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In hxs pa.per [3} Ha,nner gwes the proofs of two theorems, called rexpeemvely
first and second theorem of Hanner, eonoemmg the notion of the ANE (&m)-s« -
. gpaces. :
: . First theorem “of Ha,nner. Eaery opm mbset of an ANR(EIR) space S
is an ANR(IR)-space. f e
*Second ‘theorem of. Hanner. If a memmble spaoe X is the cmmtable PR
union of open sets G; (=1, 2..) which are ANR(SIR) spaces, t?cen X is an
ANR(&R) “gpace.
The definitions of the ANR(im) Waée and the proofs of th,e theorems ot
‘Hanner are to.be f()und in [1] {Qha,pter v, p. 85- 99), whene “the follor
probitam is raised: Ts it ‘true that a. metrikable space X in which every point
. has a neighbourhood bemg an ANR(‘JR) is neeessarﬂy an ANR(T)Y
- This paper contains a. _positive. answer t0- t;hm ques\tlon DR
-, First we shall prove the followmg . a B
Lomma. 1.1 'fa metrizable space X is tlze union of }us open pammre dzajmm
mbsets ‘being the ANR(IN)- “spaces,’ then X i3 am ANR(%} space. - L
.] Proof. We ay. asﬁume f,hat X is Y olosed subset of a’ mqtrm Space I. L
" 'We have : ’
X U vy v:;éyzch,»f\G GeANR(m,

ﬁrst that there emﬁs a famﬂy { U },5e M such that U DG,, U are open in Y
and U are’ pmrwxs‘e dlSjOin‘b We ‘have L :

.“



- henee G is a closed subset of Y. G, bemg an ANR(?Dt) space, we may. flnd‘ -
a retraetmn 7, V —>G,, Where Y, is an open subset of Y. Taking '
| W u,nV,, ’b, = r,-}W, and i= U 1,,
) - veEM
we have 2 retsractlon . ' ' *
' U W, ~>X

u'.M

- If the famlly {Gen satlshes the cond.mon (*) there exists a number d > 0
such that v # u=¢(4,, G,) > d, then X ‘is an ANR(&R) since we may ta.ke
- a8 {U,},ex the sets ‘ A

U,=U K,d3),

[
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K(x,r) bemg the open ball Wlth center & and ra,dms
In the general case we “take

C Gy={xreq,: (m X— G,)>1]'L} veM (i=1,2,..)."
Since @,; is 6pen'in G,, G, is an ANR(I) by the first theorem of Hanner.

We can easﬂy verlfy that the farmly Ji= {G,,},, M sa,tlsﬁes the condltlon ®

" Hence
. ’UGri
oL veM
is an ANR(), and .
L X=U U6,
’ ’ i=1yeM

is an ANR(E)JE) by the second theorem of Hanner The proof of lemma 1 is |

* thus completed.

Now let us pass to the general case. X being metrlc space, it is paracompaet H
: therefore Wwe may assume that

x=Ue, @ openmX G,eANR(sm)»'~’

 and that {G, },( a8 loca]ly flmte

: We define by induction a sequence G" {6""},e M (k = 0 1,..) of open
and loea,lly finite. coverlngs of the space X. For k= 0

','/ . {Gv}ch {Go}veM . *. P g R

_ The eovermg Q" {69}, e e bemg defined, we define a covermg Q"“ {G"“},, M
‘as an. open a.nd locally flmte eovermg -of the spa.ee X satasfymg tahs condu;lon
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Tha,t such a cove\rmg exlsts we may - deduce frqm the very well kn0Wn theorem e

i

© on paracompa.et spaees ([2], p 209) ‘




For every eovermg @" and for every pomt reX we defme a posmve in-
teger ax(w) by the conditions: ax(@) = n if and only if '

(i) There exists a sequence of n sets G¥, ..., G% such that for every nelghbour- o

‘hoodeowaeha.VeG"mV # & (i=1,. ,n) y o
(ii) There exists a nelghbourhood vE such that the sets _V" ~ G" are non.
' empty only for » ==y (E=1y..,m). - :
It is evident that ex(z) is well defmed for every pomt xelX and for every ‘
covering {G%},. .- : : : O
Let . _
I I(,’::-, {weX: ak(m) = %}
and . . '
AL ,,,.—ﬂ G, N UV"
=1 . :uK,;
where (v, ..., a) ¢ M*and V¥ i is & nelghbourhood of x sa,tlsfymg ‘the condition (ii)y

of the deﬁmtmn of ax(z). We have:
a) AF IS open for every (v, ..., )¢ i and k=1, 2‘,;...

by 4* m %, s0 that 4%, is an ANR@). = . - -

c¢) The sets A n are pairwise disjoint. : ‘ ,

- To prove c) let us suppose that p, # »; for every i=1,..,n and let there. . -
exist a point y ¢ X such that :

ye Al A Ak
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Since y e A% - there exists a pomt z eK" such that

-

Ye V’; h‘g GZ ;

By the definition of V7, the neighboui'hood VE has empty intersections with -
all the sets G¥, v # ». But yeVEin G% and gy 7 . "This is 1mp0881ble, a«nd‘ E

- this implies that the sets Ai‘ ¥ are Ppairwise disjoint. .
Let s o S o
Aﬁ = U Afi ¥n * : h
Opeepmemr '

Lemma 1 1mpf[1es tha.t A:" is an ANR(9M). By the second theorem of Hamner
‘wé have that | \ ' :
UA" L :
=1 . . . -
is an ANR(M). o L
" Now we shall prove the followmg ‘ ‘ : . ’
Lemma. 2. For every © e X, o i ‘

@¢ B *akﬂ(w) < ak(w)







