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Application of the Differential Equations w1th Distributional
Coefficients to the Optimal Control Theory

1. In 1959 J. Kurzweil [4] orignated theory of differential equations
with distributions as coefficients. He - proved corresponding existence and
uniqueness theorems. The theory of such equations gives a convenient tool in
the investigation of certain optimal control problems and is closely related
to classical boundary problems and problem of periodic solutions. In the present
paper we are concerned with a simple case of the second order equation.

2. Let R be the real line. By C we denote the space of all continuous functions
_ defined on R. A sequence {#,} C C will be called convergent to =, if it is
uniformly convergent to x in every compact K C R.

By M we denote the space of all distributions on R of order zero (measures

in R). A sequence {p,} C M will be called convergent to p if {pas, @) —><{P,¢)>

for every ¢ e M with a compact support. ‘ v

For p ¢ M and an interval A4 C R let ||p|ls denote the total variation over 4
of the measure corre3pondmg to p. If p is a locally Lebesgue integrable functlon,
we have

lells = [Ip(t)lds.
4

Consider a second order differential equation
1 2" +prtqg=0,

where the coefficients p, ¢ ¢ M and the unknown function x e 0. It is ev1dent .

that every solution # e ¢ of Eq. (1) possesses the derivative a’ which is the
function with locally bounded variation. Therefore the initial data for Eq { 1)
may be given by conditions

(2) z(a) =1, a'(a—)=r,

* where 2'(a—) denotes the left-hand limit of z# at the point a.
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- Denote by P and Q the left-hand continuous primitives of the distributions p
‘and ¢ satisfying conditions P(a) = @(a) = 0. The initial value problem (1), (2)
is equivalent to the problem of finding a solution of the integml equatioi;

t . .
@ el =rtnit—a—[t—sa dP(s fQ(s)ds

The existence of a unique solution of (1), (2) or (3) may be proved by the
'classwal method of successive approximations (see [1], sec. 11.2). This solution
is a continuous function of the 1n1t1a1 data (74, rl) a.nd the coefflclents P, q.

We have namely the following

Theorem 1. Lei the sequences {ron}, {rm}C R afnd {pn} {q,,}CM be con-
vergent: respectively to ry, v, P, Q- Suppose that there exists & > 0 such that

(4) . . {a—s, u)r‘\suppp (a—a a)n Suppq—-@.
Then the solutions of problem L .
2+ ¥+ gn = ‘
_ z(@) = Ton o'(a— )_‘rl‘”
form a sequence {wn} C O which is cowvergent to a solution of problem (1) and (2).
Proof. Denote resPectlvely by P,Q, Pn,Qn the left- hand continuous

primitives of the distributions p, ¢, p», g» satisfying conditions P(a) = Q(a)
= P,,(a) Qu(a) = 0 Then. the functions #, satisfy the 1ntegra1 equatlon

3 wnm — ront rinli— ) f u_sm,,(s)ap,,(s) f Quls)ds -
'Settmg Uy = Tp— and substractmg (3), from (5) we get '
. B
6 umll) = eal)— J (1 5)ua(s)AP)
w.here MR ’

B

el = m-rﬁé(t—a’)(m-“—h)—f (@ut) - @) as+

+ f (t—s)w(s)d(P(s) Pals)-

By (6) we have obviously Pa(t).= P(t). and @u(t) = @(t) for te(a—e, a]. ’l‘h.ls
implies, by pn—>p, ¢n->g, that Pa(t) >P(t), @a(t)—Q(f) almost everywhere and
that the functions P, and @, are locally equibounded. Smce @ is an absolutely
continuous function, £a(t) >0 almost umformly. '

Applymg Gronwall lemma (see [1], p. 455) to (6) we obtain

Jua(®)] < lea(t)] exp {[t— 0] [|Plima) -

'On other hand under our assumptions, the funections I[p[][ag] a,re locaﬂy eqm—
bounded. Thus, from above inequality it easily follows that wa(t)—>0 almost
uniformly and also @n{f) > () almost: uniformly: Whmh completes the proof.






