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A Note on the Uniqueness of Two Point Boundary Value Problems 1

" 1. In the present note we are concerned with an ordinary differential
equation of second order :
(1) z'" = f(t, z, ')
and the classical boundary value problem

| az(a)+fa'(a) = p
ye (b)+ 0'(b) = ¢ ,
where @, f, y, 4, arereal constants . -
If a=1, =0, y=1, 6 =0, then we obtain two point boundary value
problem . :

(2)

(3) zla)=p, =xb)=4¢.
If a=1, =0, y=0, 6 =1, then (2) reduces to
(4) - ew=p, 2B)=g.

Already Ch. de la’ Vallée Poussin [2] observed that the uniqueness of
problem (1), (4) implies the uniqueness of problem (1), (3). He used this fact
in order to obtain a uniqueness eriterion for problem (1), (3).

We prove here that under some assumptions also the uniqueness of prob--
lem (1), (2) implies the uniqueness of problem (1), (3). Using this fact and
a result due to A. Lasota and Z. Opial we obtain a sufficient condition
for the existence of a solution of problem (1), (3).

2. Let f(t, «, y) be a function defined on A X R x R, where 4 is an interval
gnd R is real line. o , .

Definition 1. Problem (1), (2) with any fixed a,pB,7,9 is said to be
globally unique if and only if for every a, bed, a#b, and p, q ¢ R, there
exists at most one solution of equation (1) satisfying (2) defined on 4.

Definition 2. Problem (1), (2) with any fixed o, f,7,0 is said to be
globally solvable if and only if for every a, bed, a#b, and p, q ¢ E, there
exists at least one solution of equation (1) defined on the whole 4 and such
that (2) holds. C
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Condition ¢;. We say that the function f(f, «,y) satisfies condition C,
if for every a4 and p, q € R the initial Cauchy’s problem
(5) s@=p, a(a)=g
for equati:)n (1) admits at most one solution defined on 4.

Condition €,. We say that the function f(¢, z, y) satisfies condition €, if

1° f(t,x,y) is continuous on 4 X R X R, where 4 is an open interval.

2° for every a <A and p, ¢ < R there exists exactly one solution of prob-
lem (1), (5) and it is defined on the whole 4.

Theorem 1. Assume f(t, x, y) satzsfws condition Co If there exist a, ﬁ, y, 8
sych that SR , ; ‘ :
® O w—pr o s
and such that problem (1), (2) is globally unique, then also problem (1), (3) i
globally unsque.

Proof. Let 8,0 # 0 and let w,(t), @o(t) be solutlons of problem (1), (3)

Then for Z(1) = x,(t) — 2,(t) we have

M . w(@)=0, o(b)=0. '
Consider the functions ' : Cy
(8) u(t) = pa(t)eth , - v(t) = dw(t)er'” .
From (7) and Rolle’s theorem it follows that there exist < ' d € (a, b) such that
u’(o) =0 and v'(d) = 0. Thus we have
az(¢)+pa'(e) = 0 , ;
ya(d)+éz'(d) =0 . | -
It ¢ # d, by the global uniqueness of (1), (2) we. obtain z(t) = 0. If ¢ = d, by

Vlrtue of (6) we have z(c) = #'(¢c) = 0 and by condition C, z(t) =0 too.
' In the case g =0 (6 =0) we should consider instead of (8) the functlonb‘

u(t) = a(t), v(t) = sa()e®  (u(t) = pw(t)e, o(t)=a(t).

"Remark 1. The converse theorem is not true. For the funetion fi, x, y)er
—x and for A = (0 7) problem (1), (3) is globally umque But if

ay+ 8
ad— By’
then we have the non-uniqueness of (1), (2).

Bemark 2. Wlthout the assumption (6) theorem 1 is not true. In fact ’
the equatlon :

 cot{a—b) =

2t 9
‘ 1re” - 1+t2 , . :
has the general solution of the form x(t) = A (2 —1)-|—Bt and consequently one:
and only solution satysfying the boundary value condition (3) with a = g = 0,.

2t =
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y =8 = 1. But m(?) =0 and wy(t) == *—1 are two different solutions of this
equation such that '

o(~1)=0, (1) =0 i=1,2.

2. In a recemt paper [1] A. Lasota and Z: Opial proved that the con-

dition €, and the global uniqueness of (1), (2) (with g = 0) implies the global
- solvability of this problem. Hence by theorem 1 we obtain the following result:
Theorem 2. Suppose the function f(t,x,y) satisfies condition C,. If
B=10 and a,y,6 are such that problem (1), (2) is globally unigue, then
1° problem (1), (2) with the same a, B, y,d is globally solvable. ‘
2° problem (1), (3) is globally unique and globally solvable.
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