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- On the Differentiability of Regular Solutions of a Linear Functional Equation

In the present note we shall deal with the linear functional equation

) @] = g(@)e(@)+ k),

~ where the given functions f, g, and & are real-valued functions of a real variable,
- defined in an interval (0, a); 0 < a<{-}+ oo, zero being the unique fixed point of

“the function f(x) in this interval. In our previous paper [2] we have found
some conditions of the existence of the only one-parameter family of so called
regular solutions ¢ () of equation (1) in the case where there exists a continuous
solution depending on an arbitrary function. A solution of equation (1) is
called regular if it is continuous in the interval [0, a) and has the derivative
at the point zero. ) '

In the present paper we give some conditions that every regular solution
of equation (1) be differentizble in the whole interval [0, a). As in [2], we shall
consider the indeterminate case g(0) = f'(0) = 1.

We shall make the following assumptions:

(i) The function J(x) is of class C! in [0 a), strictly increasing in [0, a), ;
f(0)=0, 0 < f(x)x in (0, a), f(0) = 1.

(ii) The function g(z) is contmuous in [0, a) and belongs to class ¢! in
(0,a), g(z) >0 in (0,a), g(0)=1.

(iii) The function h{z) is of class ¢t in [0, a), h(0) = 0.

Let us remark that the condition k(0)= 0 is the necessary condltlon of

_the existence of continuous solutions. of equation (1) in the interval [0, a)
(it is enough to put # = 0 in equation (1)).

First of all, let us note a lemma on solutions of equafmon (1) that are of o
class C* in the open mt;erval (0, a) (cf. [1] and [3])
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Lemmb, 1. Swppose hypotheses (1)-—(111) ‘o be fumlted Thm equa#m (1)

L pouesses in the interval (0, a) & C*-solution depmdbng on. an arbitrary fwnctwn,
| .. every function 3(@), ‘defined and of class O‘lm an mterval [f(wo), @yl, @y € (0 a), -
 and fullelmg the conditions

‘P[f(-’”o)] y(wu)*?(mo) +h (-'l’e) ’
’ o'If (wo)]f (m,,) =g (%)9’ (‘Vo)*f" 9’ (%)‘P (“’o)+ h’(“’o)

can be umquely emwnded toa solmion (,p(w) of equatwn (1) in the whole interval
. (0 a). The function g(z) is of class C* in (0, a).
. We denote by j‘;(w) the n-th 1terate of the funetmn i (w) and we put

) PR p,.(a» =——{f"(w)}=n fo‘(w)}

We shall need esinmates of the sequences f”(a:) and pn(w) E
Lemma 2. Let hypothesis (i) be fulfilled and assume that there are positive .

numbers by, k, p such that in the mterval [o, a) the functwn f{w) can be written

in the form ‘ : '

@ f(w) =1- b1m"+R(w), R(e) = O(w"*“), &—>04-0.

Then

’ 1° for an arbztmry z €(0, a) tmd Jor every positive number ¢, one can fmd
- @ positive integer N = N(&, x) such that for n > N we have N

(4) f”(ml) > Rk, K= [(a1+€)k]‘”k’ “1 = b:/(k‘f'l)

“2° there emists a'n Te (9 a) such thai for wh arbztmry x € (0, x] holds t?w ,
mequahty

() BN : : 'p,;(w) < .Mh“’ . |
where M = M (w,) s a pomwe constant and o is & numbvr fulfdlmg ﬂw condition
(6) e x = ma.X(l 1/k) .

The inequality (5) holds Jor n suffwzmtly large and for every x e{f(wl), 4]

Proof. Because of assumptions (3) we can wrlte the funetlon f{w) m the
form

fla) = ﬂa‘"—wxw"""-l-Rl(m), Ryfw) = O(wk““‘ ) 2040,

where a,- is defined m (4) One can easily. vemfy that the function f(m) thus
fulfils the assumptions of Theorem 3.1, of Thron 8 paper [4], from Whlch the
statement 1° of the Eerima follows. : «
“To prove 2° take an % ¢ (0 a) such that m the mterval [0 w] we have the
mequallty . :

f(=) < 1—~ra:" R




oWhere: T T T s

by
i ”(k+1)<9’<b1’ v

'and x is- defmed by (6). Since we have assumed (3), we can really fmd eneh
an 7. Next let o be an arbitrarily fixed point ﬁ-om the 1nterval (0, ¥]. We have -

@ el <1 <1- ~r[f )
E for ze[f(x), wl] and ¢ = 0 1, We take an = such that

RNUNE v0<'e<ki- o

' (the r1ght~hand member “of the above mequahty is & positive number, cf, (7))
and we make use of 1° of ‘our Lemma. The inequality (4) together with (8)"

‘ ‘ylelds for i> N ' _ S
- - sl | o
where , : | : S ' B
(10) « = r/[(a1+e)kr >x>1 S
(ef. (9)), and therefore we have . v’
()< (-1‘m) ' -
- Now we oa,ﬂ- write ‘the estimate of pu() for n>N and 7 {f(m), 2,],
. ‘\ "\ \ " "—.l ' ,'._ ) ’.
2l = pata) [] frrt@n <ov@ | [ (1~ )< e,
. i=N _ =N ’
. . ,
“ . where M— .M(ml} = M'(#)¥N~* and M*(ml) sup  p(a). This, together ;
: [f(zx),x 1 ) ) e
with (10), -completes the proof of the Lemma. ' K BRCS

‘ . Now we are going to prove a theorem on the dlﬂ‘erentxabmty of regula.r
g eelutlons of the homogeneous linear equatlon

'

1w o  Pf@I= g(@)e(a),
which corresponds to Theorem 1 of [2]
' Put Coey y
(i) L G)= n y[f‘(w)L
o and ‘ " B e ‘ ’




LA Theorem 1. Suppose, beszdes (z) and (m), that the functztm (@) fulffols (3) \
- - of Lemma 2 and thati there ewists a positive number v such that we can write the
fwnctwn g'(z) as , :

S @) = — ekt Ry), Ri@) = 0@+, 2-50+0.

Then equation (11) has the only one-pammeter famzly of solutions that are
differentiable in the interval [0, a). They are given by the formula

{f;?:‘,. o 15) o) =o hm Yn()

(¢f. (13) and (12)). The functions (]5) are of class 01 n (0, a)

, Proof. From Theorem 1, {2], we infer that under our assumptions (stronger

than those in Theorem 1 _[2]) the sequence y,(z) uniformly converges in every
: , interval {0, d], 0 < d < a, and that functions (15) are the unique regular solu-
s tions of equation (11). We have to' prove that the function ¢,(v) = hm Ya()

has the continuous derivative in an interval [ flx)), 2] Thus, let us form the

Sequence ) }
ae dy;f?: 7a(2) [ Pa(a) ~Qn(a)]
‘ where '

det !I (@)

& giran ),

E Pal) = pafa)[f'(a) i) =
(cf. (2), (12), (13)).
Let x, be an arbitrary point of the interval (0, %], = bemg flxed in 2° of
. Lemma 2, and let us take an ¢ > 0 and the ¥ named in 1° of this Lemma such
that inequalities (14) and (3) hold for » > N and x ¢[f(x,), #,].
For the sequence P,(x) we can write the estimate -

i w —_—
17). . 0 <P'n(-’f/') <f£:'1( ) < K1)~ n>N,
for x e[f(ml), ml], where K is .a positive constant depending on a,.

For the sequence Q(x) we shall majorize the absolute value of a term of
the sum, in the interval [f(x,), #,], of course. Because of assumption (14), we
can find an @, € (0, @) such that in the interval (0, ml] we have

lg'(@)] < Kot

where a positive number K, depends on the 2,. We assume that we have taken
the same #, as in (17) above. According to hypothesis (ii) the function g(x)
has in [0, #,] a positive lower bound, say K Thus, for every positive mteger 1,
we have

. | 0 C)) [ P o - .
as) | m ] K’[f‘( )] » o @elfl@),al. e




 Two cases are possible.
1) 0 < k< 1. Then we have

[fi(w)]k < [f”l(wl)]k-l for z ¢ [f(m1)7 371]
= Now, by the use of (4) and (5), we obtain from (]8), for ¢ > N, the mequa,hty

1 - lg’ [f‘(w)])_i _Igl k—1; - =)k ngr—a *..550
{19) ——g[fi(w)] pi(x) <"K,K (i+1) Mi > K*i

- def - : ‘ >
where S, = 1+a—1/k > 1 on account of (6), since in this case we have » = 1/.
.2) k> 1. From assumption (14) we can deduce that the function g'(x) is

' /bounded in [0, z,], say |§'(z)| < K, for  €[0,a;]. Thus we obtain by (5) for
i> N and ze[f(z), wl] the inequality

PARAC Ky ooy
20 ) <=2 Mi
=0 g[f(}]p” x
 where ¢ >1 (cf. (6)).

Inequality (17) 1mphes the uniform convergence of the sequence Py(x),
in the interval [f(x,), ;] (to zero). Inequahmes (19) or (20) imply the uniform
_convergence of the sequence Qn(#) in the same interval. This, together with
‘the uniform convergence of the sequence yu(z) yields the uniform convergence
~of the sequence (16) in this interval. The function ¢,(z) restricted to the interval
. [f(#), ] is of class C'. It may be easily verified that this function fulfils con-
ditions of Lemma 1. Consequently, there exists the unique Isolutlon of equa-
tion (11) in (0, a), belonging to class C! in (0, a), which is the extension of the
- funetion ¢,(x) restricted to the interval [f(a,), #,]. In other words: the function

#(2) is a O'-solution of equation (11) in [0,a). But gy(x), as a regular solution

of (11), has also a derivative at the point zero. Thus all the funections (15) fulﬁl
the desired conditions and the proof is completed.
Further, let us put

(21) | 2 RL™(@))|Gpa(@)

: (cf. (312)). Wé are going to prove a theorem on the differentiability of regular
‘ solutions of equation (1) (cf. [2], Theorem 2).

Theorem 2. If the assumptions of Theorem 1 are fulfilled and there emwists
a posztwe number A such that

22) |  W@)y= 0.(50"+“),w-—'>0+0,
and the function h{x) f;ulfils hypothesis (iii), then equation (1) has the unique

one-parameter family of solutions, differentiable in the mterval [0, a), given by
the formula

@) o=@,






