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On some binary relations and relations of three arguments

!

In the. present paper we consider abstract spaces with some binary rela-
tions and some relations of thre)e arguments. By a relation of partial ordering .
we mean a binary relation which is reflexive, transitive and antisymmetric

" (cf. [1]).

1. Let X be an abstract space and let RC X x X. _
~ In the present note we shall assume that the relation R is transitive. For.
the relation E we introduce the following relation S: :

(1.1) a8y iny or x=1.
Moreover we define
| E(R) = {(»,¥): 2Ry and yRa}.
If A is a non-empty subset of X, then we define:
(1.2) "B(A,R) = {yeX: ved=aRy)
(1.3) C(4,R) ={2<B(A,R): yeB(A, R)=>28}

Remark 1. If z and 2 are arbitrary elements of C(4, R), then (2, 2) C E(8).
If 2 £ 2, then (2, 2) e E(R). ‘

Remark 2. If the set E(R) is empty, then the relation § is a relation
of partial ordering. In this case E(8) = {(z,2): 2¢ X} and for each AC X

the set C(4, R) is empty or has exa.ctly one element (supA4).

Theorem 1. If the relation 8 defined by (1.1) is such that for each pair

" @,y e X the set O({w,y}, 8) has exactly one element (which we denote by c(x,y)),

then 8 s a relation of partial ordering.
Proof. It is trivial to prove that § is reflexive and transitive. Let now
28y and y8z. It is clear that 282 and ySx and moreover for each 2z € B({z, y}, 8)
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we have xSz. Hence x = ¢(x, ¥)- On an analogous way we obtain Yy = c(a: Y).
Hence © =4 and 8§ is a.ntlsymmetrlc

2. Theorem 2. Suppose that 1. A C X and A is non- e'm@ty, 2.V is a map-
ping of X into. X such that V(A) C A, 3. if Ry, then V(x)RV (y), 4. the set
Q = {x < A: aRV (x)} is non-emply, 5. the set C(Q, R) is non-emply.

Then for each z e C(Q,R) we have (z,V(z}eE(R) or 2=V (2) (in other
words C(Q, R) XV (C(Q, R)) CH(S)).

Proof. The idea of this proof is the same as that of the proofs of theo-
rems concerning partially ordered sets and increasing mappings in [3], [4], [5].

Tirst we shall show that V(@) CQ. Let # ¢ @; then 2RV (»). By assump-
tion 3, we have V(m)RV(V(m)) and in the consequence V (z)<@. Now we
shall prove that if 2z e C(@, R}, then _

(21)> : ze or z=V(z).

Indeed, suppose that z e C(@, E). Then for each x e Q we have xRz. Then
for each z ¢Q we have V(x )RV (z) and, by transitivity, aRV (2). From the de-
finition of C(Q, R) it follows that 28V (2). Hence z €@ and (2.1) holds, or 2=V (2)
and (2.1) holds too. On the other hand, if V(2) @, then V (2) Bz which finishes
the proof. )

Remark 3. Theorem 1 in [3] is a special case of the above theorem; it is
easy to see that if we put sRy<—2x <y, then 0(Q, R) = {sup@} and E(R)
=H(8) = {(z,2): ze X}.

Remark 4. If E(R) is empty (for example zRy<>x <yY), then, under
assumptions 1-4 ?f Theorem 2, C(Q,R) ~@Q is empty, or if we suppose the
conditions 1, 2, 4, and C(Q, R) ~ @ # 0, then assumption 3 could not hold.
In this case one can formulate the followmg modification of Theorem 2.

Suppose that conditions 1, 2, 4, 5.are satisfied and 3'. if @Ry, then V () SV (y).
Then C(Q, R) has the unique element z. Moreover z =V (2).

The above modification of Theorem 2 is equivalent to Theorem 1 in [3]

(see Remark 2).
Apother modification of Theorem 2 (mdependent of the fact that E(R)

#0 or E(R)=0) is the following
Theorem 3. Suppose that conditions 1, 2, 3’ “are satzsfwd and moreover:

L Q ={wed: #8V(2)} #0, 5. 0@, 8) #0. Thew P =[Q’ XV(Q ) ~ E(8)
;AO (@, 8)CP and C(P,8) =C(Q', 8).

3. In order to give an illustration of Theorem 2, consider a family of sub-
sets of a space Y and the relation ZRW<=:»Z\WCK where K is a given
fixed subset of Y. Suppose that there is a mapping f: YO Z-f4)CY
guch that if Z\K C W\K, then f(Z\K)C f(W\K). If we denote by Q the fa-
mily of all sets Z such that ZRf(Z), then Q # 0 and

C(Q,R) = {LZJ (Z: Z<Q}}.
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Because all assumptions of Theorem 2 are satisfied, the conclusmn of it
holds, which means that U\f(U) C K and simultaneously f(U)\UC K, where
by U we shortly denote U {Z: Z Q).

4. We proved.in Sectmn 2 that Theorems 2 and 3 are generalizations of
Theorem 1 from [3]. But on the other hand, it is possible to reduce Theorem 3
to the results from [3]. In order to. prove it, we introduce the followmg equi-
valence relation E,

eBy < (2, y) e« B(S)

The factor-space X/F is partially ordered,

‘ a
[#] <[y] < 28y.
Moreover if we define V: X[E— X|E in such a way that
- V(l2)) = [V ()],

then all assumptions of Theorem 1 from [3] are satisfied and in the consequ-
ence the conclusion of it holds, which means that the assertion of Theorem 3
from Section 2 of the present paper holds.

5. Consider the space X with the relations R, § (cf. (1. 1)) and the map-
ping V such that xRy =V (z) RV (y). We define

G(?) = {&: 2Rz}, Q(2) = { € G(2): 2RV (2)}.

It is easy to see that if for some y ¢ X is yRV (y), then

. (5.1) V(G () C Gy)

It is possible to prove (using 5(.1)) a following modification of Theorem 2:
If for above mapping V there ewists y ¢ X such that yRV (y) and C (@(y), R)

£ 0, then (§,V(§)) < B(8) for each §<CQ(), R).

6. On an ana,logous ‘way a$ (1.2) and (1.3) we can define
(6.1) B*(A,R) = {y: e A=>yRx},
(6.2) C*(4, R) = {z e B(A, R): y e BYA, R)=>y8z}.

It is possible to formulate and prove, using (6.1) and (6.2), theorems ana-
logous to Theorems 2 and 3, corresponding to Theorem 2 in [3].
7. Consider the space X and the relation 7'C X x X X X such that

(7.1) if T(w,y,z) and  T(z,2,@), then T(z,2,y).

"Theorem 4. Assume that: 1. Vi@ XX (i =1,2), 2. 4f T(m,g;, 2), then
T(Vi(@), Valy), Va(2), 3. @ = {w: Tlw, Vy(2), Val@)} = 0, 4. if T(Va(@), Vo(Vilm),
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Va(Va(@))), then T(Vz(w),Vl(Vz(m)) Vo(Ve(@))) . Under these assumptwns, if zeQ
and z fulfils for each xe@Q the condition T(z,z,), then :
(1.2) T(V,(z), 2, Vi(2)} .
Proof We shall firgt prove that
(7.3) V@) CQ.

Indeed, let #e@Q whmh means that T (w, Vi(x), Vo(x)). By assumption 2
we ha.ve

(7.4) (Va @), V3(Vi@), V,(Vg(w)))
From (7.4) and condition 4 follows that .
T(Vita), V(T @), V(@)

Hence (7.3) holds.
Let 2z ¢ X satisfy the condition

2eQy, zeQ=>T(z,z,2).
From z e @ follows that Vy(2) €@ and in the consequence
(7.5) ‘ . ‘ T(Vz(z)’ Vi(2), z) .

From (7.5) and (7.1) in virtue of the fact that 2, being an element of @, ful- ‘
fils the relation T'(z, V(2), V,(2)), follows (7.2).
Corollary. If we assume that

(7.6) if T(z,y,2) and T(2,y,a), then T(y,2,2),

then as the conclusion of Theorem 4 we have T (Vl(z), Vz(z),z).
Remark 5. If R is a transitive binary relation, then the relation

T(w,y,z)g»mRy ‘and yRz

fulfils (7.1) and (7.6).

If R is a relation of partial ordering and there exists 2 = sup@, then 2 is
the common ‘solution of the equations z = V4(2) ({ = 1, 2) and moreover it is
the supremum of the set of such common solutions.

8. As an application of Theorem 4 we give the following

Theorem b. Suppose that X = {a, b), ¢ and y are real functions such that
p(X)CX, p(X)CX, for each x ¢ X there exists 11m e(y) and is equal to (p(w),

y(x) s an increasing function, and ¢[p(x)] = zp[qo w)] Suppose that the set

Q = {w: # <p(2) <yp(@)}

P
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is non-empty. Then & = supQ is the common solulion of the equations -
(8.1) , . =@, ==y@.

Moreover it is the supremum of the set of all common solutions of (8.1) a/nd the
solution of the equation x = <p[1p(m)]
Proof. It is easy to see that & € Q. Moreover if we put

T(,y,2) =0 <y<z,

then all assumptions of Theorem 4 are satisfied and in the consequence
T(s%«r(?v),w(a“v)) and T(w(&),@,w(@))-

Hence z = ¢ (&) = v (2). :

From the definition of # as the supremum of @ follows that # is the su-
premum of the set of all common solutions of (8.1).

9. Consider the space X. Let P(X) be the family of subsets of X, let w
be a fixed point of X. Let moreover .

f: Xsax—>f(x)eX, g¢: P(X)sE—>g(E)eX.

We deﬁne .
: ={ECX: {(E)CE},

H,={FeP(X): FCE=¢g(F)ek},
D=ﬂ{A: AeH;~H; we A}.

For a relation TC X x X x X we. define

~2/T1(E)Z¢> T(é,y,2), Tu&)={ly,?): T(S, Y, 2)}
ly(mz <=1 (2,9, 2), Ts("],)xz {(z, @): T(x,n,?)}
lmTa(C)yQT(w,y, ), Tsl) ={l=,9): T(2,9,0}.
Lemma. If for each o B (BeP(X))
Tio) = ExE (i=1,2,3),
then T = EXEXE.
From this lemma and from the theorem of W. Felscher (cf. {2], p. 162)

it follows the following
Theorem 6. If for each g €D the followmg conditions are satisfied:

I. {#: T'(g,#2,w)} = D, if (y,2)e [DX-D]“E(TI 9)) then T(Q’y’ (z))r
for each y e D: {z: T(g,y,z)}eH,,,‘

II. {z: T(w, 0,# D, if (z, w)‘E[.DXD]nE(TZ(Q)) then —T(f(m)? Q’z)’
for each z e D: {z: T(zv, g,z)} eH,, ,
I {o: T(z,w, 0)} =D, if (z,9) <[DxD] E(T40)) then Tz, 1@, o)

for each x D: {y: T( ,y,g)}eHg, the'n T = DXDXD
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