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“On Absolute G in Perfectly Normal Topologlcal Spaces

A topological space is ea]led perfectly normal if it is normal and 1f every

~ closed set in it is of type G;. Let ¥ be a topological space apnd X C Y. The

collection of sets of the form 4 U B, where 4 is open in Y and BC Y\X,

. defines, as it is easy to see, a new topology on Y. This topological space will
be denoted by Y (X).

" Let now @ be a collection of topologlcal spaces. A set X is said to be an
absolute G5 with respect to @ if for every Y ¢ @ and every homeomorphism kb
~of Xinto ¥ h(X) is G5 in Y. B. H. McCandless [1] has proved that a topo- -
logical space is an absolute @ with respect to the class of all metric spaces if

, and only if Y{(h(X)} is perfectly normal for every metric space ¥ and every
homeomorphism % of X into Y. In the present paper we state an analogous
result for the class of all perfectly normal spaces. - ,

At first we shall prove the following: N

Lemma. Let Y be a perfectly normal space and X CY. X is Gy in Y if and
only if Y(X) is perfectly normal. \

~ Proof. If Y(X) is a perfectly normal space, then, because X is closed
in Y (X), there exists a sequence {0y} = {4p U By}, where A, is open in ¥

and B, C Y\X, such that X = ﬂ 0-,,’. It is easy 1o see that X C Ay, for every n,
. n=1 '

i

so that X = [ 4n. It follows from this that X is Gy in ¥. Let now X be G
' - n=1

in ¥. To show that ¥ (X) is perfectly normal it suffices to show that for every
closed set F in Y (X) there exists a continuous funetion f: Y(X)->[0,1] such
that Y0)=F (see [2]). Let F be a closed set in Y(X) The set I is of the

form O N D, where C is closed in ¥ and DD X. Let X= ﬂ .Aﬂ, A, open in Y.

' We may assume that A, D Ay, Let f: Y—»[O 1] be a contmuous function
such that f~(0) = (. Putting
g(@) = {f(w) for x e (Y\O)V F
1/n for z e (An\Ant1) N (O\F)
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we get a continuous function of Y (X) into [0,'1) suech that g-%(0) = F. This
completes the proof of the lemma. ‘

Theorem. A topological space X is an absolute G5 with respect to the class ¢
of all perfectly normal spaces if and only if for -every space Y @ and every
homeomorphism b of X into ¥ X(h (X)) s a perfectly normal: space. ‘

‘The proof of the theorem simply follows from the lemma.
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