 o 1e86

Jin Bochenek
,.
On the Dmchlet’s problem for a class of the elliptlc systems of differentlal
‘equations of the second order -

1. Let D be a bounded domain in the space of m variables X = (@1y -oey Zm).
Consider the system of equations :
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where a4(X) = a(X), be(X). ('a, j, =1, ,m) are deﬁned" and bounded 111'
the closure D of D. Let the characteristic form 2 ay(X)Aid; be umformly “ |

f,7=1

positive definite in D and let the elements euy(X) (4,] = -1, ...,n) of the ma-

trlx C(X) = {ey(X )} be defined and bounded in D. The vectoria,l‘ function
) = {f(X)} (4 =1,...,n) is defined and bounded in D. "
‘If the vectorial function u(X) # 0 in D, then putting

R(X) = [w(X)+. A un(X)TH

we have u(X) = R(X)e(.X), where ¢(X) is the unit vector parallel to #(X).
It is easy to verify that the function E(X) fulfils in D the equation

m

@ Zau( X) oo Zbk (2% (em(zz)e S’éi,g;’”) B =ef(X).
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By the assumptions on the coefﬁcients of (1), one may apply to equatlon (2)
the extremum property [2] in the following form:

If the assumptmns on the coefficients of system (1) are satxsfled, the
quadratlc form

(8) ‘ ' » Z cq(X) Aids

4,7=1
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is negative definite in D, and if e*f(X) >0 in ﬁ then the functlon R (X)
does not attain its supremum in D, provided R(X) #* const.
~ To equatlon (2) may be applied also the Olejnik’s | lemnﬁa [3]; according
to this lemma we have the following

Theotem 1. If the boundary F (D) of D or at least a closed part > of F(D)
is of class C? (i.e. F(D) or X is given by the equation G(X) =0, where the func-
tion G is of class C? in an m-dimensional domain containing F(D) or X and,
moreover, grad*G >0), wXX)f(X) <0 (or wNX)[(X)>0), a part of F(D)
contained in a neighbourhood of a point X, belong to X, the quadratic form (3) -
is megative definite in D, w(X) is'a regular solution of system (1) (i.e. u(X) s
of class C* in D and continuous in D), R(Xy) >0 (or R(X,) = 0) and R(X)
< R(X,) (or R(X) > R(X,)) for X D, then

X>Xo XX,

o
lim
X—+Xy. XX(,

as X €D tends to X, along a half-straightline which goes from X,, and is. not
tangent to F(D) at X, and is conlained in neighbourhood of X,.

Proof. The assertion of theorem 1 in the case R(X,) > 0, follows from
‘the Olejnik’s lemma applied to equation (2). In the case R(X) =0 the -
coefficient

8.9* ae
a.m aw;(

5(X) = e*G(X)e-—Z ai(X

‘ i,i=1

and the function f(X) = ¢*/(X) are not defined. at the point X,. Since ¢(X)
<0 for XeD and X # X,, then putting é(X,) = 0 we have &(X) <0 for
X e« D. Alike, we define f(X,) = 0, then f(X) < 0 for X ¢ D. Then the funec-
tions . €(X) and f(X) satisfy the assumptions of the Olejm'k’s lemma, from
which follows the thesis of theorem 1. "

Remark 1. The second part of theorem 1 (1e in the case R(Xo) = 0)
is also true without the assumption relative to the definiteness of the form (3).
Namely we have the following

Theorem 2. Under the assumpltions of theorem 1, if R(X,) = 0, then the
second part of thes assertion .of theorem 1 is s‘amsfwd even if the fo*rm (3) 28 not
definite.

Proof. By the transformation

g=1

4) u(X):io(X)o(X),_ w( ncosy(wi—ms) x, = @y ey )

1) t\akes the form -(for w(X) #0)

m
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. where V‘ o . B -
. 1. SPOUE TR .
(X) = mf(x) y CO(X)= EL(’“")Eﬂ*U‘(X):

MW‘ZW@%%fZME—

2,4=1

and ¥ denotes the unit matmx of the rank n.
We shall show that there exists a number y and a nelghbourhood O(X.,)
of X such that the quadratic form

2 cij(.X Zi Zj

L4 f=1
, i

. is uniformly negative definite and w(X)> 0 in 0(X,) ~ D. Indeed, put

(6) M(X) = sup Zoﬁ X)m, A =(lgy ey ).

- =1 4721

It is sufficient to choose a number u and 0(X,) such that for X e 0(X,) ~ D
) Lw)+M(X)w<0 and w(X)>0.

The proof of mequa,hty (7) is done in [1]. Then the system of equatlons (5)
satisfies the assumpmons of theorem 1, from which we have

(8) tim BE_BE) o
. X—*Xo XXO

- where X —X, along a half-straightline going from X.,, not ta.ngent to F (D)
at X, and contamed in O(X,)~ D,

‘_mm—wm+dﬁww.
On the other hand, since E(X,) — R(X,) — 0 and R(X) = w(X)E(X),
R(X)—R(X,) _R(X)— R(.X,,)

9 A w(X).
(9) X7 X7, w(X)
Observe that , . o
(10) ' . © limw(X)=1. o
. . X—Xp

" The assertion of theorem 2 now follows from (8), (9) and (10).
The following corollaries.are simple consequences of theorem 2 -
OOrollary 1. If w(X) is the solution .of the system (1), such that u(X,) = 0,

w(X) £ 0 for X e0(X,) and X+ X, (X e D), then Zg’rad2m>0 at X,.
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K Proof Suppose - Z' grad’m 0 at X., Since the functions g% are con-
du

tmuous at X, (for X eD), then 717 =0 for each direction I, thch goes |

from X,, i.e.
ay

’ o E)—w(Xy)
XX XX,
On the other ha,nd since R(X) = u(X,,) =0, so

(X)"‘R( o) (X)—u(X,) e
XX,, ‘ ,XX,,

from th1s a.nd (11) we have

=0.

e*(X);

R(X) B(Xy) _
x—»x. XX

in contradiction with the assertion of theorem 2.

Corollary 2. If w(X) s a biregular solution of the system (1) (t.e. u(X)

n

is of class C* in D and of class C in D), u(X,) =0, > grad®u; =0 at X,,
: f=1
[here exists a ball K(X,) ‘whose boundary passes through X, and whose other
points all belong to D, then the ;functwn w(X) cannot be different f'rom zero in
none nmeighbourhood of X,.

2. If the quadratic fortn (3) is mnegative deﬁmte then to the system 1)
one may apply the extremum property. From this property, as in the case
of one equation, follows the uniqueness of the solution of Dirichlet’s problem

- . for the system (1) in the domain D. Sometimes, as in the case of one equa-

tion, it is possible to assure the uniqueness of the solution of Dirichlet’s pro-
blem also in the case when the quadratic form (3) is not negatively definite
in the domain D. We shall prove the following

Theorem 3. If there exists a function . w(X) reg'ular in D tmd if w(X)
satisfies the conditions _ ~
(12) ' w(X) >0 for Xe 5
(13) | ; L(w)+M(X)w<O \(m XeD

where M (X is defined by the formula (6), then the only solution of the homo-
geneous wahlet’s problem for the system (1) is the fzmcf/wn u(X ) =0. '
Proot!/ The transformation _ -

u(X) = w(X)v(X).

gives fop—-the functlon v(X) the fo]lowmg system - - -/
m

w  Yam +Zbk(X)—~+mxw_o B

. i,j==1




" where O(X) = %’L(@)Eq_O(;’i);.Du&a to (12)”@11(1 (13) the quadratic form
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ig negatlve definite in D. Moreover, the function »(X) is regular in D and
vanishes on the boundary F(D) of D, so that from the extremum property
»(X) =0, and therefore #(X)=01n D .

3. Ewdently, the theorems on the uniqueness of the solution of the D1—
‘richlet’s problem for the system (1), as in the case of one equation, in general
are not true in the case of an unbounded doma.m D. Therefore, we shall now
prove the following !

- Theorem 4. If the coefficients ay(X),b(X) (4,5,k =1, ...,‘m), and the
elements of the mairiz O(X) are defined amd bounded in an unbounded do-
main D, there exists a regular function w(X) in D such that w(X)> 0 and
L('w)—l—M (X)yw<0 for X e D, thm in the cla,ss of all 'regular ffzmctums in D
sansfymg the condition
R(X)

r 0X—s00

(where 0X = I/ X m,) the g;fmwtzo'n u(X ) = 0 1s the only solution of the homo-
t=1

=0, XD

- ~ geneous Dirichlet’s problem for the system (1). ' o
Proof. Let «4(X) = w(X)v(X). The function v(X) satisfies the system (14)
cin D and »(X) =0 on F(D). Denote 4,=D ~ K,, where K, is a ball of -

“centre at the origin and of the radius . Due to (15) let us choose for a num-

ber ¢ > 0 a number p such that B(X) < ¢ for X sF(K ) ~ D. Since E(X) =0

on ¥ (D), then B(X) < e for X ¢ F(4,). But from the extremum property
applied to the system (14) we have B(X) < ¢ for X € 4,. If X, is an arbitrary
point of D, we choose a number ¢ such that X, e 4,. Then B(X,) < e. Since
e is a,rbltra,ry, so B(X,) = 0, then v(X,) = 0, hence u(X.,) = 0, then »(X) =0
in the domain D. Using theorem 4 we shall prove the following

Theorem 5. If the coeﬁwzents of the system {1) satisfy the assumptions
of theorem 4 and’ v,;f _

E 271 X)Ag@, < —e jﬂf‘

2,f=1 i=1

for X e D, where ¢,> 0, then in the class of the junctwns regular in D and

samfymg the condilion R(X) M@P (g = ,l/ 2 i, P is an arbitrary posztwe-
"mteger), there is the umqumess of solutv,om of the Dirichlet’s problem jor the:

system (1) in the domain D.
Proof. We shall prove that the only solution of the homogeneous Di-

* richlet’s problem for the system (1) is the function %(X) = 0. For this purpose.







