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On a theorem of M. Ghermanescu | .

1. One of the earlier papers of M. Ghermé’mescu [1] contains a result which-

may be formulated as follows:
- Suppose that we are given a linear functional. equation of the first order

) : o[} (@)] = M@)p (@) + 7 (@),

where A(x), (m) and f(x) denole Fnown functwns For omy three different solu-
tions of equation (1) the relation :

@3(@)— @o() o
@) —gaa) ~ *)

holds, where a(x) is an automorphic function, i.e.

) ‘ alf(#)] = a(x)

This relation characterizes the linear functional equations of the first order, which
have the property that their general solution may be expressed in terms of two
distinet particular solutions and an arbitrary automorphic function: :
(4) p(2) = a(@)@i()+[1—a(@)]p() .

The above theorem seems to be of a particular interest. It gives the ge-
neral solution of equation (1) in a very simple form, whenever two particular

(2) I

-solutions are known. The construction of all functions satisfying (3) is rather

simple and may be realized without appealing to. the axiom of choice (cf. [6]).

However, after a closer exam.matlon the situation turns out not so good
as it seemed to be. The above theorem of Gherminescu (whlch perhaps goes
back as far as C. Popovici [7]; cf. also [2]) is not quite clear, an ambiguity
being caused by the use of the words: different, distinct. If different is meant
as non- zdmtwal then the theorem is not true. To see this, consider the
equation

(5) .S ‘ w(w+1‘)=¢(w)+2w+1,



" with_ non-identical particular solutions ¢,(z) =a® and @y(@) = 2*+ sin2az.
Then the family of functions given by (4) does not contain e.g. ¢(z) = 2*+1,
sinee setting «# = 0.1in (4) gives ¢(0) = 0 for every ¢. ' ,
If, on the other hand, different is meant as different at every oint, then
the theorbm loses most of its interest. It is known (cf. e.g. [3], [4], [5], [6])
. that in genemi equations of form (1) ‘have a great number of non-ldentlcal_
~ solutions which coincide on quite large sets. More than that, there exist equa-
tions whose all solutions must comcide at some pomts. Such. is e. g the
Schroder equatlon (cf. [6]).
6) . - w[f(w)] = op(2),

|
i
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where f(O) =0 and ¢ # 1. Evary solution of equation (6) must vanigsh at.
x =0. So such mterpretatmn of the words dszerent distinet would exclnde
some very important particular cases of equation (1) from the area of. a,pph-
cations of the above theorem.

The purpose of the present note is to give a preclse formulatlon of the
above reésult and to provide a rigorous proof .

2. In order to be able to prove anything we must state more precisely
under what conditions equation (1) is considered. We shall assume that the
independent variable ranges over a set H of a quite arbitrary nature. f(x) is
a functlon from E into E

NG . | fB)CE.

The functions A(z) and y(z) and the unknown functlon go(w) assume values
in & number field @. In the sequel Latin letters will denote ‘elements of E
and Greek letters elements of ®. ) '

By a solution of equation (1) in E we shall understand a functlon o(x) de-
fined in F, assuming values in @ and satisfying (1) for every x e E.

In the set E an equivalence relation : may be defined (cf. [6]): @y, if -
and only if there exist non-negative integers n,m such that f™(@;) = ().
Here f'(x) denotes the i-th iterate of the function f(z):

® | wf”(w)Ew,’ F@) = @],  i=0,1,2,

If the function f(x) .is invertible, relation (8) deﬁnes the 1terates f(a:) also
for negative integers 1.
The elements of thelquoi}ienﬁb space E/: are called cycles. Thus

.E = U Uj ] 07" a) C”-u = g fer : ?'l ;?é j‘" .
For a given zye E the cycle eontammg @, will be denoted by O(w,).

For a fixed integer %, 0 < % < oo, we shall denote by Ey the set of z ¢ B
Wlth the following property: there exists a non-negative integer ¢ = i(x) such



~ We have the following (cf. [6])

o

%.‘

L)

‘that“ | m) F(@) and the relation f"”’(a:) f’(a:), 0 <l<k does ofs hold
for 'any y> O The rest of B will be denoted by Hy, :

JA

Bo-B-0B. -

k=1 .

- Lemma 1, If z,eBr, 0 <k < oo, then C(wxy) € Ej..

- Next we define a decompogition of the set E into two parts:-
(9) o "E—AUB.

An , ¢ E belongs to 4 if and only if there exist two solutlons w{®) and g,(z)
of equation (1) in # such that

(10) | el %%(m.

Otherwise @, ¢
The decomposmon (9) depends on equamon (1) and has a non-effective °
character. A characterisation of the sets 4, B can also be glven -in other
terms. : \
Let u§ fix an wer and suppose that A{x) # 0 for x e C(a,). We deﬁne
& set V[z,] as follows. If x, ¢ K,, then we put Viz,] = &. B x, ey, k>0,
" then V[z,] is the set of those 7 ¢ @ which fulfil the equation

411 kti—2 kti-1 - .
ﬂ Alf(@o)In+ 2 , [] zmwo)]ytf’(wo),Hyr[r’““fl(w.,)]
=0 j=I+1
—H Al (mo>3n+2j [] A @ [P @)]+ v IF )],
=0 0 j=l+1

where § = 4 (a) is the smallest integer >0 for which f**(a) = fi(m) (if 4 = 0,
then the right-hand side of the above equation should be replaced simply
by 7).

Lemma 2. Suppose that A(z) % 0 for x € O(m,) and that equation (1) has
at least one solution in E. Then x, ¢ A if and only if the set V[wo] conlains at

least two distinct elements. N

Proof. This follows directly from the results of our earlier paper [6] and
from the fact that equation (1) can be considered independently on each cycle L
Lemma 3. Suppose that f(w) is invertible in E, A(x) = 0 for some ¢ O (x,)

-and equation (1) has at least one solution in E. Then wye A if and only if
Alf H@wo)] £ O for all $> 0 such that f @) i defined and belongs to E

1 8o if gz) is a solution of equation (1) in F and ¢1(w) is a solution of equatlon (1) in

C(z,), then the function
) @) = {%(W) for x¢O0(m)
P " gole)  for  weE—C()

is a solution of equation (1) in A.
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Proof. This can be deduced from the results stated in [5], ‘but’ we shall
provide an independent simple proof.,

Suppese that there exists a j > 0 such that f (@) € B and l[f f(w,,)] =0.
Let @), @.(®) be two arbitrary solutions of equations (1) in B (prowded.
that they exist). Then we have

svltf"’“(wo)] = z{f"(won%[f*’(mo)]+y[f f(wo )] = »[f(a)]
%[f‘f“(won = A @o)lglf @)+ y [ (0)] = YU ()]

ie. ¢ [f Hl(-""o )] = @lf _Hl(%)] Induction then yields ¢\[f " (a,)] = @l (@)1,
4=1,2,3,.. In particular for 1 =7 we get @z = ¢2(m0) which shows
that .’,vo\eB .

Let us note that if, under the conditions of the lemma, Ly eEk, k > 0,
then @, ¢ B. In fact, suppose that for an &' e C(x,) A(#') =0. In view of
lemma 1 and of the invertibility of the function f(x) we have ‘

O(a) = 0@) = 4(@), 18 @), )y,

and consequently there exists a jy 1<j <k, such that z, = f(a'), ie. &~
= f(w) and A[f Y(my)] = A@') = 0. Thus @, ¢ B on account of what has
already been proved. » s

- Now suppose that '

(11) A Y@)]£0  for every i>0 -

) (Whenevér f¥@,) € H). We shall define two functions gi(x) and g.(x) on C(x,).
Since f(z) is mvertlble and since, in view of the preceding remark, =, < F,,
we have

C () = {m’f_z(mu)’ f_l(m;)), Zoy [(@o) fz(wo} )

where by (7) the sequence f™(a,) is infinite for n > 0 and infinite or finite
for n» < 0. We put. .

(12) . 21w} =0,  @y(2p) =1
and then define @), 1 =1, 2, for x € C(x,) recurrently:

P @0)] = A (@) 1B @]+ y[F(@)],  i=0,1,2, ..

i1 L@ = )]
'Pl[f (@)] @ O)] , 1=0,—1,—-2,.

(1)

In view of (11) the functlons z,v;(m), l=1,2, are by (12) and (13) unambi-
. guously defined in the ‘whole of O (a:.,)
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By hypothesis equatlon (1) has in E at least one solution g@(x). The
functions Z o i
guw)  for =z el(m),e

?Dl(w) a {%(5?) for xe E—G(mo)\v

satisfy equation (1) in F and by (12) fulfil condition (10). Thus x € A.
We end this section with one more lemma concerning the sets A and B.
Lemma 4. If A(z) #0 in B, then f(4)C A and f(B)CB.
Proof. Suppose that an o e.A. and let p(z) and @.(z) be two “solittions
of equation (1)'in F such that (10) holds. For an indirect proof let us suppose
“that f(m,) € B. Then ¢[f (#)] = @off (2)]. Buty in view of (1), this leads to
- (14) ‘ A(@o) 1(0) 47 (20) = A (@) Pal) + ¥ (20) ,
i.e. ¢(x) = @s(x,), contrary to the supposition.
Now let us suppose that x) e B. Then for any two solutions ¢() and @a(x)
~ of equation (1) in F (14) holds, which shows that f(x,) cannot belong to A.
This completes the proof. ,
' 3. Now we shall prove the following
Theorem. Suppose that the function f(z) maps a set B linto ttself and the
functions A(x) and y(z) are defined in B and assume values in a number field P. -
Further suppose that one of the following conditions is fulf@lled

=1,2,

~ (15) Mz)#£0 for weR,

“(16) - , f(w) is invertible in E .

‘Let @\(x) and @y(x) be two solutions of equation (1) in E such.tha,t

amn o(2) #go(x)  for wed.

Then the general solution of equation (1) in H is given by formula (4), where
a(x) is an arbitrary automonphic function with values in D. )

Proof. It is easily seen that every function of form (4) with an a fulfill-
ing (3), satisfies equation (1) in E. So we need only prove that for any solu-
tion ¢{x) of equation (1) in X there exists an automorphic :fu.nctlon a(x) such
that relation (4) holds.

Let ¢(x) be a solution of equation (1) in E. We must dlstmgmsh two cases.

I. Suppose that condition (15) is fulfilled. Then we define the function

a(z) as follows: o | ‘
@ () — o)
(18) a(®) = | (@) — @)
‘ ' 1 - for wxeB.

for zedy

According to (17) e(z) is unambiguously defined in the whole of K. It follows
from the fact that all the three functions ¢(w), ¢,(2) and @,(«) satisfy equa-
tion (1) and from lemma 4 that a(x) is an automorphic function. Now, if
@ < A, then (4) results from (18). If, on the other hand, x ¢ B, then ¢(z) = zpl(w)
= @o(x) and (4) holds all the same. p

’\
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IT. Suppose that condltlon (16) is fulfllled Then we. define the function
a(x) as fo]lowsv ) N

| (p@)— o) |
(19) C a(@) =) n@) —e@) if there ex1sts an o' e A n (=) ,
' 1 otherwise.

4

First we prove that a(x) is by (19) unambiguously defined in E.

In view of (17) the right-hand side of (19) has-a meamng for every x ¢ E.
To prove that a(w) does not depend on the choice of 2’ € A ~ U(x) suppose
that also 2" € A ~ O(w), 2" +# 2. Then & :«’, which means in. wew of (16)

that there exists an integer » such that

(20) S o =)

Since @' # "', n #0. We may assume that »> 0. In view of lemma 3
we have ‘

(2 Af@)) #0 for §=0,1,.,n—1. "

Since ), @i(r) and @) Satisfy equation (1) in E, we have by (21) for
j=0,..,n—1
ol (@)= gdf ()] A
@l f @] — el @)
Q@)@ + P @) — {AU’(w Vaolf (@)1 + 7@ DIg

T A @) el @)+ [ ()]} — A (@) (@ )]+y[f’(x e

_ olf @ — glfita’ 1
el @) — el @)

whence we obtain ‘

-.w[f’:l(w'l):ie%[f{:(m:nzw(w',)—wg(w:> Cfor j=0,1,.yn—1,
ol @)=l @)] pul@) — poa) |

and in partlcular for j =n—1 (cf. (20))

: o(@) — pola”’) (w)-%(u’vf
(') — ‘Pz(w”) ‘Pl( x')— %(m)

3 Thls shows that a(a;) is unamblguously .defined in E.
¢t a(x) is an automorphic function, since C(w) = C[f(a;)] for every we R,
We shall show that (4) is fulfilled for every z ¢ E.
If e A, then, as has been shown above, we may take in (19) 2 = ®,
whence (4) follows 'immediately. If, on the other hand, @ eB, then ¢()
= @,(v) = @y(x) and (4) holds independently of the value of a(®).



- This completes the proof : ‘
- ‘Remark. Tt follows from the results in [5] and [6] that if equat.lon (1)
"has at least one solution in E, then there exist, solutlons #i(z) and %(m) ful-
- filling (17). S
" "' 4, The result/ of the present paper can also be apphed m the case where
the set E can be decomposed into two dlS]Olnt parts -
‘ _ E=FuvE', EnE’f;\@ ‘
such that f{B')C E', f(B”)C E” and on E' condition (15) and on E” con-
~ dition (16) is fulfilled. This results from the fact that (1) and (3) may be
congidered independently on each set B, E”, i.e. if ¢', ¢" are solutions of (1)
~in B’ and E”, respectively, and o', o’ are automorphic functions in £’
and E'’, respectively, then . ‘
o {(p' in B
= _(pu in E”
s a solution of (1) in B, and similarly
_fe in F
a = 1 .. ill Eu

£

. is an automorphlc function in E. : ’ :
But conditions (15), (16) cannot be altogether omitted. If we drop them,
then the theorem becomes false. This may be seen from the following example.
- Let H be the set of the pairs of integers x = (n, m) We define the function
g{m) for 1ntegra1 m by the formula.

m—1 for m>0
for m=0
m—}—l for m<o0,

(22) | L gim) =

and we put

f(@) =f(n, m) = (n+1, g(m).
Relation (7) evidently holds. Moreover we have for i = |m]
(@) = f'(n, m) = (n+4, 0).

Suppose that we are glven two pom'bs Z, = ('nl, m,) and @, = (ny, my) in K.
We have for ¢ = max(|n;— ny| -+ |my|, [#,— n,,i-]—!mzl) and 3—-n1—'n3—|—z

» o f‘wl —f(”ly’m'l)—(nl‘*‘?'yo);
Fi(@) = /() Mg) = (my-+ my— gk 0) = (my+1,0) .

~ which shows that @, ¢ 2,. Thus the whole set E consists of a single 'cycle.\






