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On the Existence of Solution of Two-point Boundary-value
- Problem for Second Order Differential Equation

1. In the present note we shall consider a differential equation

(1) | Y +9(t,9,9)=0

and the boundary-va.lue problems of the following types: |
2) : y(0) = a, y(k)=12,

(3) | Yk =b, g =e,

(4) - y(0) =a, yk) =c,

where ‘Va, b,¢,k, h(0 <k < h) are real numbers. ,
For the real-valued function g(¢, ,v) we assume the Carathéodory. con-
ditions (C);.i.e., we assume g(¢, u, v) to be defined in the set

D {t,u,0): 0 <I<h,—co<u,v< +oo},

continuous with respect to (u ) for every fixed ¢ <0, k) and Lebesgue inte-
grable with respect to ¢ for every fixed (u, v) e R2. Moreover we assume that
g(t, u, v) satisfies in the set D the followmg inequality: - '

(5) —G(—u,—v) <g(t,u,v)—g(, 0,0) < Gu, v)
where G(u,v) is the continuous piecewice linear function

Kou+Lv for. u<0,v<0,

_ | Kyu+Lyo for u<0,v>0,

G(’ur’ v) = K{M"{‘L-” for % > 0,v<0 ,‘
A ‘K2u+L'v for u=0,v>0,

(Kl, K,, L,, L, denote" arbltrary real numbers)




“ gl

, By a solutlon of (1) we mean any abaolutely contsmuous functmn y(t) deﬁned
, in <0, h) and satisfying (1) almost everywhere on <0, h>.

" The purpose of this paper is to prove the following : ' )
. Theorem 1. If the function, g(t, u 1!) satisfies in ﬂw set-D condmons (7).
-and inequality (5) then ;
: - 1° the imequality 0 < k < a(La,Kg) emp’hes the eanstence of a solutzon of o
; ;proble'm (1), (2), .

2° the imequality 0 < h k< /Ei’(ll1 K,) zmplws the ewzstm,ce of a solutwn of :
problem (1), (3),

3° both above mequalztm imply the existence of a solution of problem (1), (4),
where the consta'nts a(L, K), p{L, K) are: gwm by the formulae

' . ]/4K2—L’ are cosﬁ for AR —L* > 0' \
.a(L,‘E)‘; Vi areacosh2}1/; for 4K——L’<0 L>o, K>0 '
| _27, | o foriKML2<o I>0 ]
| : > ofherwise. ' : "
6) - PR
. . 2 T : “‘,foy 4K__tz -

e CO8 =
]/4K~-L2 2 VK

areacosh L for 4K—L <O K>0

B, )= ]/L”— VK
‘ -L— : ) fO”' 4K"‘L2<0,L<0
\ » : . .
; o ) © -otherwise.

The above theorem is a generalization of recent theorems concerning the uni-
queness and the existence of solutions of analogous problems whicn- have been
. obtained in a different way by Bailey, Shampine and Waltman (see [1]),
" (Instead of (5) they assume a more restrictive condition: ——G(ﬁ—u v—v)
< g(t, u, 0)—9(t, %, 7) < G(u—u, v—7)).

The proof of Theorem 1 consists of three parts Whlch are glven in sectlons
‘2, 3, and 4, respectively.

In section 2 we state a theorem concermng eontingent equatloné Wthh
is due to A. Lasota.-Séction 3 contams three lemmas that one can easily obtain
from results included in papers [1], [2], [3]). Finally, usmg results of the preceding

" gections, in section 4 we prove Theorem 1.

2. Denote by ¢f(R") the metric space of all closed and convex subsets of B,
where the metrie function g is glven by the. Hausdorff distance of two sets; i.e.,,
for any A B in cf(R"), '

o(4,B)= max(sup&(w A), supé(m B)) s
Where 6(w A) is the Euclidean dlstance of the pomt « to the set. 4.



b Let 0';0,,) denote the spa,ee of aﬂ contintions mappings of <0 h) into- R",
z w:th the usual normt B ,
: L ﬂwﬂc’ = ma,x}w(t)l

, We ‘a,dopt the fo]lewmg defmltlon (see [5)): a map H: <0, h>-—>cf(R") is said
» to be Lebesgue measupable it for each closed 4 C R" the set {¢: H (t) nA ;é ;25} ;
s Lebesgue meaanrable We assume that the maps o

. F: <0, h) XR"—%Of(R“) f <0, h) XR"'—)R“, 0?0",.)*-»@”

satlsfy the following conditions:

(i) F satisfies the Carathéodory condltlons, ie., F is measurable with
respect to ¢ for every fixed # ¢ E*; and F is continuous with respect to @ for
every fixed t € <0, h). We assume moreover that F(f, ) is homogeneous in x;
- le., F(t, Av) = AF (¢, x) for each real 4, and we suppose that there is a Lebesgue
mtegra.ble real function ¢(t),1 € <0, 1y, such that for every fixed ¢ \

vl < e(t) for each yelJF(L, w)

I:vl='1

(u) The map f satisfies the Oa.ra.théodory conditiony and

. o hm-—f supd f(t z), F(tya)dt=0.

’ (iii) The map N is continuous and homogeneous, tha.t is N (Az), = AN (z)
: “for each real A and @€ %y ,,. e ,
By a solution of the contmgent equamon

(M L ' o eF(t x)

we mean any absolutely contmuous function i in an interval, say <0, h), into B"

- which satisfies (7) almost everywhere.: =

Now we can state Lasota.’s theorem already mentioned in Sectlon 1in the
- following manner: / l

‘ Theorem 2. AssumeF' of andN satisfy assumptzons (%), (#9) and (42) respectwely
If w(t) = 0 is the unique solution of (7) defined on <0, h) which satisfies the homo-

. ~geneous bo'undary ‘value condzt@on N{x) =0, then the bozmdary value problem

S ® N “ o2 = f(t, az)
(9) , ' ‘ N@y=r

has at least one solution Sor each r e B ‘
3. In the proof of Theorem 1 we shall make usve of three lemmas which
are to be preceeded by the following ‘ : .
Remark. Let z(t) denote a solution of the dlfierentlal equation

z*:"-%—Lz -}«Kz =0 (L K are real numbers)
" satlsfymg the eondmon 2(t,) # 0 2 (to) = 0.




£

Let a(L, K), (L, K) be the respective distances between the point #, and
the next preceding and next following zero of z(t). If z(f) has not any zero
smaller (or larger) than {,, we set a(L, K) = oo (f{L, K) = oo). The numbers
a(L, K) and $(L, K) are given (see [1], [2]) by formulae (6). . :

Furtliermore (also from [1], [2]) numbers a(L,, Ky), 8(L,, K,) are the
minimum respective distances between a zero of z ‘() and the next preceding
and next following zero of any non trivial solution z(t) of the diffeyential
equatlon ‘

2 +6G(z, z') =0 or 2'—@(—z,—2)=0.

Lemma. 1.‘If a real number k satisfies the inequality
0 <k <a(Ly,: 2),

then y(t) = 0 is the (mly function defined on (0, h>, with absolutely continuous
derivative y'(1) satwfymg the condmons

(10) —Gy,¥) <y’ <G—y,—y),
(11) : ¥(0) = y'(0)=0.

Proof. Let us first assume the function y(¢) satisfies assumptions of our
lemma and also condition y'(0) = 0. Thus y(¢) is a sclution of the differential
inequality : :

' 9" < Aly|+Bly’|
(4 = max(|K,|, |K,|), B=max(|L], |L]))

satisfying the condition y(0) = %’(0) = 0. Hence we have y(t) = 0 for f € <0, k>.
Thus in order to prove Lemma 1 it is sufficient to show that the case
¥'(0) = 0 is impossible. Suppose the contrary %’(0) > 0 (the case y'(0) < 0 is
analogous).
From assumption (10) it follows that ¥ (1) is a non- terI&l solution of the
dlfferentlal inequality

) y’-“."G(y)y);Oy

satisfying condition (11) and without loss of generality we can assume that %
is the smallest positive zero of y'(%). Denotmg by 2(t) a solution of the dlfferen-
tial equation .

z"—f—G(z, z’) =0

satisfying conditions 2(0) = 0, 2'(0) = y'(0) >0, we have (see.[3], Lemma 2)
the inequality ‘ ’ : '

¥y 2.
arc tg v s< are tg ped
But condition (11) implies that /
arc tg ——= 7 2(k) =2,

Z(k) " 2



Hence we have z (k) = 0 .whichis a contradiction (see the. above Remark)
with the assumptlon that k <'(Ly, K,). Thus we have y'(0) = 0 and this com-
.pletes the proof. T '

In a similar way we can prove the following

Lemma 2. If real numbers k, h satisfy the inequality - -

0<h—k< By, Ky,

then y(1) = 0 is the only function defined on {0, k) with absolutely continuous
derwatwe Y (t) samsfymg inequality (10) in the interval {0, by and condition

(12) / y'(k) = y(h) = 0.

Lemma 1 and Lemma 2 enable us to obtain the following
Lemma 3. If a real number h sat@sfzes the inequality

0< h < Q(L27K2)+ﬂ(L1, 2}7

then y(t) =0 18 the only function defined on {0, h) with absolutely continuous
derivative y’(t) satisfying imguality (10) in the interval (0, h)> and condition

s . y(0)=y(h)=0.

4. Proof of Theorem 1. Settmg =Y, = ¥, Wécan replace dlfferentlal
equation (1) by a system of two first order differential equations

r; = wzy @y = —g(t, @y, m,) .

* Now equation (1) and conditions (2), (3), (4) can be written shortly in the
. vector notation as

3 P =f@,),
(14) . N@)=r(i=1,2,3),
where @ = (2,, #,) ¢ R? and |
f: <0, h&sz’ (¢, @y wz)'_’(wzy —g(t, @y, :172)) € R?
iz Coopy > (malt), 2a(8)>(:(0), (k) € B2
Ny: Clony » (1), @al1) —>(wa(R), o(R)) € B2
Ny: C?O,h) 3 (ml(t)’ wz(t))‘*(wl(o), 371(;'/)) € R?
=(a,d), ry=(c, b}, 73=(a,0).

For t¢(0, k) and (#,, %) € R? we addpt the definition

F(t, w1, @) = {(41 ¥2) €« RP: gy, = @, —G (2, 7,) <Yy < G (=@, — )} -

Smce F(t, 2, @) is a convex and closed subset of R2, we have the mapplng
. F:0,h) xR (t @1y @) > (2, @1, @) € of (B .

It is easily seen that the map F satisties condltlon ().







