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Generalizations of a theorem of Fatou

1. Introduction. The purpose of this Paper is to give two generalizations
to several complex variables of the following classical theorem
Theorem of Fatou ([2], p. 199). If '

St

o ‘ k=0

8 @& power series with _positive radius of convergence r; then there exists a sequence -
{ex}, where ey =1 or —1 such that the function f(2) given by ‘

f(z) = 2 e};aﬂ"

k=0

- cannot be holomorphically continued through amy point of the cirdle |A] = r.
Let

1) 2 au(2), a,(2) = dm_,‘,,,”zi‘l e 2P ’
a=0 ‘
be a multiple power series of » complex variables and let
[e ] .
(2) 2 Pp(z), Pplz) = Z auz), i
m=0 Bt ot pp=m .

be a series of homogeneous polynomials of » complex variables. If n = 1,
then the both series (1) and (2) are simple power series with the center at 0.
We shall prove the two following generalizations of Theorem of Fatou.

Theorem 1. If the domain of convergence D of (1) is not- empty, then there
exists a multiple sequence {e,} = (g, ,m}, &. =1 or —1, such that the function
g(?) given by ' ] :
(3) 9(@) = D eua(2), zeD,

z=0

cannot be continued through amy boundary point of D.
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Theorem 2. If the domain of convergence G of (2) is not emply, then there
exists a sequence {em}, em = 1 or —1 such that the function h(z) given by
(6) . h@) = D emPml(z), 26,

m=0
cannot be continued through any boundary point of @.

The method of proofs, we present below, is a simple adaptation of the
method applied in the case of n = 1. It is based on the following classical
theorem on lacunary power series.

Theorem of Hadamard ([2], p. 198). The sum of the series

o0
m;
2 , T
k=1

- where my are positive integers such that myiq, = (14 8)mx, 0 being a fived po-
sitive- number, cannot be continued through any point of its circle of convergence.
By the way we get the following generalization of this theorem to several
complex variables:
Let {mz} be a,sequence of positive integers such that myy1 > (14 6)mx, 6 being
a- fized positive number. Then the sum of the series

(4) D P2,

k=1 , -

where P, (%) is a homogeneous polynomial of n complex variables of degree my,
cannot be continued beyond the domain of convergence of (4). ’

A subset E of the space C" of » complex variables is called n-circular if

zeB={z: || =|&l, k=1,..,02}CE.
A subset F of C" is called circular if
teF=>{z: ax=l2k, k=1,...,m, |A| =1}CF.

It is well known ([1], pp. 32-40) that if ¥ is an n-circular domain contain-
ing 0, then any function holomorphic in F may be developed in a multiple
power series of the form (1) convergent in K. Similarly, any function holo-
morphic in a circular domain # containing 0 may be developed in F in a se-
ries of homogeneous polynomials of the form (2). This along with Theorems 1
and 2 gives the following

Corollary. An n-circular domain D (cirewlar domain @) containing 0 is
a domain of holomorphy if and only if it is a domain of convergence of a multi-
ple power series of the form (1) (a series of homogeneous polynomiels of the
- form (2)). : /

The Corollary is a simple consequence of a general theorem of Cartan-
Thullen ([13, p. 30). But it seems to be of some interest to obtain it at the
introductory level of the theory of several complex variables, especially if
one starts from the well developed theory of convergence of the series (1)
and (2).
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2. Proof of Theorem 1. Let H = {¢ = c"” Wi E=1,2, }be
a countable subset of the boundary 8D of D such that c‘ B 20, k= 1 2,
and the closure of H is 'equal to 81). It is well known ([2], P. 512) that

. 1

(5) ' hmsup la (2}l =1, 2eH,

where |u| = p;+ ...+ ptn. Let N™ denote the set of all n-tuples of nonnegative

integers u = (Hi, ..oy pin). Lt {p®b}, k., 1 =1,2,.., be a subset of N" such

that lim |p*V| = oo, £k =1, 2, ... and '
I—»o0 '

1

(6) lim faeat®)*N =1, k=12, ..

- Let 6> 0. Let {ks} be a sequence of positive integers such that each po-
sitive integer is repeated in {ks} infinitely many times (e.g. {&} = {1, 2,1, 2, 3,
1,2,3,4,1,..}). Given such a sequence {%k;} define a strictly increasing Qe-
quence {la} of positive integers such that the subsequence {u)} of {u®b},
where u® = ytksls satlsfles the inequalities

m . [ufe+] > (1,+ 0)u?  s=1,2,..

In view of (5) and (6) we have
’ 1
(8) ' limsup |au(2)|F =1, zeH.
8—>00

Therefore the multiple power series

(9 fp(z Z a,(2) Ca

’ §=1 :
(which is also a series of homogeneous polynomials of the form (2)) is con-
vergent in D. We claim that the function ¢ cannot be continued through any
point of 6D (so D is a domain, of holomorphy). Since H is dense in &D it is
sufficient to prove that ¢ is not continuable through any point of H. Let
z€H. In virtue of (7), (8) and by Theorem of Hadamard the function

o) = p() = Z[auu) 13 <1,

. cannot be continued through the point A =1. So the function @ is not con-

tinuable through the point z.
The -remaining part of the proof is set theoretical and it is qulte analogous

as in the case of one complex variable. Namely, put gz) = 2 a,(2) —p(z)

and write ¢ in the form

) P(2) = ‘Pi‘(z) +@o(2) 4 ...y
. 6*
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where each ¢ is/a sum of unfinitely many terms of the series (9) and each
a,0(2) is a term of exactly one P Let F denote the family of all series of
the form
. ®ol2) + 31¢P1(z) + 22 @e(R) +- ...

where & = 1 or —1. The set F is nondenumerable and each its element g is .
of the form (3). If each series g ¢ F' were continuable through a point of H,
there would exist two series g, and g, belonging to F and a point 2z ¢ H such
that g, and g, would be continuable through 2. This would imply that g,—g,
is continuable through z. But ¢,(i2) —gs(42) is a lacunary power series of
Hadamard. Therefore g, —g, cannot be continued through the point 2. The
proof is completed.

3. Proof of Theorem 2. It follows from the elementary properties of
domains of convergence of series of homogeneous polynomials ([2], pp. 526-527)
that there exists a countable set H = {{®} contained in C"—@ such that
9@ is contained. 1n the closure of H and :

(10) : hmsup V |[Pm(2)] =1, zeH.
Take a double sequence of positive integers {my} such that lim mg = oo,
[ ]
k=1,2,.., and ]
1w Hm "V [P l®) =1  k=1,2,..
0

i
I

Let {ks;} be a sequence of positive integers such that each pdsitive integer is
repeated in {k,} infinitely many times. Let {l;} be a strictly increasing sequence

. of positive integers such that the sequence ms = mk,;‘, s=1,2,.., satisfies

the inequalities
ms+1/(1—|—9)'m,, ,821,2,«... i

. In virtue of (10) and (11) we have

lim sup ViPmid) =1, zeH.

The funection qp(z) Z Pp,(2), 2 € @, is not contlnuable through any pomt
of ¢@. This is a sunple eonsequenee of Theorem of Hadamard by consulermg
the function ¢(4%) = E P, (%)™ where 7 is an arbitrary fixed point of oG.

The remaining part. of the proof is set- theoretical and in prmclple it does not
differ from.the corresponding part of the proof of Theorem 1.-
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