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, In the speclal case of I;aplace’s equation .#c(.fc, y)
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" A Note on'the Green’s Function

Let D be a bounded domain in Euchdean m-8pace R’“, let the partial

. differential operator L deﬁned by

I = Zaw(aﬁ(w)am)+c(m)u T

be eih’ptalc there. Denote by - .D the set D (D xD)\(aD an) : :
A function G = = Gz, y) will be ca]led a Green function for hhe equatlon -

L= 0 with. respect to the domain D if

(i) G’(w,y) is continuous on- D for # Yy
(i) G(z,y)=0 for weaD ye.D ~
(iii) the mtegTa.l :

Ia(w) f &z, y)f(y)dy

is of elass C”‘ on D, contmuous on D and satxsﬁes the ldentltsy
L[Ia(w)] = —f (w) | ‘

- for all f(z) in’ OJ(D}.~

AR

In the sequel ‘we shall use

"m " o c(w)Z(%-“‘*)’
Z(yi~wf)” ’ aidlz) — 2 aﬁ (y; @)+ :f;l-}—é+a : '
B =1 o i7=10 _ : -y 0<a<l.

Zaa(w)(yf—w;)(%—-wf) S

Az, ?I)
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Theorem Let us assume tkat the coefficients a¥i(z) of L are twice continwously
differentiable on D, ¢(x) is continuous function obeying ¢(x) < 0 on D and m > 4.
Suppose that for any fived point y, of D there exist o sphere K (Yo,0) €D and
a constant (0 < & < 1) such tha,t .

T A, y) > m—24e . .
for @ cmd y in K(y,, 9) Then there exist two constants M > 0 and o (0 < a < 1
such that
: G(o,y) < Ulw, y)+ My
Jor @ and y in K (Yo, 0), where
| e 1 .
(m~2) wn VA (2) Y Ay)

. U,y =

m -m+2
ZtAlif(w)JrAz,-cyn(yﬂ—wo(y,-—wf) :

ff=1

r2= Z (yg*cdi) [Ai(®)] s the inverse mamw to [ay(x)], wm 8 the area of the |

unit sphére in Rm A(x) is the determmcmt of the mamw [As( w)], and 0 < p < .

 Proof. Observe that under our assumptions concerning the coefficients,

U(xz,y) is the Levi’s function (see .[1]) and has the property that ‘
Ly U(w,y) = 0(r™?2)  as r—>0,

where L, denotes the operator L applied with respect to the variables x. Consider
the function

B, y) = —Ule, y)— Mo ™ Gla,y).
The constants M, « will be defined later. Let I4(x) denote the integral

Lo(w) = JQ(w;y)f(y)dy, S

where f(y) is in class OYD). Then the function Is(#) is in class C%(D) (for details
see [1]). From the Poisson’s theorem ([1], formula 13.7), the theorem 12. VIII
of [1] and from the definition of Green’s function we obtain (cf [2])

Lilo(@)] = [-Ll—Ulw,y)—Mr ’"*“*“Jf(y)dy
D
On the other hand . .
LJi— U('w,‘y)] = 0", as r—0
and '
Lo My~ ™3+ — 1 (— m+3+a)r“” e Z asi{ ) (ys — w:) (95 — @) X

1,71

x[(—m+1+a)+aée(m,yn
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For 1nstance We can fix a = 1-—~ E From

{ . -m+4——]'- : (—m+2-—§)- | - =
. L\ Mr =0\r . y a8 >0, .
there exists a constant M >0 such that '

mia— g

[ ‘U(w,y) Mr 2]20

“for w s and y in K(y,, 0), # # ¥. As in the theorem 3 of [2], let fly) be a non-
-negative (YD) function vanishing outside K (y,, ¢) and positive on its interior.
Then we have ‘ ‘

1) | L[ [ o@,9)fw)ay] >0
K(yo)

in K (Y, ¢). On the other hand let M be chosen so large that the inequality
—U(w,y) — My G, y) <
holds for z eaK(y,,, o)y Yy eK(yo, 2). Hence
@) | | o@ pimay <o
‘ K(%E)

on 9K (y,, p). From (1), (2) and from the Hopf theorem (see [1], theorem 3.II)
it follows :

f @z, 9) f(y)d

E(yne)

on K(y,, p). Then &(z,y) <0 for meK(y.,, 9), yeK(yu, 2). Thus the proof
‘of the theorem iy complete.

Remark. We note that the precedmg proof remains vahd it m > 4. Does
there exists a number M > 0 such that

G(@,y) < Ulw,y)+M
for @ ¢ K (9o, ), ¥ < K(yo, ¢) in the case m = 3?
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