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On the Lie derivative of geometric 6bjects from the point of view
of functional equations

In the present paper we state and solve the following problem: to give

an adequate definition of a Lie derivative of a purely differential geometrie
“object and to find an explicit expression for it. Qur definition is closely related

to that proposed by J. Aczél and S. Golab in [1]. The Lie derivative of a geo-

_ Ietric object of the first elass with respect to & vector field is defined there
" as some differential concomitant. We give here an extension to higher classes

of objects and we imput some additional conditions which assure the unique-
ness of solution. On the other hand our result is consistent with L. Ye. Yev-
tushik’s result [2] obtained by E. Cartan’s method.

A purely differential object of class p is submitted to a full differential
pseudogroup DP* of order p over an n-dimensional manifold B of class ™.
The structure of this pseudogroup may be described as follows: every diffe-

rentiable transformation of local coordinates {£&1—{£} on B involves the

parameters

a . o'
Au;...u.=—lL
o™ ., OE™

which have the following composition rule
B
IS WL ) P

g=1 K"‘ fezl

where K3 denotes the set of all groups of indices {(a;)} such that {a} is
a permutation of {a;} ‘and the indices in parentheses satisfy inequalities

@y < ... < ay,. We associate also with every  transformation F & a field

of parameters

§=1 el i=1

| | (_1) Casvoampo = Zm: A;li-i;- Z? ﬁ Az, :"" (=%)



86

which appear i:‘ expressions of the transformation rule of the derivatives
-of a field of geometrlc objects. . :

We consider a field of geometrlc object £ of the class C?** which is sub-
mitted to- the following transformation rule :

RE - QK(Q, 4)

where A is a brief denotation of an element of D””‘ We shall use the follow-
ing denotations. .

| | QF _90K(@, 4)
/ 2= asz \
@) ) g KO, A4)
‘ 043, o

Ag = 5;7 glﬁﬂu- =0.

Suppose that simultaneously with £ there is given a vector field V.
Definition. A differential concomitant L2 will be called a Lie derivative

of £ with respect to V: :
1° S

Lr Q5 = V0,05 WK (Q, V)

where WX are differentiable functions, 8V = {8,,...,V"} 8 <P-
2°. £y Q is provided with a following transformation rule: if {.5"}->{.§“},
.Q—).Q then -
L% = QR 0% .
30, £, Q5 =o0.
Theorem. The axioms of the above defm@tzon determme Lp 2 uniquely and
we have™

G0 = V0,05 — 2 OF s, V0.

s=1
Proof. To begin with we refer that the sequence 0, QF is submitted to
the followmg transformation rule

@ ﬁ:Agﬁﬁ[asQHJrff QI G, a,,p]
' : i=1

where Q%% and’ (G,.. are defined above (1) and (2). This follows from
a more general formula for objects submitted to any Lie group with a com-
position function 6(w; v). In such a general case we have

A% — 0E[aQ™ 1-0%6°(5, dv)]

(cf. [3]). In our case, when we consider 4 instead of v, Cj,.. take place of
(v, dv).
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We shall prove our theorem by induction. For' p = 1, i.e. for the first
class ohjects, conditions 1° and 2° of the definition and formula (3) imply that

(4)  QEV0.Q7 +¥HQ, V)] — QEV°0,0F + O7L0L VP +
- +PHQ, (4 V"+A;a 7?)
where |

C.s =4£lf.£li .
‘g\

Differentiating both’ members of (4) with respeet to some parameter A,,ﬁ and
substituting 7 :
AF =, AR = 0‘ (pyvy, A=1,..,m)

we obtain
6!1-’ — L OF —o0.
2(0sV )
We see that ¥ are linear in oV and, in virtue of axiom 3° we have
PEQ, oV QK|"6 V.

Thus we obtain £pQ in the form
£y OF — V0,05 — 0% ia, V" .

We may examine directly that this concomitant satisfies conditions 1° and 2°
of the definition. Hence it follows that if £ is a linear object, then £y is
a geometme object; in the nonlinear case we must adjoin the components
0 to £y0F in order to obtain a complete geometric object.

Suppese now that our theerem is true for p =1, ..., k—1. We shall prove
it for p — k. We shall write arguments in ¥ more exphcltely, namely

PE _ 5, o ', ..., V)

where 0"V denotes the sequence {2,,. ... V°}. In a first step we restrict our con-
siderations to the pseudosubgroup Dj™ of the ‘transformations of the form

B8y, A% .. =0 if r=2,.., k1.
If we apply any transformation from D" to the functions
VoKL EE(Q, 0, ., 8TV, 8T)

and if we impose condition 2° of the theorem, then we obtain the following
equations

QEV0, 0% L WHQ, 8, ..., 5, V)]
= QE[V0, Q" 4-QF |22 4% . V] +
+ TH(E ) BIV, seey a‘k-“lv, {acq .;.uk Va _!_“A‘gl eos uk:ﬁvﬁ}) "
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We d.liferenmate both members Wlth respect to0 Af..p and we substltute
‘A3, s = 0. This ylelds

(5) Y’H(.Q &V, ..., "V, 8) = —QF o * Oy V+ P (R, 8V, .., 877

We a.pply to both members of thls equality a transformation of the pseudo-
~ gubgroup D*'". If we 1mpose once more condltlon 2° then we obtain the -
following equa,tlon for @

QEVo, QE+ TR, 8V, ..., V)
]

_.QK[V“a QH+2 Pipons, a,,,,V"]-{-TH(alV, a’““v, 7).
8mal
We observe that it is the same _equation Whlch is 1mp]1ed by the conditions

“of the definition for the objects of class k—1. Then we may apply our assum-
ption of induction and we have a umque solution

(2,87, ...,08"V) = 2 OF o, .,,V“.

gr=1

This equality adjoined to (5) yields us
(6) 0K = V%,05 ZQK,‘“ ST A

Since every element of D*" may be represented in a unique manner as a com-
position of some element of Dy™ and some element of D*~" and since all steps
of our construction give unique solutions, (6) gives a unique object £y QX which
satisfies the conditions of our definition.

Remark., The condition 3° means that if all derivatives ¢V vanish, then
£7Q reduces to V76,2, as in the case of a scalar. It may be proved that
condition 3° may be left out in the case of nonlinear object, but this cond-
ition is essential for the unicity in the case of linear objects.
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