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On the convergence to zero of oscillating solutlons of some partlal
differential equations

In the present paper we shall consider the questlon of the convergence
to zero of oscillating solutions of the equatlons

1) . Zey =f(®, Y, 2; 2z, 2y)
{2) Rzx =f(walyy %, %zy %y)
(3) A 2oy = [(®, 9, 2, 22, 2)

when Va4 42 —>o0.
The general idea of the present paper is analogous to the idea which was R
exposed in [3] for the ordinary differential equations. The other results con-

- cerning the similar problem for ordinary equations were given in [2].

- We shall consider solutions of (1) (resp. (2) and (3)) defined in the
whole plane (z, ). -

1. Let {rs} be an increasing sequence of non-negative numbers such that
lim r, = co. We introduce the following notation

n—+o0 ‘ .
Pr={®,9): ma <VE+YP <tpra} (R=1,2,..).

By a solution of (1) ((2) or (3)) we mean the function z(z,y) which has .
the continuous derivatives 2, 2ys 2oy (resp. 2z; 2y, 2zz, OT 2z, 2y, 2yy) and ful-
fils (1) (resp. (2) or (3)).

A solution z(w,y) of (1) ((2) or (3)) is said to be {rs}-oscillating if it is
defined in the whole plane (z,y) and if there exists a sequence {¢s} of curves
defined by the equations & = @a(t), ¥ = ya(t) (n =1, 2, ...) such that ¢, C pa,
¢n contains the boundary of a connected set s, such tha,t f{z, ¥): Vor+ 92
<70} Csny 2(2a(t), ¥n(t)) = 0 identically with respect to i. ‘

We shall denote by ¢y the minimal connected set which contains the cur-

‘ves ¢, and Cpiq.
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A solution z(w, y) of (1) is said to be z-regular {r,)-oscillating (y-reqular
{rn}-oscillating) if there exists a sequence {d,} of curves such that dn C gn,
d» contains the boundary of a set s% such that s, C Sny 2z(@, y) =0 for (w,y) ed,
(2y(@, y) =0 for (z,y) edy).

2. Theorem 1. Let f(x, y, 2, p, q) be defined for oll Ty Y, %, P, q, let 2(x,y)
be a &-regular {ra}-oscillating (y-regular {r.}-oscillating) solution of (1), let
{ra} be an increasing sequence of non-negative numbers such that

2 2% .
on =Vrpy1—7ra—0 y Tp—>00

as n—»oo; let ' further the function f fulfils the condition o

/

@) @y, 0l <H@, y2,p,9 Jor |pl<h (for g <h)

where. M (2,y,2,p,q) is a function defined for all ®,y,2,p,q such that if
1Pl < h (gl <k) then for each soquence {(&n,%n)}, (Eny7m) e (n=1,2,..),
the following condition is satisfied

(5) 'dn'M(rfn,m,z,p,ql)aO . a8 n—oo
uniformly with respect to (z,p, q).
Under these assumptions

(6) lim z(z,y)=0.
2243200

Proof. At first we shall show that for some N, if n > N, then

(7) (@, 9l <h (2@, y)l <h) for (2,9)eqn.

Suppose that the inequality (7) does not hold for an infinite number of qn.
In each such a g, there exists a point (@ny §n) such that |2z(n, §n)l
> k(|ey(@ny Jn)| > ). . ‘ ‘

In virtue of the fact that z(z, y) is x-regular oscillating (y-regular oseil-
lating), for each fixed #(y) and for each qn, there exists yn(wn) such that
(%, Yn) € qn and 22(%, Yn) = 0 (resp. (@n, Y) € ¢n and zy(xs,y) = 0). Hence for
Zn there exist a, and b, (resp. for #n there exist a, and f,) such that

[22(@n, )| < h  for  ye<lan,bs)d

and ‘ ,
Ze{ny @n) =0, 2g(¥n,by) =h or 2e(@n, @n) =h ,  2g(n, bu) =0
respectively ‘ 4
(8) L le@, g <k for @ e <an, fad
and '

(9)  zylan, §a) =0, 2y(BnyYn) =h  or Zy(an, Yn) = h ,  2y(Bn, in) =0 |
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Hence /

h = |2oin, On)— 2al@n , bn)] < |an— bn| max [zaylin, 9)|
< {an— bal ‘M(@n, Ny 2(Zny Na)y Za(@ns Mn), 2y(@n "7”))

where 7, is a point of (a,,,, bn).
Hence - .

h< Gn‘M(ﬁ'}m Ty 2(Bny Mn) s 22(@ny Nn), 2y(@n, ’7%)}

"which contradicts to (5).

Similarly, by using of (8) and (9) (where z is y-regular oscillating) we
obtain ~ '
h < on M(§m Yny 2(Eny Yn) s 2(€ny Yn) 5 2y(én, ?7“))

which is impossible in virtue of (5).
Hence for n > N the inequality (7) holds.
It is easy to see that

max|2(z, )| < max |2(«, ¥)| o, maxiz(@,y) < maXIzy(w,y)I On-

an dn an

Hence
(10) max |z(z, y)| <h-on

an

~

-and the relation (6) holds

3. Theorem 2. Let z(xw,y) be an {ra}- osc'ollatmg solution of (2) (am {re}-
oscillating solution of (3)). Let the inequality (4) holds for |p| < h (|g| < k), where
- M(z,y,2,p,q) and {ry} have the properties supposed in Theorem 1. Then

lim z(z,y)=0.
Z3-+yt-00
Proof. In this case the inequality (7) for # > N follows direetly from
the Rolle’s theorem on the same way as in the proof of theorem of M. Lu-
czynhski [3]. Hence in virtue of (10) the conclusion of Theorem 2 holds.
- 4, Remark. Points (x, %) such that z(z, y) = 0 are called by some authors
the node points (cf. [1], especially for the solution of the elliptic equations);

the curves ¢, are the sets of the node points of oscillating solutions. Such

eurves are called in [1] node lines.
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