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Covariant differentiation of geometric objects

The object of this paper is. a discussion of the equivalence of some defi-
nitions of the covariant derivative of a geometrie object. There are to be
distinguished two directions of the development of the theory: a traditional
- oney based on the theory of functional equations and [1], [8] the second based
on the theory of connections in fibre spaces [2], [4]. In a conclusion we pro-
pose a definition, which is eqmvalent to that glven in [2] and, on the other
side, is an extension of the idea exposed in [1].

1. Preliminaries. Let P(B,@,n) be a principal fibre boundle with
a base B, a Lie group G and the projection = (cf. [4]). As model we may
imagine the family of frames in tangent spaces to B. The role of ¢ is played
'in this example by the group of nonsingular n X n matrices, n = dlmB 7 sends
here every frame to its origine. ,

Let F be a manifold on which @ acts as a transformation group, i.e. there
exists a mapping: & xF—~F which satisfies the equation

(1) C hg ) =(hg)2 (9, he@, QeF)

hg being the result of the group multiplication. If we represent the point 2
by its local coordinates, say £, ..., 2%, then also ¢-2 may bé represented by

a system of functions ¢7(2,g), I =1, .., N(= dimF), which satisfy the fol-
lowing functional equations
(2) o Pp($2, 9), b) = ¢"(L2, hy) .

- The elements of & will be sometimes represented by their local coordinates,
say ¢ = {4 ..., u"}, b= {v,..,0"} amd their product by their composition
functions 6, hg = {w*} where w* = 6°(v, ). In the terms of 6 the equation (2)
may be written in the form

(3) PN, .y QF; Uy ey U, ey PV o, QN5 Y, L, W)} Y :..,vf}

= I(QL ..y QN5 O 0L, ooy 075 UL, ey UT), ey BN (DL, L, 015 W, Ly 7))



“The functional equations of this type are the exit point of the investigations
. in [1] and of the definitions of the covariant derivatives given in [1] and [5].
We shall name the equations (1) and (3) the group (:Ondm'on in an 'i'n‘tr'ins'ic
form or in a developed form respectively.

We shall assume in the sequel that all functions, transformatlons and
varieties considered are of class C™.

In order to define an associated fibre boundle we consider a set of pairs
(p,Q2), peP and 2 ¢F. Since G acts in a natural manner on the right on P
and on the left on F, we may define a relation ~ in {(p, 2)} as follows:
(p,Q)~I(q,5) if and only if p =¢-g, 2 = ¢g*-Z for some g ¢ G. Evidently
~ is an equivalence relation, so we may consider the quotient structure
{(p, £2)}/ ~. We provide it with a projection I (induced by = in P) defined
by II(p,2) = n(p). In such a way we obtain the structure of a fibre boundle
associated with P. We denote it by W (P, B, G, F, IT}) or more briefly W.

We may define the [cross sections of IT in W. We imagine some repre-

- gentation of such a cross section as a set of pairs (p, 2) where p varies over
some cross section in P and Q depends uniquely on p. A pass to another
representation may be performed as follows: p —>p-g and 2—>g¢—*-L2 where g is
a convenable element of G which depends on z=(p). .

In order to have an example we consider a vector field on B. We may_
treat it as a set of pairs {(e,, v*)} where e, are frame vectors and v are com-
ponents of the vector field. If we perform a transformation e,—e; = Ale,
(which means a.passing from one cross section to another in the prmclpal
fibre boundle of repers), then the reciprocal matrix A} transforms v* into
v* = Av". The set of all vector fields on B determines a fibre boundle asso-
ciated with the principal fibre boundle of frames, while one vector field de-
termines a cross section. :

Let us turn to the genera,l case. Bach cross section X of II in W obeys
a corresponding mapping X: P—F defined as follows: X (p) = 2 if and only
if (p,2)eX. We shall name X a Crittenden mapping of X. The following
lemma follows easily from the above definition. '

Crittenden’s lemma: The mapping X(p) satisfies the functional equation

@ X(pg) =g X(p) (g<6).

Conversely, for any mapping f: P—F of class O satisfying the equation f(pg)
= g-1-f(p) there exists a cross section Y such that F is just its Orittenden
mapping.
Given a ma,mfold M, M, will denotp the linear space of vectors tangent

to M at x. We put M = | M,.
ceM

Consider G,, ¢ being the unity of @. For every 2e¢F there exists a na-
‘tural homomorphism G,—F, defined as follows: Every vector x e @, is in-
duced by some one parameter subgroup ;€ G, t [0, a). We put ; = a; .0
and we obtain a-one parameter group of tra,nsform?.tions 00 F [0, a)>F
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which induces some vector X e Fo. Similarly we can map G, onto Gy, b being
an arbitrary element of ¢. We do it by the followmg mapping of the gene- .
rated groups: a—>agh.

The mappmg g1 Q% .0 induces a mapping A-1: GXF->F as follows:
if a wvector Z e Fy, is induced by some one parametér group £, then a curve
g~1-£; is tangent at ¢ = 0 to a certain vector F,1o, which will be denoted
}.'-1Z '

Then we may construect a new assoclated fibre boundle W(P, B, G, F, II)
That is a structure of the equivalence classes of the pairs (p, Z) e PxF with
respect to the relation <: (p,Z)= (g, ¥) if and only if ¢ =pg, ¥ =22
for some g eG.

Transferring the lemma of Crittenden onto a case of the space W we obtain
the following proposition:

If a function X: P->F satisfies the equation

) X(pg) = 4-+X(p),

then it ewists in W a cross section X such th‘,at. X is its Crittenden mapping.
We shall use sometimes the denotation E,p instead of pg. Using this symbol
we may write the equation (4) in the form X o B, = 4,»X and the equation

(5) in the form X o R, = A1 X.

It may be deduced easily from (5) that the following formula is valid for

_the derlvatlve dX: P—F of a Crittenden mapping in w:

(6) dX o dR, = 4dX .

2. Covariant differentiation in fibre boundles. We assume that
our principal fibre boundle obeys a - connection form . Then there is also
defined a horizontal lift h = hy(-): P X B->Pg, where Pg = {X € P: o(X) = 0}.
We refer the fundamental properties of h: 1° hy(Y) is a linear form with re-
spect to ¥, 2° hy(Y) e Pp, 3° w'hp(Y) =¥, 4° hpY) = Ryhp(Y) .

R. Crittenden had proposed two definitions of the covariant derivative
of a cross section in W. This covariant derivative is computed as a directional
derivative with respect to a given vector field on B.

Definition 1. The covariant derivative of a cross section X C'W with re-
spect to a vector field Y B is a cross section in W determined by its Crittenden
function ‘

M . X7(p) =dXohy(¥).
Definition 2. The covariant derivative of X with respect to Y is a Lie
derivative of X with respect to the vector field Ay(Y). ‘

In fact,” the function (7) determines a section in W. In order to prove it
we have to show that the equation

(8) X7oR, = Mo Xy
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is satisfied. In view of property 4° of h and formula (6) we have
XY°Ry——dX hpo(Y) = dX o 'R,',oh,,(Y)
=d(X o Rg) o pp(Y) = Ip1dX o hp(Y) ZrIXy

Thus we see that the conditions of the Crittenden’s lemma are satisfied.
Therefore a section X% is well defined. | :
The equivalence of definitions 1 and 2 follows from the obvious identities

Lpyn X (p) = {(dX)py hp( X)) = dX o hp(Y).

Since A is linear in ¥, dX o b is linear too. Then the covariant differen-
tiation X — X~ determines a linear form VX: B—F which we name the co-
variant differential.

Now we shall find an explicite formula for the covariant differential. The
horizontal differential of p is equal to dp —p- w o dp, where dp is a differential
tangent to the chosen cross section in P. Then we have

dX ohy = X(p4dp—p- wodp)—X(p)
: = X((p+dp)-(e—wodp))—X(p) = (¢—wodp) " X(p+dp)— X(p)
f = (e wo dp) (X (p)+dX (p))—X (p) = dX (p)+(w - dp)-X(p) .
We shall use in the following the symbol

VX =dX+(wodp)-X

and we look for the expression of VX in terms of local coordinates. For this
purpose we fix the representation of X. Then p varies over some cross
section RC P and Q = X (p). R may be locally represented as a homeomor-
phic image of the base. Hence it follows that there is satisfied a system
of  Pfaff equations on R

9) o (wodp)® =g =TGdE (s=1,..,7; a=1,..,n)

where  is our connection form and #° constitute a basge of linear forms on B.
In a special case one may use the differentials dé“ of the local coordinates
in the place of #°.

Let ¢ = {¢*, ..., ¢} be a sequence of functions which expresses the trans-
formation rule of 2, ie. if

(97)° = w®,
then we have : ' : '
(971 -2)% = %(2, u) .

We denote the components of the unity ¢e @ by #, ..., " :
We compute (wodp) 2. Since wodp is a hnea,r form, we have in view
of (9) ‘ o

((©+ap)-QF = ¢5(@,j+ 0 dp)— 97(2, 1) = § )0+ dp)’ =gs(@riar
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where

K@) =2

our Iu=7‘ )
Hence we obtain an explicite formula
| (rx) —-ds2’+ S @) rias .
If we decompose dQ’ and wodp in the basic forms d&°, then we have

(10) (PX) = 02"+ Gl T7)de"

Th§ expressions
V. =0, + G

which appear mslde the brackets of (10), will be named the compo'nmts of
the covariant derivative of X with respect to the local coordinates. (Similarly we
might decompose VX with respect to an arbitrary system of invariant forms 7).
Now we shall give an explicite expression for the transformation rule of
VX, when the representation of X is changed, say g: K—J, 2—->g~*-L2. Thus
we have in view of the formula (8) F(g~1:X) = AV X,
Then we compute

| RV XY = g1 (Q+ V2, w)— ¢H(@, u) = pk(Q, w) VO™
‘where ) : :

1 opl
. - ¥K =20K *

3. Covariant differentiation from the point of view of functio-
nal equations. An essential difference between a traditional treatment of geo-
- metric objects represented in [1] and [5] and a treatment represented in {2]
and [4] lies in the following: the first treatment makes no use from the no-
tion of frame and the group action Q—g-2Q is associated with transformations
of the local coordinates of the base B. More exactly, it is associated with
every transformation of the local coordinates a certain ge G (¢ depends on
~ the point of B) such that if in the coordinates (£) the object in question.has
coordinates 2K, then in coordinates (£%) these components are 0K, We may
imagine it on a commutative diagram

;nK

éa_._..&a

(*5 h | \/
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Such a point of view seems to be natural if we eonsider purely differential
objects. But also in this case it is possible to construct a convenable principal
and associated fibre boundles and to establish a correspondence: field of geo-
metric objects <« cross section.

J. Aczél and S. Golab had proposed in [1] the following definitiqn of the
covariant derivative of a purely differential geometric object:

Definition 3. The covariant derivative of a purely differential object Q
of the class® p is such, a differential concomitant of £ and some auxiliary
objects H that its transformation rule is of the same type as that of 2 (this
concomitant may be expressed in coordinates as a sequence of functions
K*(Q, ', H) where

Q= {0, ...,0,0L, ..., 0,0V}

{7} should be a geometric object of the same class as the original object £2).

The following definition [5] and all considerations below regard the objects -
which are submitted to a Lie group which is a homomorphlc map of the pseudo-
group of the transformations of local coordinates on B (then we consider the
objects which transform according the diagram (#), but they must not be
submitted to a full differential group of any order).

Definition 4. If we adjoint to 2 a new object {¥-(Q, ', H), k"(Q Q', H}
which satisfies the following conditions:

A) the components X and % depend on £, on its Pfaff demvatlves of the
first order 9,2° and on some auxiliary objects H;

B} {X, k} is a geometric object and either all components %* take part
in the transformation of X or they all vanish;

0) the differential forms X d& adjoined to {XZ, %"} satisfy the equality

(13) o (Q+ K, u) = QT L xFaE

then we name (X, %) the co'c}m‘idnt derivative of Q.
The development of the left hand side of (13) implies directly the fol-

lowlng transformatlon rule for X:

KZdE = o2, u) JGHdS’

Since ¢k depends essentially on £ if and only if 2 is a nonlinear object then
we conclude in view of (B) that in such a case we have {k*} = {@%}. In a linear
cage all " vanish. _

We see also that if 2 is a purely differential object of the first class, i.e. if
the corresponding group parameters are Af — oE"o&*, then definition 4 is
a restriction of definition 3 by condition, (C), which determines the trans-
formation rule of the covariant derivative. .-

* We recall that the class of a differential object is the highest order of the derivatives
e*£ajokhs .., &Pk which take part in' its transformation rule. .
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o NOW we define an auxiliary object which will play an essentlal role in our

congtruction. Let 6 = {0‘} be the composition funetion for the group G. If ¢

has coordinates v% then #* will denote coordinates of g—!. We shall use follow-
ing symbols

s 80%(u, v 20°%(u, v
O, 0) = L0 g, o) = 20D

The sign ~ will denote that after performing the operation d/ov a substitution
v*¥ = j¥ into the functions in question is accomplished. Now we put

Oe(w) = e, 1), i) £ By(2, w) -
We map @ into a group of matriees, u® — Ap(u), putting
(14) o Aj(u) = (%9“(«2, o(t, v)))A
One may see that A(u) is nothiﬁg but a coordinate representation of the

representation of the operator ad(g—?) adjoined to u. The fo]long identities
may be directly deduced from definition (14):

(15) o AR(u) = Ofu(th, w)Opi(w) = Ok, u)Ip(w)
(16) Ap(u) A5(v) = A3(0(u, v)),
(17) - A(u) AL (%) = o5 .

We associate the following function with every transformation g ¢ G,
O¥(u) & 6% (u, 4)o,4" .

Suppose that there are three systems of coordinates (&%), (£°), (£) and that
with every transformation of any system of local coordinates into another
it is associated an element of G and the correspondmg C(v) according to the
diagram ‘

. a ¥ -l
5\ Ao cw &
 ACI~—A e Cay
w di

é-a
Then C(w) may be computed by means of C(u) and C(v) by the formula
(18) O (w) = O¥(v) -+ ATAK(D) Ohfu)
where A2 = 0£%/0¢°. |
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- We prove it nov&. We hé.ve,
(18') . Of(w) = OF(0(u, v)) = 6fi(0(u, v}, 8(5, %)) 8F(u, v)2,u*+ |
+ Gﬁ(ﬂ(u, v), 0(3, 1'2)) th‘(u, )3, 0" .

We consider the first term of the last member. Using the assotiative law of 6
we have” ' :

6}i(6(u, v), 6(3, %)) %(w, ©) = (mgk(g(u, v), 8(t, 5)))1‘_; = OF (w0, ).

Similarly we treat the second term, namely
,|(0('u v), 8(v ,u))& ('u,'v) (a hﬂk(ﬂ(u 'v),ﬂ(t,u)))l

(avhﬂk(u, (v, 1), u)))

If we substitute the both above results into (18'), then we obtain (18).
We define the connection object I'; by providing it with the following
transformation rule

£

= AF(4) Oy(v, D) -

I§ = 43 430) (17— C¥(o) -

We state, that this transformation rule has the group property, that means
that the following diagram is eommutatwe '

In view of the formulas (16); (17) and (18) we have
I‘“ A’A plw) (1*" O” (u)) = A Ap(u)[AT AZ(v) (5 — 0‘('0)) —C%(w)]
= AL AT A5(w) A5(v) (13— (C(0) + AT A%(5) CF'(w)) = AZ Ag(w) (T2 —O%w)) .

Of course, the just defined object I' is the same a8 in, formula (9) (cf. [3],
Ch. II, 31).

The connection object being defined, we turn to the construction of the
covariant derivative according to the definition 4. We shall use the following
abbreviate denotations

= {0,925} a=1,.,n,.
— @295 EK-=1,..,N.






