1. The well km)wn C&uchy 8 etluatmn for matrlces

AN

e S ’F{AB)»F(A)F(B),

. where A B denote the’ nx n matnces, F is an mxm matfrlx funetmn, has in -

A

E’(A) q)(J}GﬁG'l J detA
Fd)= ¢<J)awr*c~l .

v F (A) = G“f)" ' :
0 being a non- smgu]ar consﬁant métrm; ?(J) and G(J) sealar and. arbltrary
k;matnx-functmns of -one scal.a;r aa:gument respectwely, satmfymgt the e@namon

e Gcwy) G‘(w)G(y) ' T

. In the present note wo slmll gws the general solutxons of eqnatmn (1) m,
. "the case where m <-n but where the matnees A, B ot the matrix F may be
~ singular. The elements of these matmees are from an arbltrary field K Let

" us denote hyt GL('H() the mulﬁpheatwe semlgroup of all ‘square # X n ma.tnces
over K, wheteas GL(n) denotes a3 usual’the full ‘group of such’ non—aingular*
rmatmoes 'I‘hem exist. Itmr posmbﬂtﬁms for the ;mﬂtiphcatwe Mntmon 3 (A)

. GD(M»&IE(M) ‘ N : :
GL{m)—a»GiE(m
GL(n)—-a-GL(m




We shall deal with the. smgular oases II IV The solumon in the case II for
- m=m= 2 has been given by Kucharzewski and Kuczma [2].

We recall that if a function F (4) is a solution of (1) and C is 2 non-singular
" matrix then. CF(4) 0~ is also a. solutlon of (1) and thus it is gufflcxent to de- -

- _ termine the solution F(A) with aceuracy to the above. mmﬂa.mty relation,

i.e. to the choice of a base for F as linear transformation,of the vector space K™.
First we shall state severa,l lemmas which are Vahd for a,rbltrary m and n.
v Lemmnia 1. For any.family of commuting @dempotent matrices there exist
a base in which all these matrices have a _diagonal form (see 1], p. 15). *
Let us denote by {d,, ..., dn} a dlagonal matrix with the elements dl, s n
on the main diagonal. o

Lemma, 2. The follo@my matrices -

4 .. {1 1,0.. 0} 0 <r<mn—i
tmd / B r : .

A R(9)={9,41...1} o
'(5) ,, 1 8(e)= {[o 1] 1.. 1}

ot

where thé submatriz [2 {])'] stands in lmes i, 141, genemte the full sengroup

GL(n), 1.e. any matma Ae GL(n) 8 a product of @ finite number of such matrices.
In faet, matrices (5) generate all.. elementary non-singular matrices and.

thus the full linear group GL(n)C GL (n): ¥ a matrix B is singular of a rang ro

‘then there ex1st non-smgular matrices P, Q such that
(6) : B= PA, Q. -

P, Q are generated by matrices (5) and thus B is generated by matnces (4)

and (8). ‘ .
Definition 1. A solution F (A) of equat:on (1) will be ca]led dacomposable
1f there exists a base in thh it has the form

(4) o 1
F(A) [ 0 FZ(A)]
Le, if it is the direct sum of solutlons F, a.nd F,

- Definition 2. A solution F of equation (1) will be caﬂed regular if
F (A) =0 for any singular 4 and F(A)e GL(m) for any non—smgular A

Obviously any regular solution is a trivial extension of & solution of - equa— )

tion (1) in the case I, by putting F(4) = 0'for any. singular matmx A..
Lemma 3. If F(4) is a non- decomposable solution then - . .

m o F(0)=0 and F(E,) =By,




where By, E,,, are the umit mamces of order » cmd m respeetwely, and 0 8 the
null matriz. ' .

Proof. The matrlces F (0) and F(En) are 1demp0tent, since 0 and E,, are
idempotent. If F(0)=J ;é 0, then, by lemma 1, in a suitable base J has
the form .

8) | - {1 .1,0...0}

(it is obvious bhat only 0's and 1’s may stand on the main diagonal). Any
.. Matrix 4 commutes with the null matrix and thus F(4) commutes with J,
~ what implies that the solution F(4) must be deeomposable The same reasonning
leads to this conclusion in the case where F(Bp)=dJ 0.
Remark. In view of (1) any constant solution different from zero is an.
idempotent matrix and thus it must have the form

(9) o F(4) = 0-¢,

where C is a constant nori—smgula.r matrix and J has one of forms (8) :
Lemma 4. The restriction oj any non-decomposable solution F: GL(fn)—>

~GL(m) to the group GL(n) is a solution of [the type I and thus if n <m it has~
one of forms (2).
The above statement follows easily from the equation F(B,) = Em which

implies that F(AA™") = Ey for any Ae GL(n) and thus F(A) is also a non-

smgular matrix, and moreover
(10)- F(4™)=F(4).

Relation (10) allows us to state the followmg
~ Lemma 5. If the matmoes A,Be GL(n) are similar then the matrices F(A)
and F(B) are also similar, promded F is a non-decomposable solution.

2. In thls section we shall determine all solutions of equa.tlon (1) in the
most general case IV. For the sake of brev1ty we shall write 4 uistead of F(A)
Thus, for A e GL(%) ‘we will have A € GL(m)

By A4, . ; we denote the diagonal matrix with r 1’s sta,ndmg on the dlagonal
on places 4, < ... <4,. All such matrices form a family of commuting idem-
potents and, in view of (1), all correspondmg Ai; 4 form such a family. By
- Lemma 1, we can choose 4 base in Whlch ‘they have the diagonal forms

{el LI EWI}: y

where, by idempotence, & = 0, 1. j
- In the sequel we shall a,ssume that the conmdered solutlon F ig non-decom-
posable and thus, m pa.rtlcular, that rela.tlons (7) hold ‘We  assume also
l<m<n ;

- Since for the matrlces A t=1, ,n), A;A,— 0 for ¢ ;é j, we have a,lso

ay o J;J,::O for’br,f:]







