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In the present paper we dlsouSs the problem of the existence, and umqueness K

of golutions in the mterval 0, a) of the equatmn

w - y(w),y(y(m»)

with the. initial condition S RS
and the question of the convergence of Some- sequences of successwe approm-

‘mations.

. Bya solutlon of the problem (1)-(2)' we mean a funetmn y e OY (0 a))_
‘sa.tlsfymg in <0, a) (1) and (2). Hence, if the function f is.continuous, then
the problem (1)-{2) is equivalent to the problem of the existence of contmuous
solutlon of the mtegral equatlon ‘ - :

_(3) o y(w)*o+ fflt,ym,y(y(t))dt

| 1. Le’t f f(w,y,u) be defmed and contmuous in <0, a)x(— 00, oo)x
X (— oo, oo) and let o e

@ (e, y,u)—«f(w,y,u)l < M- Iy—y1+N iu~ul

(5) : L lf(w,y,un '

for (z,y, u), (= ,y,u)e(() a)x(— oo, oo)x(—- oo, &0): . :
' “Theorem 1 If N-a< e”(M’LNK)K“, and f satzsfws the above condzt@om, then
‘ z}wm ewists at most one solution of the p'roblem (1)—-(2) '
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‘Proof. Let g = z(w) a,ndxw = w(m) be two solutlons of the problem (1)—(2)
‘Hence we ha.ve

’]z(m)-iuw(wn < f 'Y(Mlz(t')—-w(t)l—rFlNlAz' (z(‘t)) —wfw(1)|)dt <
§ M f [z(t)—w(’t)’l dit+ N f lz (z(t))ez(w'('t)}]dt+
+ [ e o) —w ()] d <
‘ ot '

. ‘ ‘ . x . 1 ‘ oz s !
| g(M+NK)f [z(t)—w(t)idt+Nf|z(w(t))—w(w(t))|dt. .
‘If we put u(z) = |2 (m)—w(w)[ and L = M—|—NK K_2K then
(6) R _u(w)gqu(t)dtJeru(w (1)) dt
0. 0

~ and in consequence

(m . ru(w)xNKa‘a—{—qu(t)dt

From (7) and well known theorems concermng the dlfferentlal (mteg'ral)
inequalities, it follows that

(8). , . u(z) < NKatels.

From (6) and (8) it follows that

w(@) <L f u(t)dt—l—N f NEwewt it < L f u(t)dt+ N?Ka? eLEa

and in the consequence u(z) < N2Ka?elEagle, It i easy to show by the in-
duction Vﬂth respect to n, that g
9  u(@) < KadPNaten VR < Ka,e‘m"‘"ml\”ﬁ nehlKa :
for n = 2,2, .... Since, from the assumptions it follows that Na < e¢~IKe, then
Na-el®2< 1 and w(z) is upperly bounded by the sequence which tends to °
Zero as n —>oo, Smce wu(x) > 0, it must be equal to zero, what ends the proof
of Theorem 1. ‘

2. Let us suppose, that _ :
(10) . ¢+Ka < ¢c>=Ka

and leb us. congider the followmg sequences

(11) o ywmrw+fﬂ,wmmmmwt

(12) i‘wmhwmewmmmwt
. . ’ . 0 .

as) taa(®@) = o [ F{ts zaralt), 20 (amaa(0)) 8
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(n=0,1,2,..), where y,(@), wy(), 2(z) are some (arbitrary) fixed functions
of class C', mapping <0, a) into <0, a), such that |yi(x)|, |wilx)|, lz5(z)] < K.
If wy (resp. 2,) is given, then wy,, (resp. 2p4,) is the solution of (12) (resp. (13)).
From the well known theorems concerning ordinary differential equations,
it follows that under our assumptions, such solution of the equation (12)
(resp. (13)) with . respect to unknown funetion Wi +1 (resp Zp31) eXists and is
unique. From the condition (10) it follows that we can make the operation
of the iteration; hence the definitions of the sequences (11)—<13) are correct.
It is easy to see that 0 < yu(®), wa(®), 2:(2) < Ka+c¢ and |ya(z)— yu(@)|,
wn(w) — wn(3)], |2a(z) —2a(3)] < K-l —5), for n — 0,1,2,.. and x,7 € <0, a).
Hence there exist {ya,}, {Wa,}, {#s,} uniformly convergent in the interval <0, ad.

3. Theorem 2. Let the assumptions of Theorem 1 and the condition (10)
" hold. If La+ Na <1, then the sequences (11)—(13) converges uniformly to the
(unique) solution y = y(x) of the problem (1)-(2).

Proof. We put
‘ Yn = max |yu(2) —yu-1(2)|

W= ma%( iwn(m)h“?ﬂ—l(w)|

i)

Zp = MaX |on(0) —2n_1(2)] n=1,2,..
e

It is easy to see that
< (L+DN)a- :{/',,_1 (L+N)a)*~'. X,

(M-I—N)a, : (M4 N)aln—1
—NKa - W"*‘\[l—NKa W

n-—1
Zva = lNL Zn—l < [ng’}a] 'Zl .
From the inequality La—l— Na < 1 it follows that (L+ N)a <1, NKa < 1 and
(M+N)a <1—NKa and moreover La <1 and Na <1—La. Hence the
sequences {Yn}, {Wa}, {Zn} and 80 {|ya(®@) —Yn-1(®)}, {lwn(®)—wn_s (@)]},
{|#n(®) —2n_1(2)|} tends uniformly to zero as n->oco. In -consequence if a sub-
sequence {Yq,(®)} (resp. {wa,(x)} or {z,(®)}) is uniformly convergent to #(x)
(vesp. @ (x} or Z(x)), then the subsequence {yu,-(®)} ({Wa,—1(#)}, {2a,-1(2)}) is
uniformly convergent to the same limit. Lot {yn(@)}, {wh(2)}, {2x(2)} bé arbitrary,
uniformly convergent subsequences of the sequences — respectively — {yn(x)},
{wa(w)} and {za(x)}. Passing to the limits in (11), (12) and (13) (for the sequences
with the asterisks) we obtain as the conc]usmn, that limy%(z), limw}(x) and
limz;(2) are solutions of (3), which is équivalent to the problem (1)—(2). Since
the solution of (3) is unique, then limy*(z) = limwk(x) = limz%(x) and moreover
each subsequence of {y.} ({wa(#)}, {2x(x)}) uniformly convergent, must be
convergent to this solution. Hence the whole sequences (11), (12) and (13)
are. uniformly convergent. to the unique solution of the equation (3).

W<




4. Let us suppnse the auﬁﬁﬁﬁbm‘f‘of "‘I‘he.oi-em',z‘ and .mﬂmover,"supﬁqsg_;
ammwamw% BRI Dol e I

‘ Wepu‘b _ T -

>(14) - Pn:——-ri%i,gc {y,.«(év)—jy'(w)i."fnk :
Can L G-mxime g
.(16} o B maxiz,.(w) (@)

where Y = y(w) is. the umque solutlon of (3). -
' Of eourse P, = Q., Ry = D. Tt is easy to see that

an. (a(M+N+NK))"D P*
e a(+N)
o [mif] bia

- AR aN .
(19) ] a.(M+NK)] DEE:.
.«From the ‘above assumptlons it follows that ‘

. M+N _ - N ‘
M,+1Y+NK>1 oNE ~ T—a(HTHE)

Hence ' ' ‘
(20) . Pi>Qi>ER.

Of course this relation give no information concerning the relations between
P,., @n and Ry;. This relation (20) gives however an. information on the type
of con‘vergence to zero of the sequences with asterisks, bemg some estimates
of the sequences of the ma,mmal differences between ya, wn and dz, and the

- polution y. These estimates are dependent on the constants M, N, K and a.

. ouly, and in the consequence, they are some estlmates for the class oi functlons
defined by these constants. :
. B Let us notice, that the above reasonmg concerning the equation (1)
wmh ‘the. initial condition (2) m the interval <0, a), one can make, without
any essential changes, with: respect to (1) and the initial condmon y(a)=-¢
in an arbitrary interval <a,, a,).

The author would like to express hls tha,nks to A, Lasota. for his valuable,
remarks. : :
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