=

. NrCoLXVID - .~ PRACE MATEMATYCZNE, ZESZYT 12

P

- ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLORSKIEGO

—

1968

Andrsej Zajtz

Non-existence of Certain Concomitants of the Singular Tensor A‘,‘\"_
and its Geometncal Interpretatlon ‘ ‘

1. Let 8y be a surface, imbedded in an N - djmenslonal space Ly with affine
connection. 8, ean be defined by a system of Pfaff forms o’ , wx , K 1 s N)
which satisfy the following structure equa.tlons : -

j
Do’ = /\wL—FR‘{aQw Awo;

Dwx wx/\wj,—[-R‘{gpQw Ao y

where R{:Q, .R‘épq denote the torsion and curvature tensors of LN,respectlvely

If the first n vectors e, ..., ey of the mobile frame m, ¢, ..., ey of Ly are situated
in the tangent space of 8, then S, may be defined by the dlfferentlal equations -
0'=0, (a=n+l1,. N).

{cf. [3]).- The first prolongatlon of these equatlons by usmg of the Cartan’
femma . yields us - :

o} = Ao, (§=1,..,m),

where Ay —Af = Ry . The,’fu‘netio'ns

@ Ay

represent g tens,ofr field on 8. A5 is sometime called the asymptotie tensor

of surface. It represents (following Laptev [3]) the fundamental object of
order 2 of 8,. This means that évery geometric object, whose components’

~depend on the derivatives up to the degree 2 of the parametrical representation
~of 8, is a function. {concomitant) of Aj. Therefore the investigation of con-
~comitants of this tensor is important for the geometry of surface.

*In the: present paper we, shall investigate the possibility of construction

- such objects as vectors, densities, scalars and tensors which depend on- A%,




94
in a case where the tensor (1) is singular. We give only the negative results.

Moreover we prove same geometrical properties of the surface which has a sin-
gular asymptotic tensor. :

2. We consider the general non-symmetric case Aj (that means for S,

that its torsion tensor Rj does not vanish). In the sequel we put a = 1, ey Pi
Definition 1. The number r such that n—r is equal to the dimension of

"~ .a linear subspace VCV" spanned on all the vectors v = (v¥) for which holds
(2) . MG = AL =0

for all a =1, ..,p; 4,j=1, ..., n %, will be called a horizontal rang of Aj.
Definition 2. The greatest number = for which the tensor

@ A AZy, ... A5,
does not vanish is called the vertical rang of A%.

Lemma 1. The vertical rang T is equal to the number of linear independent
vectors

-

i . .

(4) . Eij ='Ai7‘“/’_a7 Ci=1,..,n),
where e,= (80) p =1, ..., p are the unit vectors.

Proof. We obtain our statement immediately from the relations
(8) . Cig N erj A oo Apg, = T! AE}IAZ?. ee /1/7';,301/\ Coy A\ ees A By,
for all sequences of pairs (iy, ji). It means that the vectors Cidyy ovy Cigjix ATE
- independent if and only if not all the coefficients (3) in equalities (5) vanish.

Lemma 2. The number p—v is equal to the maximal number of linear in-

dependent vectors v = (v,) such that 4 ' '

(6) ’ Agi'va =0 )

Jor all 4,j=1,..,n. :
Proof. The rows of the following %2 x p-matrix

; 11
Aa
(7) ‘ :12
A ] |

eonsist of the components of vectors (6). In virtue of the lemma 1 exactly v
among these vectors are linearly independent; the same holds also for the rows
of matrix (8) and consequently for the columns of this matrix too. That implies
the existence of p—7 vectors (v,) such that the relations (7) hold, which was"
to be proved. = : : - '

_* If tensor A% is symmetric, i.e. A% = A%, then the conditions (2) take the simpler
i 18 BY s = i .

k /
form A?k‘,’ = 0.
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Definition 3. Phe tensor Ay (a=1,..,p; 9,j=1,..,n) will be called
regular if its horizontal and vertical rangs are maximal, i.e. r = # and 7 = p,
otherwise it will be called: horizontal smg‘ula,r if » <, vertlcaly singular if

< p and singular in the general case.

§ 3. The transformatlop formula * of a geometric object Q= (2
A==1,..,m may be given by a system of differential equations

©9) i = G @)™,

_ Wwhere the o™ denote the invariant forms of Lie transformation group of £,

(ef. [2], p. 327). The forms wK are also the elements of Lie algebra H of this
group.

Let us denote by H,, a Lie subalgebra of H consmtmg of all X such that
(10) (DK(-QO) =0, A=1,..,m,

i.e. Hy is a subalgebra corresponding to the sfatlona.ry subgroup of £, (its
elements leave (2, invariant). ‘

The following statement is well known: An object 6 is a concomitant of
the object 2, i.e. 0 = F(Q), if and only if every stationary subgroup H, is

a subgroup of the corresponding stationary subgroup Hpw (cf. [4]).

From this we get immediately the following ‘
Lemma 4. An object 8 is a concomitant of the object Q2 if and only if any

- subalgebra Hg is contained in the corresponding subalgebra Hyq), where 6 = F(Q).

In our case, for the tensor A% the equations {9) take the form
) : A4y = Ajof + Aot — A of _
where (wj, »") — the invariant forms of the direct product GL(n) x GL(p)

. (transformation group of tensor (1)). The corresponding invariance equations (10)

have the form .
(12) Aol + Ao — Ay wf = 0

for all 4,5, a. These equations are satisfied for any A, for instance, by the
forms

(13) ( wi= 8,  wf=205.

It follows from the lemma 4 that every stationary subalgebra of any con-
comitant of (1) must contain the forms (13). In virtue of this we get easily
the following: ' '

Theorem 1. No tensor

lp Thae

(14) | B @
for which (p-—q)+2(s—1t) # 0 may be constmcted from the temsor (1).

* If it is analytic.
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Proof In fa,ct, the mvanance equamons ﬁor {14) arg followmg

15) 2 et g5t Z G o wn+

v o k=1. k=1
The forms (13) must satisfy these equations for any components (14) Sub-
stltutmg (13) in (15) we obtain

for all indices ¢, j, a, f. Thm completes the proof of the theorem
Corollary 1. No vector may be constructed from (1). ‘
Now, let I = I(A%) be a density concomitant of (1). The differential equa-

~ tions of any density have the form

dhlI = 2w¢+ ywa 5

" where A, u— the Welghts of I re]a,ted to groups GL(») and GL(p) (cf. [3]).

Substituting (13) to the equation
(1) Iopt pesy =0, |
we obtain in-+2up = 0. Hence, for a corresponding power of I, we can take .
A= 2p and g = —n. Substituting it in (16) we have
(17) pr,——'nw, =0. ' A

§ 4. In the sequel we study the case where the tensor (1) 1is smgular Assume
r < n. Taking as the first n—r columns of a transformation matrix 4 ¢ GL(n)
the linear independent vectors fulfilling the relations (3) (see lemma 1) we have
(18) . . A{'jl - ‘iinl.A:;! = 0
if ¢ or j' is <n—r, ie. the first n—r rows and columns in any matrix [ A%]
(a fixed) consist of zeros.

Similarly in the case 7 < p, takmg as the fu'st p—r columns of transformav
tion matrix B ¢ GL(p) the linear mdependent vectors such that the relations (7)

hold we obtain

(19) .‘ 5= A‘:,B“ =0

for all o' =1, ,p—ra,ndzj—l ‘ A
-In the fo]lomng we consider the smgular tensor (1) in a coordinate system (H Jo

for which it holds the relations. (18) or (19). It is easy to verify that the statio-

nary subalgebra of any point (A7), for which (18) or (19) holds, contains the

subspaces consisting of forms

(20) ol <n—r, j=1,..,n) arbitrary and other wj=0,
(21)’ o} (f <p—v, a=1,..,p) arbitrary and other of=0,

respectively. By using of lemma 3 we prove our next theorems.



Theorem 2. No non tmnql density 1 may be a functwn of a smgular.
tfmsor (1). ‘

Proof. Substituting (20) or (21) in (17) we get 2pw~—- 0 or nw~~— 0 from
.. which follows p = 0, or n=0, a contradiction. According to lemma 3 the densmy I
. can not be a function of a singular tensor Ay. ‘
’ Theorem 3. No tensor (14) for which p > 0 and ¢ = 0 may be a concomitant
of a horizontally singular tensor (1).

Proof. If we substitute (20) mto (15) and we put w" = 0 for ¢ > 1 then

we. obtain:
In the case Where =1 and other indices ¢ are > 1 1t holds '

iy

(22) ' a-"™ig =0  for m= 1,.;m oy

* Jenotes that m stands in place of 4y).
In the case where 4, i, = 1 and other ¢ are > 1 we have

" ik
. af:.’m,..fk... p.-..+aip,'tm-.m,..‘ip.-.. —_ 0 fOI‘ m = 1’ .,‘"’ n

Hence, after substituting m = 1 we gét
’ ‘ ‘ ik ik
ai et — 0,
It fo]lows from this and from (22) that wipeeess - 0 if at most two indices ¢
are equal to 1. Assuming 4, i, %, = 1 we get similarly this statement if ab

most the indices are equal to 1, etc. The last case where at most all p ‘indices ¢
are equal to 1 is general, what completes proof of the theorem. '

Corollary 2. No tensor of the form Ai’ can be constructed from. the hori-
zontally singular tensor Aj.

‘ Theorem 4, If the tensor (1) is horizontally singular then there exists no’

non-ranishing scalm* dszermtwble function o(Af) (ie. a scalar concomitant

Of Ag).
In fact, if o is a scalar function of A% then the functions
- . oy
(23) : - . A a Aa :
represent a tensor. According to ‘the corollary 2 the tensor concomitant (23) .
does vanish, thus o = const, Which proves the theorem.

In a case where the tensor (1) is vertically smgula,r we obtam by a similar
manner the following ,
Theorem 5. No tensor (14) with ¢ > 0 and s =0 may be a cowcomzta'nt

of a wvertically singular tensor (1).
The corollary 2 and the theorem 4 hold in thn case 100.

Prace matematyczne z. 12 - 7
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The geometrical interpretation

The infinitesimal displacement of the mobile frame m,e,, ..., ex of Ly is
defined by the relations

dm = ole;, de; = ofex (I,K=1,..,N) g

- Hence, after putting w® =0, w; = A%’ (cf. section 1) we get the followmg
formulae for a displacement of the tangent frame m,e,, ..., én on Sy:

(24) dm = o'e;
‘ . dei = wiex + Ajw'e,
(¢,§, k=1, ...,n). We have from (24)
&m = d(w'e;) = (do'+ o w,)e,,+ AL o'ole, .
After substituting here e = Ajeq we get

. d2m = (do'+ o’ o) e;4 o'wle;; .

The linear space spanned on the vectors {e;, ey} is called the (first) osculating
plane of 8, in a point m. It is easy to verlfy that it is invariant under the
displacement (24). -

Definition 4. A surface 8, is called space- degenerated of rang 7 if the
dimension of its osculating plane is not mammal and equal n—|~1: < n-
+min (n%, N —n).

It follows immediately from the lemma 1 that the following holds

Theorem 6. A surface is space degenerated of rang if and only if its

asymptotic tensor field (1) is vertically singular of ramg T in each point.
- Definition 5. A surface is called tangentially degenerated of rang r < n
if its tangent plane E, depends on » parameters and remains immovable by the
displacement of point of surface along a plane FE,_,, contained in this surface
(8» represents then a r-parametric family of planes E,_,, cf. [1]). We shall
prove our next theorem in the case where the space Ly is a flat affine space Ay
‘(i.e. where Rpg = Ripg = 0). The structure equations of 4y are of the form
“(25) - Do’ = A wf":, Dok = wghol.

Theorem 7. A surface S, tmbedded in an affine space Ay is tamgentially.
degenerated of rang r << n if and only if its asymptotic tensor field (1) is horizontally
singular of rang r in each point.

Proof of sufficiency. We choose the tangent frame m, e, ..., €, in such
a manner that the tensor Aj; satisfies the relations (18) in each point. In the
following we assume that the indices a, brun over1, ..., n—7,4,j, k,m=1, ...,n
and p,qg=n—r-+1,..,n Then we have in view of (18) ’

(27) o A= A% =0. !

We state that through each point m passes an n—r dimensional plane
E,_, spanned on the first n —r tangent vectors e, ..., é,_, and lying in 8.
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The tensor field (1) satisfies the following differentia,l, equationsv (ef. [3])

(28) dAy = Aimwa +Ama‘°i - ,;co,3+/1.uw ’

where o* are basic, forms.
After putting (27) in (28) we obtain Aspp0® =0 and hence, while the forms ®
are independent, we get

(29) A= 0.

k

Slmslarly, substltutmg in (28) the mdmes a,q in place of 7,j we get
(30) . Apg oz + Ao = 0.

In view of (29) and of symmetry of coefficients Ajz we have Agp =0
and therefore, taking of = 0, we get from (30)

(31) o A3ah=0  (modo?).
Let us put

(32) vj._{o‘forg':,l,...,n—mr
o, for j=n—7,..,n

by a fixed a. Then the relations (31) can be written in the form A0 =0
and from symmetry of Aj; also A;fvf = 0. In view of (27) and of the assumption

that the horizontal rang of A% is equal exactly to r, the subspace ¥, (cf. de-
finition 1) of all vectors satisfying (2) is here spanned on vectors €;, ..., én—ry

ie V= . Thus it must hold (¢') ¢ B,_, and hence in view of (32) o = 0.
"I‘hus we ha.ve finally according to:(31) and (32) '

- (33) 0wz =0 (mod &®) -
We have from (2b) . .

{34) dwa wa/\ o} + 0l ol ,

while @*= 0 on 8,. In view of (33) and (34) we obtain dof =0 (modcu”),
which means that the system of differential equations o® = 018 completely inte-
grable. Thus these equations define a family of subsurfaces which are tangent .
" t0 H,_,in each point. From (24), (27) and (33) we get the following relations

(35) : dm = o €a

: D
do, — wzeb} {mod »”) .

That means, that these subspaces are the plans of dimension n—r. Thus
' they are identical with the plans ¥, ,. By an infinitesimal displacement of
a tangent vector v in any direction w we have
- do = (dv'e;) = (A + wjv')e; 1+ Afv'u'e, .
7#
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i

. But it hO].dS Au ui =0 fOI' U € E . Hence /1" 4V u'gu o 0 WhICh Jmeans that
_the vector » remains in a tangent p]a.ne Smce v is arbitrary tangent vector, '

also the whole tangent plane B, is immovable by a displacement on E,_,, q.e.d.
In ordev to prove the necessity it is sufficient to remark that the relations (35)

‘imply the relations (2) for any vector v from a plane B, (we get that by the

comparison (35) with (24)). Thus it must be' (we assume that 8, is tangentially

~ degenerated of maximal rang r) Vo= E,_,, which meany that the asymptotic -

tensor (1) is horizontally mnglﬂa.r of rang r in each point. Tms completes the
proof of the theorem.

The theorems of the section 3 have immediately sunple meaning for the
surface. They say about non-existence of certain’ geometric objects flelds of
order 2, invariantly bounded with the surface. For example, the followmg
holds. ‘ N

Theorem 8. On a singular surface do not exist the fields of relative invariants
(densities) and fields of differentiable absolute invarianis (scalars) of order 2

From the corollary 1 we get the following

Theorem 9. On any surface imbedded in LN (or in AN) do not exist the
fields of wectors of order 2.

1
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