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On the Existence of Solutions of the Floquet Problem
for Ordinary Differential Equations

* Consider the system of differential equations

@ ' @' = f(t, )
with a boundary condition o 4
(2) 2(0)+z(T)=r (1>0),

where x is a vector of RB" and the n-vector function f(¢, x) satisfies on [0, T] X R*
the Carathdéodory conditions:

(C) f(t, x) is continuous in z for each te[0, T,
f(t, x) is Lebesgue measurable in f for each z e R™.

By a solution of (1) we mean any absolutely continuous’ function x(t)
satisfying (1) almost everywhere on [0, T]. For z ¢ R", lwl denotes the Euclidean
norm of z.

A. Lasota and Z. Oplal [2, Theorem 3] have proved that if f(t, ) satis-
fies (C) and

@ 16, &) =516, 9| <pOl—3l, for @,y e B" 1[0, T],
where ' ‘ ‘

T
[ r@as<a,
g .

then the boundary-value problem (1), (2) has exactly one solution for each

relR .

~ This note presents some generalization of the mentioned result. In Section 1

we give the statement of results (Theorems 1, 2). Section 2 contains a theorem
: A 3
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concerning a certain ineq}mlity. (Theorem 3) which is used in proofs of Theo-
rems 1 and 2 that are given in Section 3. In the last Section we give an example
which shows that the estimate obtained in Theorem 3 is the best possible.

1. Theorem 1. Let f(t x) satwﬁy (3) where p(t) s a poaztwe summable
ffu,'nctwn such that

T B .
(4) ' fp(is)ds\‘< l/nﬂ‘_—}-ln’}..

. :

Then a solution of (]), {2), if ewists, is umque ftrr any re R" and any 1> 0
Theorem 2. Assume that f(t, x) satisfies (C) and

(5) If (¢, 2)] < p(d)lal+q(8)" for (t, ) e[0, TIXE",

where furictions p(;) and-q(t) are summable on [0, TT.: ‘
If p(t) is nonnegative and satisfies (4}, then the pmbh’m (1), (2) has at least
one_solution.
From. Theorems 1 and 2 it follows 1mmed1ately the folowing
Corrolary (cf. [2], Theorem 3). If f(t, x) satisfies (C) and (3), p(t) s non-
negative, summable on [0, T and satisfies (4), then the problem (L), (2) has evactly = -
one solution. :
2. Consider the inequality

with the homogeneous boundary condition -

Theorem 3. If p(t).is a nonnegatwe f@mctzonx summable on [0 T) and
‘sgtzsfymg (4), then m(t) = 0 48 the cmly absolutely contmuous functum satcsfymg
bomhtwm (6), (7 )

" Proof.” From (6) a.nd the Gronwall mequa,hty it fo]lows that

by
Tav

@ (t>|<|m(t.,)| exp( f o).

LA i . _

Hence if w(to) = 0 then m(t) = 0 Thus lf an absolutely contmuous function 2(t)
satisfies (6), then 2(t) = 0 or x(t) # 0 on [0, T].
Let 2(t) be an absolutely continuous function satisfying (6) and (7). Assume
that #(f) # 0 on [0, T]. Let ¢ > 0 be so small that p*(t) = p(t)—l—e satlsfles (4)
By.a change of the. independent variable . . .- Ll

Vat

s pe f-..p*cs)ds- L
-



" we redube (8}, (T) to. the form | e
®m weEI<be,

@ 1:-@(0)+Ay(r*)=;,o j(r*= f zi*(s)"ds).'

| Let e(r) el (1) =fl/e(x))y(x). Then (8) and (9) give
@) (f@P+H{e@PeR < (e,

an 0(0) = Ag(z*), (0)= —e(z*).
 Since ' S : '

[ 1e)las
. o0 - ‘ IR
i the length of an arc joining the points ¢(0) and e(v*), from (11) it follows that
| f .]e'(s)zds >n.
| [PIURE WS
By (10), le’ (‘r)| < 1/1—(9 (t)/g(r))” Integratmg this mequa,hty we obtam

f e(6)lds < f Vl—(e/e)zds
Heénce .
" Observe. that o | ‘

a3 fl/l (9(8)/9(8)) (ds <YVP—Ie(a)a) (a= o(0).

In fa.ct from the obvious inequality

| L (1/r)ln(g/a) (e/e))*>0
it follows that ‘ '

' (1— (9/9)2)(1-(1/72)111’ Q/a)) < (1—(e/te)ln (ela)f?,
| hence

| l/1~(e/e)*<(f- e/e)ln(e/a)) VAT (gfa)
A qua.drature over [0, 1] gives (13)

By (12) and (13),"w < V7*—In¥g(7*)fa) and therefore,

T
. Vx’+1n?2_.<r‘=f1’*(3)d3s .
B
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which gives a contradi¢tion because p*(?) satisfies (4). Hence (t) = 0, which
completes the proof of Theorem 3.

3. Proof of Theorem 1. Let Z(?), w(t) be solutions of (1) satisfying (2).
By (3), (1) = #(t)— z(t) satisfies (7). So from Theorem 3 it follows that #() = 0.
Hence the solution of the problem (1), (2) is necessarily unique.

Proof of Theorem 2. The proof congists in showing that this theorem

a special case of a general result proved by A. Lasota [1].

Denote by ¢f(R") the metric space of all non-empty, closed and convex
subsets of R”. The (Hausdorff) metric d in ¢f(R") is defined by

d(A, B) = max(sup r(z, 4), sup r(x, B)) A, Becf(R"),
reRB xed

where r(x, A) denotes the Euclidean distance of z from A.
Define the mapping F(¢, «) of [0, TTX R™ into .cf(R") by
F(ty @) = {u:ue B |ul <p())el} .

F(t,z) is eontmuous with respect to x for each't [0, T a,nd measurable
in the sense of A. Pli§ [3] in ¢ for each fixed # (i.e. for each closed A C E" the set
{t: A~F(t,x) # &} is Lebesgue measurable) Moreover F(t, asv) alf'(t, z) -
for all real a.

From Theorem 3 it follows that the problem

@'(t) e Pt, x(t)), (0)+ix(T)=0 (i>0)

has only the trivial solution. By (5), d(f(¢, x), F(t, z)) <q(t).' Hence, from
Theorem 2.1 of [1] we conclude that the assertion of Theorem 2 holds.

s 4. The estimate (4) for p(t) is optimal in the following sense: if (4) is re-
placed by the weaker condition

. , r
(14) f p(s)ds= Var+1n2i, -

then Theorems 1, 2, 3 fail to be true.
In fact, cons1der the’ system of two differential equatlons

o (15) -wiz—(glnl)ml—l-w,, wé:—wl—(}zlnl)wz. -

The right-hand side of (15) satisfies (3) and (5) with gq(t)=0, p(t)
== —~ ]/ 1112}.—1,— ne. It is easy to verify that the genera,l solutlon of (15) is of the

form

. 4(t) = exp (——%lnl) (C,cost+0,sint) ,

#4(t) = exp (»«%1}1}.) (—Clsint-!- Cycost) ,
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where C;, C, are arbitrary constants. The vector x(f) = (2,(1), @y(t)) satisfies
| ( i)i——l/ln’*ﬂ.wl—n*]m(m

Obviously p(t) satisfies (14) with T = z. Obgerve that
, ‘
z(0)+ix(n) =0
holds for all values of C,, C; but for |r] # 0 the problem

z(0)+Az(m)=7r
has no solution.
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