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- 1. Introduction

- The purpose of this paper is to state a theorem concerning the existence
~of invariant -linear functionals on locally compact topological spaces. This
_ theorem is pecuharly simple in the case of compact. space and gives, as corol-
laries,. a generahzatmn of Krylov-Bogolioubov theorem on the existence of
invariant measures on compact topological spaces and the exlstence of Haar
integral on compact Abelian topological groups.
- For a detailed account of invariant functionals and mea,sures, we . refer
the reader to [2] and [3]. '
Let X be a locally compact Hausdorf.f topologlcal spa.ce Let B = Cp(X) -
demote the set of all real-valued continuous functions ¢ on X which vanish
outside of a compact sets, i.e. such that. there exists a compact subset F of X
~ (depending upon ¢) such that ¢(z) =0 for all weX\F For g < B, let |jg]|
“=sup{jp(»)|]: # ¢ X}. It is obvious that F is a real normed linear space.
- Let .B* denote the real topologlcal vector space of all linear iunctlonals
~on F with pomtmse convergence topology. Let By = {tp eE tp >0} - and

By = {ueB*:u(p) >0 for all e K, }.

Let G denote a family of distinct homeomorptusms of X onto 1tself A fune- -
tional u ¢« E* such that w(p) = u(pT) for all ¢ B and T € G, is said to be n--
. variant under the family 6. S

The main theorem of this paper is based on the followmg well known
Markov—-Kakutani fixed-point theorem ([1], chapltre II, appendice),

Let E be a real Hausdorff topological vector space, K i— a non-empty, compast -
and convew subset of B. If (U.),e; 8- a family of linear transformations of E into.
itself, suoh that for all ¢, x ¢ I U;U,= U,U,, U(K)CK and restrictions of U,
“lo K are cofntmuous, thefn, there exists a point « € K such that U.(m) =0 for eaah .
vel. ~ ; .




2. fmariant fonctionals |

' We &hall first prove the following
Theorem 1. Let qer+, llpll > 1 and suppose that:
" (i) .identical mapping belongs to G,
(11) if TeG,then T-1¢ G,
) for each 8, T¢®, 8T = TS, ‘
: (1v for each @,y ¢ X, there is T ¢ G such- that y = T(m),
() A ATt e+ 29T = 0 and Ty e G, then A+ ...-+Ay >
S Then there enisis a functzonal w.e BY , invariant under G and such that u(p) = 1.
Proof The set

{ueE cu(pl) =1 for each Te‘t‘a'}

.is obvmnsly elosed and convex. We shall prove that it is non-empty and
compact.
. To this end, let ¥ denote the subspace of E generated by the set {an T ¢G).
S From (v) it follows that the functional v: V>R defined by

'D:ZRWT;'»Z}., - o o - ",,

) i=1 R i=1
is linear. v can be extended to a hnea.r functlona,l ve B, It is, obvmus that

De K.
. We shall now show that

L ECL=[]i—kelyll, kelpll;

Fel

where kg are positive integers suitably chosen. Since X is closed and L is oompa,ct 3
- by Tikhonov theorem, this will imply that K is compact, too. !
Let M = q:-l((l, + o)) and y e B. Bince (iv) holds, {T(M))rc is an open
covering of supp y. By compactness, there is a finite number of sets (M ),
Tk,(M ) whmh cover supp ga It is then easy to see that

n~29’

L , i=1
"is a function from E, and -
| ol < vll-n 4
-beca.use q(m) > 1 for all @ e suppfp This nnphes that for' all u eK

AN

lu(v.v)l < u(lyl) < Iyl Zu(qofz")uk..uwn

t=1 . .
a.nd therefore wel, ' : o )



‘ It is obwons that for every u sE‘ and T ¢ G the ﬁmctlona,l g E—>R :
deﬁned by the formlﬂa uplyp) = u(sz) is linear and that ‘

UT Y —>Up

is a linear and continmous mapping of E* into itself. Condition (iii) implies
that UsUgp= UpUg for each §, T €6, and the inclusions Ur(K)C K follow
immediately from the definitions of K and Ur. Thus, from Markov-Kakutani
theorem it follows that there exists a functional » e K such that Ugp(u) = u
‘and therefore up = w for all T e’G

3. Invariant functionals on cbmpact‘ topological spaces

If X is compact we can omit all conditions of theorem 1 except (m) More
precisely, in this case we have the following

Theorem 2. If X is a compact, Hausdorff topological space, and G is a famzly
" of homeomorphisms of X onto itself, such that ST = T8 for every 8,T ¢TG,
then there exists a functional u € BY., invariant under G and such that u(l) = 1

It is ea.sﬂy seen that the set : :

={ueB}:u(l)= 1}

is non-empty, convex and compact in K. The mapplngs Ur satlsiy the assump-
tions of Markev—-Kakutani theorem (the detailed arguments are very like
those of the proof of theorem 1 and will be left to the reader), so that the
assertion of theorem 2 holds true.

4. Krylov — Bogolioubov theorem

Let X be a compact Hausdorff topological space, and let & be an a.i‘bitrary
- Abelian group. Suppose that (T,)seq is a family of homeomorphisms of X onto X
such that '

TaTb Ta+b

for all a,bc@. The “pair (X (Za)aeq) is called a compact dynamical .system

- A Borel measure x on X such that p(d) = p(Ta(A4)) for all a ¢ @ and all
- -measurable sets 4 C X, is said to be tnvariant under family (Ta)a;g, OT 1~
variant measure on compact dynamical system. If in addition (X) = 1, then u
is called a normed invariant measure. It is well known that the existence of
a Borel measure invariant under family (T;)qce i8 equivalent to the existence
of a positive functional on Banach space of all real-valued continuous functions
on X, invariant under the same family. As an immediate consequence of theo:

. yem 2 we obtain the following generahzatmn of the classical result of Krylov

and Bogolioubov ([4]).
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Theorem 3. For every. compact dynamical system (X, (.’l’.,)“g) there e:msts
a positive linear Sfunctional on E.invariant under Family (Ta)asa‘ Therefore there
ewists @ Borel invariant normed measure on X.

In the spegalal case of the additive group R of real numbers, from theorem 3

‘we obtain the exmtence of invariant measures on ‘compact continuous ﬂows
(X (T, r))'eR) ' )
) Similarly, if 7' is a. homeomorphlsm of X onto X and T, = T“ for every
integer m, then theorem 3 implies the existence of invariant measures on
compact discret flows (X, T'). Finally, if @ is an arbitrary topological Abelian
compact group and T, denotes, for every a ¢ G, the translation $—>a+ x, then
thporem 3 ylelds the emstence of the Haar mtegra.l on G
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