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On Commutative Algebraic Objects over a Groupoid

The algebraic objects are considered by A. Zajtz in [2]. The purpose of
this paper is discussing properties of special algebraic objects e.g., commutative
algebraic objects. At first we show some theorems about commutative algebraic
objects over a groupoid. Next we give an example of two similar, but non-
equivalent algebraic objects. Theorem 6 gives sufficient conditions for equi-
valence of two similar algebraic objects. ,

Algebraic objects can be considereéd as a special kind of quasi-algebras
(see in [1]). I agree with the author of [2] that a non-singular algebraic object
I shall call a complete algebraic object. Instead of a homomorphism satisfying
the conditioch (W) I shall say a strong homomorphism (according to the termino-
logy for quasi-algebras, see in [1]). All terms, which I do not define in this
paper, are used in the sense of definitions given in [2]. ,

1. Let (4, X) be any algebraic object over X. For any subset U of A we
denote by O(U) an algebraic subobject generated by U. About (4, X) we
always assume that for every a e A, there exists at least one # ¢ X such that
a product xa is defined. Under this hypothesis, if U generates (4, X) then for
each a ¢ A, there exist w ¢ U and # ¢ X such that e = au.

Let (4, X) and (B, X) be two algebraic objects over X, and let h: A >B
be a strong homomorphism of (4, X) into (B, X). If (C, X) is an algebraic .
subobject of (4, X) then (h(C), X) is a subobject of (B, X). (It is worth to
remark that above theorem is not true for any arbitrary (non-strong) homo-
morphism.) : ‘ ‘

An algebraic object (4, X) over X is called commutative if for any a e 4’
and z, 9 ¢ X, if #(ya) is defined then y(wa) is also defined, and #(ya) = y(za).

At first we prove the following

Lemma 1. Let x be such element of X that xa is defined for all a « A. If-an
algebraic object (A, X) is commutative then the mappmg h{a) = xa i3 a sirong
homomorphism of (A, X) into itself.

Proof. Observe that &, is defined at every aecd. . If a product ya i8 defined
then z(ya) is defined too. Thus all expressions

(1) h(ya) = x(ya) = y(va) = yhy(a)



are defined. &, is a strong homomorphism, because if yh,(a) is defined then
all expressions (1) are defined.

Now we prove the following theorem:

Theorem 1. Let (A, X) be a complete algebraic object. (4, X ) is commutative
if and only if hy is a homomorphism for every z e X.

Proof. The necessity follows from Lemma 1. If (4, X) is complete then all
products are defined, and for all 2,y ¢ X and a < 4,

w(ya) = ho(ya) = yhy(a) = y(wa) .

Before we formulate the next theorem we prove the following

Lemma 2. Let an algebraic object (A, X) be transitive and commutative*.
If w e X is such that & product za is defmed for-some a eA then for all be A,
a product xb is defined.

Proof. For some y ¢ X, a = yb. Since all expresswns ra = m(yb) = y(mb)
are defined, thus xb is- defined.

Theorem 2. If an algebraic object (A X} is tramsitive and commutative
then every: homomorphzsm h:A—A of (4, X) mto itself is equal hy for some
velX,

Proof. Let a, ¢ A. There exists @ ¢ X such that h{ay) = za,. By Lemma 2
za is defined for every a e 4, thus by Lemma 1, h, is defined, and hy(a,) = 2ay,
= h(a,). Since a, generates (4, X) thus by (1.4) in [1] (page 7), b= hs.

Corollary 1. If an algebraic object (A , X) is transitive and commutative then

(a) every homomorphism h © A —A of (A, X) into itself is a strong epimorphism

(b) for every a,b < A, there e.fmsts a strong epzmorphzsm h:A—>A such that
h{a)=b.

Proof. (a) By Theorem 2 and Lemma 1, b = h; is a strong homomorphlsm,
thus (h(4), ), X) is a subobject of (4, X). Since (4, X) is transitive, h{4) =

(b) There exists # ¢ X such that xa = b. By Lemma 2 and Lemma 1, h 1s
a homomorphlsm, hi{a) = b. By (a), ke is a strong epimorphism. !

2. Now we ghall consider an algebraic object (4, G) over a groupmd G.
Observe that, if a product za is defined (for a € 4, x € @) then #—Yxa) is defined,
and. z~Y(za) = 6,,.0, = a (see in [2]). From thls, we 1mmed1a.te1y obtam the
following

Corollary 2. If (4, @) is an algebmw object over a groupoid G, and xa = wb

‘ for some ¥ e G then @ = b, because

‘ a = w—l(wa) = w“l(wb) = b.
We also remark the following:
Theorem 3. If (4, @) 8 o szmple a.lgebmw object over a groupmd G then
(4, G) is transitive.
Proof. Let (4, @) be genera.ted by a,, and let a eA Of course O(a)C A
Since a = way for some x ¢ G, thus ay=2-1a ¢ O(a) Hence 4 = O(ao) C O(a),
~and every a e A generates (4, X) S , :

* In [2] such an object is called particular; = =~ o



= Next we prove the' followiilg

. Theorem 4. If an algebraw objeot (4, over a groupmd G is mmple and
rommutatwe, then

(a) every homomorphism h: A —A of (A, @) into ilself is a strong isomorphism
: ~ (b) for every a, b eAd, there exists a strong zsomorphzsm h:A—-4 such: that
h(a) = b. _
" The proof of Theorem 4 follows lmmedmtely from Theorems 2 ‘3, Corollary 1
and the remark that for any xe@, h, 1s an injection.

~ Theorem 5. If (4,GQ) is a commumtwe algebmw objeot over a groupozd G
and U, V are two its generators, then there exists a strong zsomorphwm h: A -4
of (4, G) onto (A, @) such that h(U) = ,

At first we .prove the following

;. Lemma 3. If ( (4, @) is an algebraic objeét over a groupoid G and U is its
gecremtor then. for every a € A, there ewists ewactly one elemmt we U. such that
a-= zu (for some x e G).

, Proof. If a‘z: Ty U = Tyu, for ul.aé Ugy Uy, Uy € U, ml,.'bZG G, then u, =
= (@ 'ms)us. Thus U—{u,} & U generates (4, &), ‘Which gives a contradition.

Proof of Theorem 5. For ue U and v €V, O(u) and O(v) are transitive
(see Theorem 3). By Lemma 3, for any u e U, there exists exactly one v, eV .
such that u = a,v, for some z, ¢ @, thus the mapping k: U>su-—->v, eV is an
injection. Since k(U)CV generates (4, @), k(U)=7V and L is a leectlon
Since % = @, v, thus O(u) is a subbbject of 0(v,). Because O(v,) is transitive,
0(u) = O(v,). By Theorem 4, there exists a strong isomorphism %y : O(u) ~0(v.)
such that h,(u) = v,. Let us put h(a) hu(a), if @ eO(u). b is well defined,
because O(u;) N.O(u,) = & for u, # 4,. Since k: U~V is a bijection, thus
h:A-—>A is a strong isomorphism of (A G) onto- (A G), and h(U)="V. The
proof is eomplete o

" 3. Let (A,X) and (B, X) be two algebraic objects over X. (4, X) and
(B, X) are said to be equivalent if there exists a strong isomorphism %: 4 ->B
of (4, X) onto (B, X). (B, X) is a concomitant of (4, X) if there exists an epi-
morphlsm h:A~Bof (4, X)onto (B, X ). (4, X) and (B, X) are ca]led similar
if one is 2 eoneomltant of other (see m 2.

T

The fo]lowm«r theorem gives the comhtmns under which every two similar
algebraic ob;ects are eqmvalent '

- Theorem 6. Let (A, G) and (B, G) be two commutative algebraic objects over
a groupoid G, which have finite generators. If they are similar then they arg
equivalent. :

The proof of this theorem is based on the following:
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Lemma 4. Let (A, G) and (B, @) be two transitive and commutative algebraic
objects over a groupoid Q. If there ewist homomorphisms h: A —B and g: B> A,
then (A, @) and (B, @) are equivalent, as well as h and g are strong isomorphisms.

Proof. By Theorem 4, gh: A —A is a strong isomorphism. Let k(a) = h(b),
a,bed. Then (gh)(a) = g(h(a)) = g(h(b)) = (gh)(b). Because gh is an injection,
a = b. Thus & is an injection. If a product xh(a) is defined then the expressions
g(zh(a)) = mg(h a)} = #(gh)(a) - are defined. Since gk is a strong isomorphism,
a product ze is defined, and % is a strong monomorphism. Now,. (h(A), G) is
a subobject of (B, G). Because (B, @) is transitive, h(A4) = B. Hence h is a strong
isomorphism, and (4, @), (B, G) are equivalent. In similar way, we prove
that g is a strong isomorphism.

Proof of Theorem 6. Let h:4A—-B and ¢:B—->A4 be epimorphisms.
By the assumptions of Theorem 6, a generator of (4, &) and a generator of
(B, G) have the same number # of elements. Now the proof is by the induction.

For n = 1, the theorem immediately follows from Lemma 4. Next, let (4, G)
and (B, @) have generators with n elements, and let the theorem be true for » —1.
Consider a sequence {a;}, a;+1 = (gh)(a;) (¢ = 0, 1,2, ...), where a, is an arbitrary
(fixed) element of A. Bince (A4, @) has a f1n1te generator, thus there exist
numbers %k and p such that 0<k<p and a, = xa; for some x e G Now *

(2) ap = (gh)(@p-1) = (gh)* (ap—2) = ... = (gh)" " (as) -

We consider transitive algebraic objects O(ap) and O(b,), where b, = h(a,,)
Of course h(0O{ap)) C O(b,). Hence

f1:0(ap) 3 a—~>h(a) e O(b,)
is 5 homomorphism. Using (2).we_ obtain
(g g) (Bo) = ((9R)" ) () = (gh)" (@) =
- (gh)? *(war) = w'(gh‘)”_k(ak) = za, € 0(ay) .

« Thus ‘ .
|  f2:0(bo) > b ((gh)"~*"g) (b) € O(ay)

is a homomorphism. Now by Lemma 4, O(ap) and O(b,) are equivalent, and
fi, fo are strong isomorphisms. Hence A—0O(a,) and B—O0(b,) are similar
(because h{4—0(ay)) = B—0(b,) and {(ghy**'g) (B—O(by)) = A—0(a)),
and they have generators with n—1 elements. By the induction hypothesis,
they are equivalent. Thus (4, G) and (B, G) are equivalent.

‘4. The following example shows that Theorem 6 is not true for arbltra.ry
(non- commutatlve) algebraic objects.

* If p: X >X then ¢* = ex, and ¢" = ¢" g
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Let Z be the set of integers,andlet I = {—1, —|—1}.‘We construct two a.lgébra._ic
objects (Z xI, @, -) and (Z xI, @, o), which are defined on the same set Z x I,
over some groupoid @, but the multiplications ,,-*” and ,,°” are different. The
. groupoid @ and the operations ,,-”, ,,°”" we defined as follows Denote by Z,
the set of nonpositive integers and by Z, the union Z, U {2}. By 7 and § we
denote the mappings

T:ZXxI>(n,e)>(n+1,e)eZ xI
8:Zy;xI>(n,e)>(n, —e)eZ xI
and by s the restriction of § to the set Z, xI.

Let A, BC C, and let mappings ¢: A—C, py:B~>C be such that ¢(4)N

NB 2. By yp we mean a mapping of g1 (gv(A) (B).into ¢ such that (vp)(2) =

= 'P(‘P @), © ep~p(4) N B).
Let us introduce two families @,, @, of mappings:

G={f:f=fSunfi=Tor Tor 8,i=1,..,7; reN}
Gr={g:9=g...0n gs=Tor T 'ors,i=1,..,75 reN}

where N is the set of positive integers.

G, and @, are groupoids with the composition as the product. For f fifaee
... fre @y, where either f; = T or fi = T-'or f; = 8, we put F(f) = g = ¢19a-+-Gry
where ' : '
fi iff¢=.T 01‘f1=
s if fi=
It is easy to see that the mapping F:@, >G, is a strong isomorphism of &,
onto @, (as a strong isomorphism of groupoids considered as quasi-algebras,
. 8ee in [1]). Hence, there exists an universal model of G, and @,, e.g., there exist
a groupoid G and strong isomorphisms F,:G->@,, F,:G->@G, such that
a diagram

g1 =

G]. EE—— Gz

is commutative. (It is sufficient to put G = G,, F, = eq,, F;, = F.)
' Let & e G a7 xI. We define the multiplications ,, ”,‘ ,,0" putting

z-a= (Fl(m)) (a), Fy(z) e @,
if the mapping F,(x) is defined at a,

rea= (Fa(w)) (@) ) Fy(w) € G,
if the mapping Fy(z) is defined at a.
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(L XI G 'y and (Z xI @, °) are algebralc ob]ects Whleh .are’ slmﬂar but
nbt eqmvalent

Fn‘stly we shall show that they are not commutatlve For thls sake let us’
consider their dlagrams ‘
~ the diagram of (Z ><I q,)

=t : p—‘ ot - ‘ p“
(-2, 1) (- 1, ~1) 22200, ~1):::(1,~1)_*(2 —1)T =8, -1)—

P ? - » P
qu QHQ T qf“dl ' o a'la_ A
Pt pt ¥ = g S op IR

TS0 TSELD TR0, I, e, 1) 6, T
) ) P P

Athe dlagram of (Z ><I G °)

p—t - . ) p=1 ‘ pt ) p—t )
(=2, -1) 5 (-1, S T30, 1) T (1, 1) TS (2, D) S8 ) I
. P . P 1. P ) O P .
2 ]q, QHQ a ‘(q . )
i Nl Y = Y = o B

Z(—2,1) ;*‘_“"’_.(*1 1) “_":(0 1) 7—7@,1) __.(2 1 _.9(3 1) -
D

‘Where P, p—‘, g are elements of ¢ such that

(3) { T= .Fl(p) Fyp), T_ MF(? )'— 2(1’)—1)
8=Fy(q), s=1Fyg :

and the symbol (—1,—1)>(0,1) means that the product p-(—1, —1) [or.
p ° (—1, —1)}is defined, and p-(—1, —1) = (0, —1) [orp (-1, —1) = (0, —1)].
On these diagrams we mark out only p, p—3, q but every o = @, ;... %, Where
either y=p or ;s =p-tor ;y=gq (t=1,2,..,7;). \
It is easy to see that (Z xI, @, -) and (Z xI G o) are generated by every
a e Z xI, and they are not commutative because the products p-(g-(0, —1))
and pe(go(0, 1)) are defined, while thé products g¢-{p-(0, —1)) and
qe (p ° (0, —-1)) are not defined (see the diagmms). :
' (ZxI1,@,-) and (Z xI,@,;°) are similar. It follows from the fact that
h, = ezxs i8 an eplmorphlsm of (Z xI, @, ) onto (Z xI,G, -) (but not in-
versely) and ) . T
hy: ZxIa(n &)—>(n—2 s)erI

is an epimorphism of (Z xI, @, -) onto (Z'xI, @,°) (but not mversely) We
shall show that &, is an eplmorphlsm Obviously, for all a eZ xI and p, p~!
defined by (3), all products p o a, P-l(a), ptoa, pt h,(a) are defined (see the
diagrams), and we have o

hn(p ° a) = p @), hl(p.fl oa)=p" Myfa).
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If g ° a is defined then gq-h,(a) is defined (because h(Z, x1) C Z; x1I), as well
a8 h](qo a) = q-h(a). Now, for every « = a,2,...%, € G, where either z; = p
or zg=plorw=gq (1=1,2,..,r), from above remarks it follows that
,(45 ho(w © @) = hy (B, © (@y...r © Q) = &y Iy(@, 1. 0 © @) =

= @@y hy(Xg... Ty © @) = By Ty... T - Iy(a) = w-h;(a)

¢

and, if some expréssion among (4) is defined then the hext expression is defined -

too. Thus A, is an epimorphism of (Z xI, G,°) onto (Z xI, @&, -). Analogously,
it can be shown that k, is an epimorphism of (Z xI, @, -) onto (Z XI, G, o).
To prove that algebraic objects (ZxI, @, -) and (ZxI,@,°) are not
equivalent it is enough to show that there does not exist a strong monomorphism
of (Z xI, @G,  )into (Z xI, @G, >°).
Assume contrary, let h be a strong monomorphism of (Z xI,@, ) into
(Z xI, @, °).Since the product ¢-(2, —1) is defined, thus the product g ° A(2, 1)

must be defined. It is possible only in this case then #(2, —1) = (n, &), where

n <0, ¢ e I. Now, because (1, —1) = p~1-(2, —1), we obtain
B, 1) =h{p"(2. —1) =p o (2, ~1) =p o (n,8) = (n—1,¢) .

‘The product o (n—1,¢) = q° k{1, —1) is defined (because n—1 < 0), while
the product ¢-(1, —1) is not defined, and we get a contradiction.
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