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vC(o'nvex Sets and the Modulus of Continuity

’

, 1. By a well-known theorem of Lebesgue [4] a contmuous functlon f '
defined on a closed set X in E™ possesses a continuous extension to the whole
space, bounded by the same bounds. This has been generalized by Tietze [7]
to metric spaces and by Urysohn [8] to the normal ones. An explicit formula ‘

_ for a space with dlstance 0 has been glven by Hausdorff [2], * ‘

® fute) = int [ 1)+ 20 1];.

In the approxlmatlon theory an 1mportant role is played by the modulus
of contmmty

@ w@®)=w@,N)= sup{l (@) —f(@)|: | ‘w'l”<a~w' 2’ < B} .

- i8 clearly mcreasmg w1th 6 and w(0+)=0 if and only if f is umformly
- continuous. It is natural to raise the problem of extending f with the same
modulus of continuity *). This i8 impossible in general, so instead of » some
~ substitutes are bemg used (e. g .y [6]) J. S’ielak and W Kleiner have stated the
 following oon;ecture ‘ ;

Let K be a closed subset of a normed lmsar space 2. Then every fumtwn defined
and uwiformly continuous on E can be extended to a funetwn on 2 mth the same
modulus of continuity if only if ‘B is convex. '

I will prove this con]ecture for. Hﬂbert spa.ces, where a snnple contmuatlon‘
- formula may alse be given. o K '

- *) For specia,l ‘w, p.g. that of prschitz or Holder type, strong results have been obtained
. by McShane [5], K:rszbraun [3] and Valentine [9]. ‘ C




2. Let E be a closed convex set in the Hllbért space £ with inner product

(w, y) and norm |lz||= V(«, x). Then, for any z ¢ there is a unique point Prg @
in F, called its projection, such that [1]

) Ipres—all <lly— wll (y e E).
Lemma. The operation Ppry is contmctwe
Proof. Let Xy, %, € 2. Setting

a=n—prex,, b= Ty —PTED
' . ¢ = PIEL, — PIEdy , - d—a’l—mzy .
we have (b, ¢) <0 (if (b, ¢) > 0, then for a small positive 1 the point # = prgz,+
—+ic e E would lie nearer to z, than prg a,) and, similarly ,(a, —¢) < 0. So-

(6,0) = (e+a—d, &) = P+ (a, o)~ (&, 0) <O,
el < (d, ©)—(a, ¢) < (& ¢) < d-ell,
el < 1] -

3. Theorem. Convexr sets E in a Hilbert space 2 are characterized by the
Jollowing property:

any mapping f of E info an arbitrary metric space Q' can be emtended to 2
preserving its modulus of continuity.

Proof. Suppose F to be closed and convex, and f a functlon on F with
the modulus of continuity (2). Put, for v e 2,

3) - fol@) = f(pree) .

Then’ f,‘(w) = f(x) on E, and for arbitrary =, x, with |z, — .|| < & there exist
Y1, Yo € ¥ — namely their projections — such that

(4) \ S |[fe(®1) — Fe(@)| = |f(41) — (9l

and |ly;— 9./l < 8. (by the Lemma). So the left-hand side is bounded by (4, f),
whence its least upper bound w(d,fi) < ®(8,f). The opposite inequality is
immediate.

Remark. Let E be not convex, but E =F\D W1th F convex and closed,
D C F* = the interior of F, and let f. be defined by (3) in 2\D only. Then the
conclusion holds as well, since prg(\E) CZF.

Let now E be not convex, and let a, b be two points in E’ such. that the
segment 8 joining them is not contained in E. Replacing S by a subsegment
‘we may assume that 8= S8\{a,d} C\E. Assume also a= 0,|bj|=1.
Let for ze8° r{(r) be a number — say, the largest one — such that

= {y:ly—al < r(2)} CO\E. Let D= U, -

zeS*
We shall define 4 function f(x) for x e .Q\D in such a way that extendmg

it onto D necessa.rlly enlarges the modulus of eontlmuty



8

Lot Q = Q,02,, where 0 = {Mb:—c0< i< + oo} and 2, is its orthogtmal
complement So any # ¢ 2 is uniquely decomposed into # = o+ @y ;€ 24, Lt
(6)  F={v=mtmae 8, el <1} (r=supr(@) .

Put for eli‘\i) ‘

(6) - , : fo(®) = |lz}| where z = z,+ %,

and for z e Q\D \ N
(7) S fla)y = fif (prr2) .

We have to show that f has a modulus of contmmty which increases at some
points when f is extended in any way to D. Let f* be any such extension; it
is defined in the linear space £2 so for w*(&) = {8, f*) we have co*( Z'&;) < Yw*(ds),
thus ‘

=P <nor(l), -
80 : . :
® 0 e®)>dfers=_, n=1,,..
.On the other hand, we shall show that -
(9) . 0 =0, f)=w(d,f) <8 for ¢(0,1).
(The last equality results from the remark above, F being clearly convex and

closed).
I claim that

C(10)  [f(2')— fla)| <!|m "II for o'y a” e I\ND, 0<|o'—2"|<1.
Indeed, we have

(11) R <l =2 < i’ — 2|

(see (6)) with both equalities only if 2" = 42’ (or'2’ = A2’/, A > 0) and z, = &, .
But 2" = &'+ L2, = Awj+ } Az, then implies either @, = 0 = w;' or A=0.
The first contradicts the restrictions on z’ s; A= 0gives 2" = 0, 2" = 0, now (11)
becomes I < ll#'ll < &'|| and the equahty would imply a.gam Zy = 0. So (11)
. i3 proved.

F is not compa.ct in general. But by the symmefry, we may start with
~a section of . Take an arbitrary- three dimensional subspace z passing through
the segment S. Let fyjnx denote the restriction of f, to the set F' ~ = which is
compact. So the upper bound (8, fo|=) is attained by a pair z*, **e F ~ n
- with [lw*—a*| <4§: if é¢(0,1), we have by (10)

(12) (3, folm) = lfo(m*§~fq(m**)l < lo*— a4 < 6.

Observe that (3, f,|z) does not depend on the choice of z D 8, since f is in-’
variant under rotations around 8. Any z*, z** belong to a certain = 80 (8, f,)



= @ 6 s Jolm). Thus any extensmn of f to Q lea,ds to »enla;rgmg the values of
the modulus of cﬁntmulty for 8—~ — (n-— 1,2,..) afb least. -

4. As to the genera.l case of Banach spaces, let us observe that our Lemma
does mot hold there. B.g., let 2 be the linear space R? with a norm making' the
square B = (—1,1)X(—1,1) to the unit ball, i e. l|(u, v)|| = max {jul, [ol}.
Let E be the segment jmmng Y, = 0 'with v, = - (4,2). These points. are‘
projections of #, = 0 and x, = (3,3), respectively; nevertheless ||y, —y.| =
|| ®,—a,|| = 3, thus the projection is not contractive. A similar example of
uniformly oonvex Q is obtained by changmg B slightly to obtain a strlctly'
convex set. . - .

So the extension (3) may Well enlarge . The game. may oceur to* the Haus-
dorff extension ). Indeed, define — in the precedmg example — f as a linear -
‘ function on E’, with f(z,) = 1 f(prgwl) = 0, Then w(d;f)=24 (8 s[O ]]) The

: Hausdorﬂf extension gives

a1 olm, @) 1
fH(wz) fH(wl) 1 mf [f(w Y 0@, B) 1] .
Smce [ 1= 0 and equals 0 for %' = prgw,, 8o for §, = |l@;—xf| -< ¥ we have

w(aoyfﬂ) 1> Oy = w(‘so,f) .

The failuré of both methods is unpromising for the gemeral conjecture;
on the other hand, it is advocated by some geometrical reasonings. ‘
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