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Andrzej Pelezar .

- On Some _Equﬁtions in Partially Ordered 'Spaces;

- In the plesént; paper we consider some method of successive approxima-

. tions in partially ordered spaces. By a partially ordered space we shall mean
an abstract space with a relation < satisfying the axioms introduced in (1}
1. Let Z be a topological, partially ordered. space, such that for each non-
-empty subset P, upperly bounded in Z, there exists in Z stp P (cf. [1], [2],[3])-

" The convergence ’(the limit) of an arbitrary sequence {@.}, #» ¢ Z, and the
continuity of mappings,- we. shall mean as the convergence (the limit) and
continuity in the topology given in Z. This topology is such that if ua e Z,
Up < Unp1y Yn < (=1,2,..), then sup {n} = lim u,. In the product Z x Z

. NB—>00
we introduce the partial ordermg in such a way that (u, ) < (w, z) if u<<w
and v < z; the topology in Z X Z is introduced in the ordmary way as the”
topology defined by the use of the topology in Z.
Let A = A(u,v) be a mapping of Z x Z into Z, such that
{1. 1) f (un, va) < (u,,,H, Vpy1) and  (%n, 'v,,)—>(u fv) as 'n—>oo, then. A(u.,,, Tn) —
, —a-A(u v) a8 N —>oo,
(1 2) if v <2, then A(u,v) < A(u,?) for each u e Z,
(1.3) there exists B=B) (B: Z —>Z), such that
L (ay A(w,v) < B(u) for u,veZ,
(b)) if Un < Ungr DA Unpy < B(Unia) OF Upys < < B(un) for n=1,2, ..., then
- there exists # e Z, such that wu, < u.
(1.4) for each v e Z, there exists u € Z, u > v, such tha,t w= A(u, ).

2. Theorem 1. If the space Z and the mapping A satisfy the conditions
mentioned in § 1, then there exists a solution i of the equation
(2.1 T o u="A(u,u).. ,
'Thw solution is given as the limit of a sequence of successive approvimations.

: “Proof. Let uy be an arbitrary element of Z. In view of (1.4), there exists
uy € Z, Uy > Uy, such that Co S -

2.2y , ' Uy —'_“‘A(v“h o)
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From(iﬂ)ltfollowsthat S AL T LT D
ey G A(u,,uo TR
~From the a,ssum:pmons céncerﬁmg Zin A (m pa.rtxcular iwm (1 8)), 14; follows, c
- that there ex;sts the maximal solutxon Uy of the equatlon : ‘ L
(24) DS TN ur:A(ul,u) '

B&meYlﬂg > (k. [2], [3])

Hence we ha.ve ’ . «
@5 L A(ul,u,) B
For Uy them emts g u,, 2 Yy, Such: that _
(28 L m= A(’“a:'“s)

. In that way we eonstruct @ sequence {u,}, such that = E
en uml—A(uw,um (n=0,1,2,..) '
(28 " Ugn == A(umm tzn) (%— 1, 2, )

Obvmusly, the sequenee {u.,,} 1s nondecre:asmg, and moreuver 1t is bounded
because: : '

LETESIEN B(”znu) y “sm B(’“zu—l) ("”'—— 1 2, ) ‘

' Hence {ua}is convergent to some u € Z Of eourse limu, — hmu?,,. limug,ﬁ1 =
= 4. By (1.1) we can write: : :

= 1My = U A (tign sy Uew) = A(hmumu hmuz..) A(d, ),
U= Lty = lim A (Upn 1, tn) = A (lim g, hm,u.z,,) = 4—(@? w) .

Hence » is a solution of (2 1).

3. Rema.rk 1. It is easy to observe, that mthe precedmg section, we proved
that each sequence {u,} which has been constructed by the a,‘bove procedure

-introduced in § 2, with an. arbitrary imtla.l Ug, 18 convergent to a solution.

of (2.1). Notice, that for u, we can choose’ 4, (for u, we can choose u,, ete.) in
‘a way, which (generally) is not uniquely determined; if we have u,,, then
we. can, choose %g,4, in an arbitrary way, from the set of all « satlsfymg the
condition o= A(u, uy) (cf. (1.4)). T : ,
Remark 2. If B — B(u) is a decreasing funcmon, then ea,ch nondecrea.smg
sequence satisfying the condjtxon (1.3)~(b) -is bounded. S
4, Let us consider an exampla from the theory of functional equatit)ns.z
In this. section the relation <" in the set of functions defined in the interval
{a b} or in [a, b] x(»- oo, og) I8 understood in such a way that: <o if
u(m) 'v(a;) for all # and there exists ¥ such that % (y) aé v(y) AR




Let us conmder F:.F(w,u), €= Ge, u) deﬁﬁed in fa, b]x{«» oo, oo),
~continuous- with respect to u, sueh that F is strietly decreasmg and @ i is- striefly -
increasing with. respect to u. Let us con&ider moreover a flmction f f (z),

" f1ia, b) >, b) Assume that | 3
L) 0g (w u) Mx), M is Py :Eunetlon defmed m [a b], o o
.7 (IT) for each funcnon W= u(:v) ﬁatlsfymg C R o

i

0<u< M—}-maxlf'(a;,(}),

thhere exls‘ts Y= y(w), such that

o y(z) = (o9 fw)))+0(w u(w)) =
42 B y<M+max1i’(w 0) L R

- From Theorem 1 in view of Remark 2, it iollows directly the fo]lowmg o
. Theorem 2. If the functions ¥, G and f Julfint the' above aseumptions, then_ o
'thwe exists in [a,b] a solution y = y(x) of the equatwn

@8 y@=7F (29 (F@)) + € (o, (o) -
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