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" On the method of successive approﬁcimations for some operator equations
with applications to partial differential hyperbolic equations

In the present paper we: a{ply the methoa of the successive approxima-
tions to some operator equations. We give here the proof of a theorem pu-
blished without proof in [4]. This theorem was applied in [4] and [5] to prove
some theorems concerning the existence and the uniqueness of solutions of
some initial, boundary and mixed problems for the equation

{0.1) Zoy = [(®, Y, 7 22y 2y)

i
or systems of such equations.
Al results given here are proved by using the general 1dea, of T. Wazewski

(cf. [6], [7]).

1. By Rj, we denote the space of the systems f = ', .., f*} of m real
functions defined in £. '

Definition 1.1. If f = {f, ...,f™, 9=1{¢" -, 4™} [, gecRm, then f<yg
X fi(t) < g'(t) for each teQ and each ¢. If L and M. are two operators .
defined in A C Ry, such that L(A4), M(4)C 4, then L < Mé‘iL(h) < M(h)
for each h e A.

Definition 1.2. If f = {f', ..., /™} ¢ Ry, then |f] 2 {5 s ™1} and

Definition 1.3. Let f, € Rh (n =1,2,...). The sequence {j.n} is sa.ld to
" be convergent (uniformly convergent) to fe Ry, if for each i the sequence
{f»)} is convergent (umformly convergent)., Then f = lim f, = {hm frg o hm f,.}

n—>0
A system f e O%, if for each i f' e O
Definition 1.4. Let T be a closed rectangle in the plane (z, ¥).
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By .,(T M, My, My, N;, N,) we denote the set of zeRy such that
(a) ¢l <M, (b) 2¢0% (¢) |22 <M, and |2y] < My, (d) Jafw ,?/)~—zz(w,s7)l
< Nily—7| and |z(@, ¥)—2(Z, y)| < Nyjo—z|.

By P(T, M,, Ny) we denote the set of v € RE such that (e) |v] < M, (f)
v is continuous, (g) |v(z, y)—o(®, §)| < Nily—7l.

By PyT, M,, N,) we denote the set of weR,Tn such that (h) jw| < M,
(i) w is contmuous, (G) lw(z, y)—w(Z, y)| < Nyje—F|.

By Pf(T,..) we denote the set of non-negative elements of P{T,. )
(1 =0,1,2).

By Q.,(T M, M, M,) we denote the set of non- negative 2 e Rm fulﬁlhng
condition (a) and

(k) (2, ¥)—2(Z, §)] < Mylo—F|+ Mly—7| .

By Q,(T, M,, N,) we denote the set of non-negative v « R% fulfilling con-
ditions (e), (g) and upper semi-continuous with respect to .

By Q4(T, M,, N,) we denote the set of non-negative w ¢ RE fulfilling con-
ditions (h), (j) and upper semi-continuous with respect to y.

By BT, M,, N,) we denote the set of non-negative v e RE fu]ﬁlhng con-
ditions (e), (g) and summable with respect to x.

By Ry\(T, M,, N,) we denote the set of non-negative w e RY fulfllhng con-
ditions (h), (j) and summable with respect to .

We shall very often instead of Py(T, M,...), Q\(T, M, ...), shortly Write,

%’O,Qﬂ, ... ete
P=P,xPXPyy, Q=QyxX@:XQy, R =0Q,XE XRE,,
P = Py x P x Pf
Pu(T, M, My, My, Ny, Ny} = P(T, kM, kM, kM,, kN,, kN,) .

On the analogous way we define Qu,, Rz and Pg).
- The systems [, 2%, 2%], [«°, u!, %], ... belonging to P, @, R or P*, will be
denoted by capitals Z U,.
We shall consider systems of three operators L = [L,, L,, L,] (or
D =[P, D,, D,]) such that L; is defined in either P;, P{, Q; and R; and Ly(P;)
C Py, LyjQ;) CQ; and Ly R;) C Ry; then L(P)C P will mean that LyP;) C Py
If L= [Lo:LULz], M = [-Mm M, Mz], then L M<=>L; < M; (j = 0,1, 2)
2. Lemma 2.1. If a sequence {Zy} (Zn = [0, 25, 22]) fulfils the following
conditions Zn €Q, Zn < Zp ., (n=2,3,..), then there exists lim Z, = Z and

N0
Zeq. : :
Proof. In virtue of Definition 1.3, the sequences of elements belonging
to @ have the same properties as the sequences of one-dimensional functions.
Hence {Z,}, belng decreasing and bounded, converges to some Z = [2° 2%, 2%].
2y fulfils the Lipschitz condition with respect to both varla,bles with the con-
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stants M; and M, (for each n). Hence lim #j == ¢° fulfils the same condition.
N0 .

Hence it is easy to see that 2°e€@,. Similarly, it is easy to see that lim )
— Qs (i=1,2). : | T

Lemma 2.2. If a sequence {Z,} fulfils the following conditions: Z, ¢ R,
Zy < Zpyy (n=1,2,...), then {Z,} converges to Z ¢ R. :

The proof of this Lemma is analogous to that of Lemma 2.1.

Lemma 2.3. If a sequence {Z,} fulfils the assumptions of Lemma 2.1 and

lim Z, = 0, then {Z,} converges uniformly to zero.
N0

Proof. This lemma follows directly from the following two propositions:

A sequence {pn} of fumctions defined in a bicompact space E, such that

on(B)CE, @n =0, gn upper semi-continuous, gn > @ns1, lim @, = 0, converges
- N—»00

uniformly to zero.

Proof. Let £> 0. The sets B, = {1<E: @u(t) > ¢} are bicompact and"
E,CE,_,.If E, # 0 for each n, then from the Cantor’s theorem follows that
there exists 7)€ B, such that gu(z) >¢ (n=1,2,..) what contradicts to
. ¢n—>0. Hence Ey = 0 for some N, Hence on(T) < & a.nd on(T) <% for n> N
and veE (cf. [1]).

If function of two variables (x,y) defined in T = {8y, @) X <byy by) fulfils
the Lipschitz condition with respect to one variable and is upper semi-continuous
with respect to the other, then it is an upper semi-continuous function of two
variables (cf. [1]). ‘ '
3. Lemma 3.1. If an operator L fulfils the following conditions:

L is deﬂ'ned %nQ :Q(Ta M’ M17 M27 Nu Nz): T= {ay, %)X(bl, b2>!
8) L>0, b) L@QCQ,
if Z<W, then L(Z) <L(W),
if Zn—~Z, ZneQ, Z €Q, then L(Zy)—L(Z), '
the unique solution of the equation Z = L(Z) in the set @ is Z = 0,
‘then for each *Z €Q such that L(*Z) <*Z the sequence
(3.1) Zy=*%2, Zpnun=LZ,) (n=1,2,..)
converges uniformly to Z =0 in T.

Proof. The sequence (3.1) fulfils all assumptions of Lemma 2.1 and in
the consequence there exists the limit Z:=lim Z, and Z . Hence, from

the definition of {Z,} and assumption 4 itw}?ﬂows that Z = L(Z). From

assumption 5 it follows that Z — 0. Hence the sequence (3.1) fulfils all ass-

umptions of Lemma 2.3 and in the consequence the convergence is uniform.
Lemma 3.1'. Suppose that assumptions 1-3 and 5 of Lemma 3.1 are satis-

fied and assume moreover that:

2. ¢) L(P+)C P+, J

. if Zy—>Z, Zy e Pty Z €Q, then L(Z,)~L(Z). Then for each *Z ¢ P+ such

' that L(*Z) < *Z the sequence (3.1) converges uniformly in T to zero.

CUR W o



62

Proof. In virtue of the inclusion P+ C Q the proof of Lemma 3.1’ is going
by the same manner as that of Lemma 3.1.

‘Remark 3.1. It is possible to replaoe assumption 4 (or assumptlon 4')
by the following condition :

4",  if Zy\Z, then L(Z,)—L(Z).
From Lemma 3.1’ follows directly
Lemma 3.2. Assume condiitons 1, 2a)-2¢), 3 and 4 (or 4’ (4'")) and moreover

6. if 2e Py and Z = Lz, 2z, 2y), then %y = Ly(2, 2z, 2y) and zy = Ly(2, 2z, 2y),
7. the unique solution [2,p, q]leQ of the system ‘
| =Lfz,p,9), p=Lp, 0, ¢=1ILzp,q)
8 2=p=gq=0. ‘
Then for each % € Py suoh that
L%, %y %) < z, L1(zy Zzy ) < zx; LyZ, %2, %) <%

the sequences zn}, {p,,,} {ga} defmed by the formfulas

e ~

zo—z_r po—zzy 9o = %y

azn+1 azn-l—l (

g D= 2y n=1,2,..)

Zn+1 = Lo{2n, Py qn), T Patr =

are uniformly convergent in T to zero.
Definition 3.1. Z is said to be the mawimal solution of the equation

(3.2) T Z-—I2)

in the set 4, if Z is a solution of (3.2), Z sA and for each solution We A
of (3.2) is W < Z.
Definition 3.2. Let L be defined in R and let‘L(R)CR. L fulfils the
condition (W), if the maximal solution Z of (3.2) in R exists and Z €Q.
Lemma 3.3. If L is defined in R, L(R)C R and L fulfils assumptions 1-4
of Lemma 3.1 (or 1-4' of Lemma 3.1'), then L fulfils the condition (W).
Proof. From assumption 2 follows that for each Z ¢ R(T;, M, M,, M,, Ny, N;)
the following inequality

L(Z) < B = [M, M,, M,]

holds. Evidently M ¢ R. Hence L(J) < 3

The existence of the maximal solution Z of (3.2) in R follows from Theo-
rem 1 in [3] (or from the results of [2]). We shall show that Z € Q proving by
the way the existence of Z.

Consider the sequence

Zy=M, Zyn=L(Z) (n=0,1,.).
This sequence fulfils the assumptions of Lemma 2.1. Hence hm Zn=212 eQ
Moreover it is easy to see tha,t Z is a solution of (3.2). : -



On the other hand, for each solution W e R of (3.2) we have W < M
From this it follows that for each n the inequality W < Z, holds. Hence

(3.3) w <z‘ =lim Z, . . » \

- M0

From (3.3) follows that Z is the maximal solution of (3.2) in R. On the
ather hand 7 e Q, which finishes the proof. .

Lemma 3.4. If L defined in R = R(T; M, MI,MZ,NI,N,) 18 moreasmg
and fulfils the following conditions
8. L(R)CR, ‘ ! . - '
9. if Zn—Z, Zy < Zpy1y ZneR, ZeR, then L(Zy)—L(Z),

~and moreover W € R fulfils the inequality W < L(W), then

(3.4) | w<Z,

where Z is the mawimal solution of (3.2) in R.
Proof. This lemma is a corollary of Theorem A with. Remark 4 in {2]
(ef. too [3]). It is possible to prove it by using the following sequence
: ‘ P

Z0 = W,\\v Zn+1 =L(Zﬂ,) ] ('n = 0, 1, ...)

which converges to a solution. Z ¢ R (cf Lemma 2.2) of (3. 2) It is easy to
see that .

o <In<Z<Z (n=1,2,..

which finishes the proof.

Lemma 3.5. Assume that L 1is defined in Rg, L >0, L is. increasing,
L fulfils the following conditions
10. L(Q@w)CQ, L(Es)CE,
11. ‘l::f Zn€ Q(S)y ) A Q(B), then L(Zn) -—>L(Z),

. f ZneBgy, Zn—>Zce Ry, then L(Zp)->L(Z).
Let furthemore U = [u®, w!, u*] € Q). . Then for each W € Qg which fulfils the
inequality | . :

: W< L(W)+TU

the inequality

(3.5) _ wW<Z !
holds, where Z is the maximal solution of the equation ‘
(3.6) Z=L(Z)+TU

in the set Q(g). ' .
Proof. If we put L* = L+ U, then for L* and R, are satisfied all assump-
tions of Lemma 3.4 corresponding to L and E. Henee (3.5) is the consequence
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of (3.4). From Lemma 3.3 follows that the maxii_na.l solution Z of (3.6) in R
is an element of Q. )
4, Theorem 1. Let us assume tha,t

(o)
8
(7)

(%)
(¢)

T = {fx,y): & <% < ag,y b1<y€bs}’ »

the Op@?’ator ¢ == [@o-, ¢1’ @2] 'is d@f‘i‘n@d ‘i'n P = P(T’ M, Ml’ .Ma, Nl? .Nz)
and ©(P)C P,

if ze P(T, M, M,, M,, Nl, Ny) and z = B2, 2z, z,,}, then %z = (Dl(z Zzy 2y)
a/”rd Zy @2(2 zz,zy)

if {Zn} (ZnePy,m=1,2,..) is uniformly convergent to Z € P, then {®(Zn)}

48 convergent to D (Z).

[Lo,Ln L,] 18 de?('m'ed in R(a)—R(a)(T M MuMalea-Nz) where
M<3M 2M¢<3M¢, 2N, <3N: (t=1, 2) and

L >0, LQw) C§, L(Bw) CE,
< W=L(Z) <L(W),

if (Wa) (Wae By n—=1,2,..) is convergent to W e Key, then {L(Wa)}
is convergent 18 L(W), '

the unique solution of the equation Z = L(Z) in the set Qu\T), M, #,, M,,
Nyy Ng) is Z =0,

if Z, WeP(T, M, M,, M,, Ny, Ns-s)r then

[0(2)— D (W)| <L(IW—2Z).

Then for each *Z « P(T, M, M,, M,, NI, N,) which has the fo'rm *Z = [z, 2z, 2y,

such

that there ewists *W e Qu(T, M, MI, M,, .Nl, Ng) ]‘ullelmg the condmons

L(*W) <*W and

(4.1)

I*Z-»di(*Z)i <YW

the following sequence

(42)

Zo = *Zy n+1 = ¢(Zﬂ) ('n = 1 21 )

oonverges uniformly to the unique (in P) solution of the equatwn

43)

Z = ®(Z).

Proof. I. Consider the sequence

(4.4)

Wo .=*W, W‘n-l-l :L(W”) ('n=1,2, .-.).

We shall show by induction that for each n the inequality

(4.5)

| Zni1—Zn) < W
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" ;holds For n = 0 ‘4\5’ :ﬁollows dmcﬁy from (4\1) Suppose (4 5) for o= T1;
“hence ,

|Zk+1‘“'zk| = I@(Zk)-—@(zn—a)l <L(1Zk—zk 1l) <L(W,, ) = Wk

which finishes the proof. o o T =

II Form=n we have . L S ‘
—Zm| < | Zn- Zu+1|+lz —“Zm+1l+lzn+r*zm+1|
Wn‘l"Wm +L(IZu Zml) = 2Wn+L(|Zn*'“;zmn' '

sinee: {W.,.} is decreasing,
I we dehote Sum = |Zn—Zm| and U,; ——2W,,, then

 Bum < L(Swm) + U
It is easy to gee that )

>(4 6) o SanQ(z)-*Q(z)(T M, MuMzaNuNz)
From (4. 6) and a.ssumptlon 5 follows tha,t
Sﬂmeg(s) - Q(s)(T M Ml? Mz; ﬁl: Efs)

Now. we can apply Lemma 3 b and we have
| 4.7 ‘ Sum <

where W, is the maxunal solution in Q(a) of the equatlon Z = L(Z)-{—U,,
‘ From Lemma 3.1 follows that {U,,} is convergent to zero as m-—»co and
that the convergence is uniform. Moreover U,,; < U, and in ¢onsequence
L(2)+ Upys < L(Z)+ Un. 1 we denote by Was: the maximal solution of the
equatlon Z=I(Z)4+Up In the set Q(s), then from Lemma 3.5 follows that -
Wn+l<Wn(n—12 ) :

From Lemma 2.1 follows tha,t Wn G eQ(s, Hence if we are: gomg to
the - ]nmts in the equahty

Wn :L(Wn)+Un,
then W = L(W). From this and assumption 5 (3) follows that
4.8) K  W=lmia=o. |

- From Lemma 2. 3 in' virtue of (4. 8} follows that the convergence is uni- :
form. Hence from (4 7) follows that for n— oo, m > n, the sequence {Bmn}
is uniformly convergent to zero and in consequence we have the uniform
convergence of {Z} to some ZeP(T, M, M,, M,, Ny, N,). From assumption 4

" and the equalities Zn41 = (D(Z,,) (n=1,2,.. ) it follows tha.t Z = @(Z) Hence ,
Z is a solumon of (4. 3) : .

\/ Prace matematycznez 1 o o ; i 5
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