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On Eqmvalence of Certain Deﬁmtmns of Geodesms
' on Surfaces of Weak Regularity

The aim of this paper is to investigate the mutual relations between the
nmetric” definition of geodesie lines {as the locally shortest curves) on the
surfaces in FRuclidean space E; (defim’tion I) and the following pexterior”
definitions:

II. The geodesw is a curve on the surface which is a piece of a stralght
line or it has at eaoh of its pomts an oscula,tmg plane, perpendicular to the
surface. ‘

III. That is a curve which is a pleoe of stralght line or it has at each of
its points a main norma.l perpendicular to the surface. . ‘

IV. That is a curve whose geodesic curvature vanishes at all its points.
The above definitions are valid on the smooth surfaces. In order the regularity
~ assumptions for the curve to be as weak as possible, we define the notions of the -
osculating plane, the main normal and the geodesic curvature as follows.

The osculating plane at the point P iz the limit of the planes passing
through P and the neighbouring points P;, P, of curve., if they tend to P (i.e. the
Alt’s definition).

The main normal is a straight line passing through the pomt P, whose
direction is the limit direction of the veotors Tp'—Tp it P' P, where T denotes
(here and in the following) the unit tangent vector to the curve.

The geodesic curvature i the curvature of the progeotlon of curve on the
" tangent plane to the surface.

§ 1. Proposition 1. On smooth surfaces the def@mtwns 11, I omd v
do not imply the definition I.

"That follows from the following exa.mple .

Example 1. Let 8 be the surface formed by rotation of the curve C:

o1 = plu) = 1/1 P VITtraTa,
0 . . -
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where |u| <1, 1 <2 <2, around the x,-axis. 8 is & surface of rotation of .
the class C! (smooth). Its ,equator” u — 0 does not repregent the shortest
distance between any two its points. On the other hand it is a geodegic in the
sense of definitions IT, TIL and IV.

, ‘Proposition 2. I does ~mot imply I1 and II1 even if the surface is of any
~olass C" for n > 2.

That follows from the following two examples: ‘
~ Example 2. Let W be the cylinder surface with the leading curve

@) wzz-ex’p(——lz)' for z, # 0.,
. 2,(0) = 0. ‘
and with the creating straight lines parallel to the &y - aXiR,

Every geodesic I passing through the orlgm is defmed by the following |
equations

@  m—w, o=, a= 0fV1+f'(t)*=dt (€ #0),

where the function f(u) is defined by (1) for @, = u (ef. [5]) In virtue of (1)
and (2) the following relations hold :

Hm® = lim%2— 0.

u—0 ml w0 ms
Thus the hmlt d.u'eetlons of the vectors OPI, 0P; when P,, P -0 a.long
the geodesic (2) lie in the 0w, x43-plane. Hence the Ox,x;-plane is the osculating

plane of this geodesic at the origin 0. On the other hand 0z;, is the tangent

plane to the surface W at the origin. Thus we have got a situation, where the
osculating plane of a geodesic is identical with the tangent plane to the surface!
Let us remark that the urface W is of the class C™.

Furthermore, it is not difficult to verify that the limit direction of the

vectors ;
* i 1 T
Tr=t: V1+0=(V1+f'= el 0)

is perpendicular to the plane 0z, 2;, thus the property III holds. The definition IV
holds obviously. Hence, the above example proves simultaneously that the
definitions II and IIY, IV are not equivalent too. In order to explane this fact
let us remark that the geodesics (2) have at the point 0 a zero curvature.

Example 3. Let B be a surface of revolution with the mendla.n defined
as follows :

&y = @(u) = 1+f[1+|u|"(1r—cosﬂ—1‘)]ldu, |

= [ yI=Tg( ~ T (WP du

0
~ where Jl. > 2(%-——1), 2 and Joe] <



(see ‘also. remark a,iter the theorem 2) o
§ 2. Now we. shall give gome ,suﬁlcxent ‘on&htums that the myﬁcat\mns
=I1I and I=>W hold. For this purpose we. define ot ﬁrst the’ toﬁmg §0-
“called Licktenstein’s condition of order a, which is a generalisatmn of an analogous :
‘condition (the case a= 1) defined by L. Lichtenstein: 2} : o
5 Dgﬁmtion. ‘We say that a- smooth omented parface. 8. satlsﬁes a (geaera- ’
115963 Lmhtenstem’s condition of order e« at the point; P, if there emts & ¢on-
stant L such that, for all- yeint Qe suﬁmxently near, of P 113 holds i

5 e<Id, 0<esi,

erekm is the angle between the norma.l vectors. N P! and NQ 130 jahe suﬁace
at the points. P and. Q respectlv‘ely, and 0. denﬂtes a geodesie dlstwnee oi these
‘points. © —
The above deﬁmtlon can be regarded a8 & geometnca.l form of the known
Eél&er’s epndition for the functaons. The surfaoes of .the elass ¢ sa.miy thls
ondition ohvmmsly S
Lemms 1. If & 8wfm 8 ms --‘f(ml, aaz), w’+a§ <7, satzaﬁm ﬂw Lwhtcm- .
atein’s ctmdztwn of mlar > 1/2 and the vector T(x}-ﬁtmymt to a geodesic g I'= I‘(a)
45 an absolutely oommwus veatm‘ funotwas of the mml parametar s, ,ﬂum ﬂw
:‘fqaudwmg relation hotds ‘

T”(s) = F(a)+ f e(t)N(t)k(t)dt (e”(t) = 1;

‘wwe N denotes @ wmit mrmal veotor 1o the wrface and k(s) & lf”(s)l 18 the 8
tmmmw oj r ciqfwmd far almo&t all 8. The relawm (4) helds in. a. M@gibﬁurbood
of T R -
’Prooi Let g,, b (a <b) ’be so near that the arcT(a)F(b) of the geodesm 1" :
representa the zshortest d;stance m 8. et be ‘ : R

F (8') (%(87 , %1(8) » @5(8) = f [wl(s) , wz(S)])

Let k; denote an. arbltmry iam:ly of the rectﬂable arcs on S ]ommg the S
pomts P I‘Ca).\a»nd le’(b), deﬁned by tlQe equamons

[ ans, )= -">1(8)+1’?(8)
5 %(3 = 97:(3)
%ﬁ*a 1) f [%(3)+ 3’)(33; ﬂ’z@)}







