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_ The present; paper is the third. author’s note on the extremal solutions of
some functional equations and functions fulfilling certain functional inequalities.
The prevmus papers {31 a.nd (4] discussed the functmnal equatmns of the form

o1 .y(w F{m,y[f(m}
- and S
S0 @)= F{m,y[fl(mn, ,y[fn(wm,

- where y"(z) denotes t;he a-th’ 1tera,t10n of unknown funetlon y_ = y{(z), and
’qertam inequalities. :

In the Present paper we shall give sore supplementary remarks eoncermng
the equatlons (0.1) and (0.2) and inequalities - N

(0.3) . @ <P, olf@))
and | SR . ‘
(0.4) L 0@ S F o, ofi@)], ..., fal@)]) -

- We shall use the results of the other authors’ papers [1] and {2] -and. the
notations introduced in (3], [4], [5]). In particular, by the maximal (minimal)
solution of (0.1) (or (0.2)) in some class K, we shall mean a function y ¢ K,
satistying (0. 1) (or (0.2)), such that if 2z ¢ K is an arbitrary solution of (0.1)
(or (0.2)), then 2 <y (y <2). ‘

1. Let us put Y= {f I 13 a rea.l functlon defined in <a b>}

{f fE'F f((a bY) C <a, b3} .

" Theorem 1.1. Let us assume that fe@ and F = F(w,y) s defmed in
- T'={a, b) x<e, d), I s zm@asmg wzth respect to. y, o< F(my)<d for eack
' (937 Yy)eT. :
- Then there eanst in the class 4 the ma.mma? and tha mzmmal solutions o‘f the
‘ equatzon (0. 1) ‘ ‘ v




Thearem 01‘2 fj all aaswptwm.. af TMM 1.1 are satwjied md ‘v = v(w) .
: fulfdis \the megnamy (0 3), ﬂum s L

5 | . e y* ;,i '
‘,.iwke‘re y“’::s w) s ﬂw mamml salmtwn of (0.1) _ :
; In order 16 prove Theorems 1. 1 and 1.2 we use Theorems 1 :and 2 with -
- Rematk 1. f:mm [2] or- Theorems. A and A’- thth Remark 4 from 113 In thls
- case we can use also’ the theorem of Tmln (Theorem 1 in {6]) ’wanah 18 (nted
K 2 Theorem 2.1. If all assnmptwm of Theomm 11 are. swmjwd and -
- mareover I is continuous in T with respect io (@, ¥),  is continuous in <a, b},
‘then the mawimal (minimal) solutwn of (0 1) 18 upp& wrm mtmuau& (lowar v
semi- contmuous) , ‘ ‘ ‘
: Proof We put C T
(21) oy =a o
' R - Ynpl®) =F {w; Yl f (w)i'} S %;Qaflya
Tt is easy to see that ) o '

oo ya(z) is for each n contmuous,

o  Yonl@) <wal@) for sea,by, w=0,1,
3'? o cgyn(w)<d for zela, by, n—d l,... '
Hence the sequence {yn(2)} is convergent and its limit y = y(m) is an upperr :

 semi-continuous function. Going to the limit in the rela,tlonl (2 1) we have
(by the continuity of F) B .

2  y(@) =F o, yf@) - L
. On ‘the other hand, for each function v = v(x) satisfying the mequahty (0. 3), g
'it; can be shown by the mduetlon that

e o) < y,,(ar) for we(a by a.nd n-ao 1

Hence v(m) y(m) hmyﬁ(w) Thus y y(a;) is thes mammal solutmn of (0 1)
in the class .-
: In order to prove tha‘b the mmlmal solution 01 (0 1) 1s a lower semi-con-
tinuous functmn, we conmder the fo]iowing seqﬂence

. - w@)=¢ A
‘wn+1( ) F{w w,,[f(m)]} n=0,1,..
‘ Whlch is mcreasmg and convergent to-the mlmma,l solution of (0.1).
‘Corollary 2.1. If the -assumptions of Theorem 2. 1 are satisfied and zf the ‘
~ solution of (01) 48 unigue, then it is continuous. o
“'3. One can prove, congidering the sequence of the type (2.1) and using

~ the method. given in the section 2, that the fo}lomng theerem, bemg a genera
»ahzaﬁmn of ',{‘heorem 2 of [3], holds-' S




Theorem 3.1. If all assumptums af Theorem 1 of thc paper [3} are satzsﬁedf
cmd a functzon v fulf'blls (0;3), then .

' 'v < y* o
where y* = y*(x) 4 the maximal solution of (0 1) in the subclass of W which
contains all functions belonging to ¥ and fulfzumg the Lipschilz condztwn with .
the constant L introduced in [3]. .

In other words, the maximal solution of (0.1) in ¥ is under the assump-'
tions of Theorem 1 from [3], the Lipschitz function. The similar theorem con-
cerning the minimal solution holds too. Remark 3.1. In [3] was introduced
the following condition: |F| < C; here we assume that ¢ <F < d, but it is

_easy to see, that the difference between these two conditions is essential.

‘ 4. Theorem 4.1. Let us assume the followmg cond@twns {cf. Theorems 1.
and 3 in [4]): .

A, F=F(®, 45, ..., Yn) 48 deﬁned in the set 8 — {a, by x <e, D™ where {c,d>
- CLa, b, o : : .

2. 'F(S)C(c dy,
3. F i8 increasing with respect to each 'vamble,
4. f;s@ (6=1,. ,fn), ‘
5. if @ <w, then fi m) < fu(u) for $ = 1 n,
- 8. iF(wy‘yla---yyﬂ)*F( 3y e ,yn}l MI$“$|+2M53[II{-’%|,

-3

|f@) —f@)] < Nilg—al, (i=1,2, ..., m),

" . ahere the constants M; and N (j = 0,1 ey My £=1, ,'n) are 8uch that the

- n . : .
st A=(2:4>0, Mo+ Y M(N A < 2) is non-emply. Y
‘ i=1 ' o )

Then the mdwzﬁml solution y; of (0.2) in the class L, of all functions belongin'g
to @, mormsmg and 8atzs,fymg the condition of Lipschitz with the ccmstant Ae A,
- i8 such that for each v e ® Julfilling (0. 4), the inequality :

(4.1) ' ﬂ(w) yul@), wela, b ‘;

holds. o | '
Proof. Weﬂput

(4.2) . ‘ yo(w) =d

Ye41(0) = F (@, Yl Fi@)], -, BL@])  k=0,1, ...
It is easy to see that for k=0,1,.. and = e<a,b) we have
1° eLz, C o < yrla) g d 4
2% m<w——->yk(w)<yk(5a)'
3% Yrr(2) < ylw) - ‘
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Hence the sequence {yx(z)} is uniformly convergent to a function.y; = (@)
which fulfills the equation (0.2). It is easy to.see that y; e L;. On the other
hand,. for each v <@ satisfying (0.4) we have o < yr (k=0,1,..). It holds
in particular for v € L;. Hence y; is the maximal solution of (0. 2) in the class L, -
and the idequality (4.1) holds for each v e® satisfying (0.4). In other words,
if the assumptions of Theorem 4.1 are satisfied, then the maximal solutlon
of (0.2) in @ exists and it belongs to the class I,. '
A similar theorem concerning the minimal solution of (0.2) holds $0o.
Corollary 4.1. Because A< pu=1L,CL, and in consequence y, <y, and
on the other hand in virtue of the above Theorem 4.1 we have y, < y; for each
Ae A, then if min A > 0, we can pul in the above 1= min A. ,
Remark 4.1. Theorem 4.1 is a generalization of Theorem 8 in [4]. In the
paper [4] we have proved Theorem 4 concerning the problem of the existence
of the maximal solution of (0.2) in the class W of all increasing, convex and
bounded functions defined in <@, b). The following theorem is an answer fo *
the question of the existence of the minimal solution of (0.2) in W.
Theorem 4.2. Let us assume the conditions 1-7 of Theorem 4.1 and the
Jollowing conditions (cf. the assumptlions 9 and 10 of Theorem 4 in [4]):

8. F(l (@+-3), 3(v:+4), ..., %(yn+?7ﬂ)) < %(F(;v, Yoy oo Yn) +F (@, Y1,y ooy ’gn))v

9. f,(w"'”) (ff(w)+fi(w)) (i=1,..,m).

Then the equution ('0 2) has the minimal solution in the class @ and this solution
belongs to the class W* = W N LA
Proof. We put:

(4.3) , C wy@) = ¢
Wioer(®) = F (@, Wl fy(@)], oorr Whlfal@)]}, k=0,1,

The sequence (4.3) is increasing, all functions wy belong to W* wy < d for’
each k. Hence {wi(x)} is convergent to a function w e W=+, which ewdently,
fulfills (0.2). On the other hand, for each v e ®, such that

(4.4)  v(@) > F i, olfi@)]; ..., 0'Lful@)])

it can be easily proved by the induction with respect to k,~that
(45) v(@) > wiw) k=0,1,..

Hence

{4.6) | (@) >w(@) for weda,b)

what means that w is the minimal solution of (0.2) in the class @ because (4.6)
holds in partleular for each solution of (0.2).

Remark 4.2. We can notice that in this case, the sumlar conclusion, as
in the case discussed in Remark 3. 1, holds too.
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5. Theorem 5.1. If [F(z,y)— F(:o,y)| <K|y—y|, K < 1 then ‘there emists
in ¥ at most one solution of (0.1).
Proof Let ys=yux) (i=1,2) be two solutlons of (0.1). Hence

i@ —9:0)| < | Flo, 1a{f (@)~ Blo, w{f @) | <
< K| 0:{f @) —wa(f@) | <
<X-sup [y,() — ()|

and then s = sup ly,(z) —y,(2)| fulfills the inequality:

{a,b> ‘
s<K-s
‘ whlch 1mp]1es, in virtue of the assumption K < 1, that s = 0.
Corollary 5.1. If the constant N introduced in the assumptions of Theorem 1
of [3] 48 = 1 and all assumptions of this theorem are satzsfzed then there exisis
exactly one solutwn of (0.1).

. Theorem 5.2. If IF(w,yl,'..;, Yn)—F (2, ¥y, ...,g}n)| \<‘vi§ M;[yg;—g’);[ k and

2 M, < 1, then (0.2) has at most one solutwn in .

i=1
The proof of the present theorem is similar to the proof of Theorem 5.1,
Corollary b.2. If the constanis N introduced in the assumptions of Theo-
rem 4.1 are such that Ny=N > 1 (i=1,..,n) and all assumplions of Theo-
rem 4.1 are satisfied, then there exists in @ exactly one solution of (0.2).
 As a generalization of'Theorem 5.1 one can prove the following:
Theorem 5.3. Let us assume that the functions F and f fulfill the assumplions
of Theorem 1.1 (or respectively: Theorem 1 of [3], or Theorem 1 (for n=1)
of [4], or Theorem 4 (for n=1) of [4]), F(z,y) =0 fory >0 and the maximal
solution of (0.1) in the class @ (or respectively: in the class of Lipschitz functions,
or in the class of increasing functions, or in the class of increasing and convex
Junctions) is identically equal to zero. If |G(z,y)—G(@; n<F(=z,ly —-y]), Hum
- there ewists at most one solution y = y(x) of the equatwn :

(5.1) Y@ =6 (s, y(f@).

Proof. Let y and ¢ be two solution of (5. 1) Hence for v = |y —yl we have
the 1nequahty

ru(av) <F (m @(f(w)))

which in vu-tue of the prevmus Theorems 12,21 and Theorems 7 and 8 from [4],
finishes the proof of Theorem 5.3.

Remark 5.1. An example of ‘the function F satisfying the assumptions
of Theorem 5.3 is the followmg one: ¥ (w, y) = K.y, where K <1 (see Theo-

rem 5.1).
e








