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A Note on the Uniqueness of Two Point Boundary Value Problems Il
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1. The previoﬁs pa.per'[2‘] dealt with the connections between the existence
and the uniqueness of the solutlons of the" I’)oundary value problem for the
equatwn SR - . S . LoEl ;

-

w Cai=flm,a) .
It has been assumed that the rlght hand side of equatlon (1) sa,tiSf‘iestthg
following Condition C,: :

- 1° f(t,z, ) is contmuous on AXR xR where A is an ‘open mterval and B
is real line, ST

2° for every ae4 and P, qe R there ex1sts exactly one solutlon of the
initial problem z(a) = p, #'(a) = ¢ and it is defined on the whole A

Simultaneously with equation (1) the condltlon

az(a)+ pr'(a) =

ya(b)+82'(h) ~q, - -
.where a, ﬁ, 7,0 are fixed and a,b eA a#b has beén ta,ken mto the con- -
mderatmn

"The important partleular case of this problem is the two pomt bounda.ry :
value problem .

@2

- (3) . sl@=p, a®)=g¢.

It should be remembered that problem (1), (2) with any fixed a, 8, ¥, d

'is said to be globally unigue if for every a, be 4, @ # b-and-p, q € R there exists

at most one solution of equation (1) defined on A satisfying (2). Problem (1), (2)

- with any fixed a, B, y,d is said to be globally solvable. if for every a,be 4,




a ;& b and p,qe R there “exists at least one solutlon of equatlon (1) deﬂned
on the whole' 4 and such that (2) holds.

We have. proved the following:

Theorem 1. If f(t,»,y) satisfies condition C, and problem (1), (2) with
g=01is globally unique, then

1° problem (1), (2) with the same a,f,y,6 is globally sol'vable,

2° problem (1), (3) is globally unique and globally solvable.

The present paper has been written in order to give some a.pphcatlons of
the above theorem. The obtained result seems to be a natural supplement to
results_of C. Corduneanu {1] and Z. Opial [4].

2. In what follows f(t, @, y) is a continuous function defined on 4 X RX R
and 4 stands for an open interval.

- Theorem 2. I fft, z, y) has the continuous partial derivatives f,, f,, satzsfymg
the inequalities

(4) _ If;(t Aﬂ'?,’y)l‘<M f(t,z,y) <K on AXRXR,

where .M K are non- negatwe constants, then f(t,w, y) salisfies condition C.

Proof. The existence of the continuous derivatives fxs f, evidently implies
the uniqueness and the local existence of the solutions of Cauchy problem
for equation (1). To complete the proof it is sufficient to show that all solutions
of equation (1) and thelr denvafowes are bounded on every compact submterval
4,CA. '

- Write u(t) = m(t)ﬁ—l—m(t)’ then -

w'(t) = 2[f(¢, w(t‘)‘, (1) —f(t, 0, 0)]a’(1) +22(8)a' (&) + 2f (¢, 0, 0)&' (1) .

By the mean value: theorem and by the mequahty Zwy <o+ y* we have the '
estimation

- w() < Au()+B,

Where B = sup If(t 0 0)1, A= M+2K+B+1
ted
Henee (see eé [6], p-- 28) it follows the estimation

w(t) < (Z +’u(t.,))edldol, 1t ‘e 4,

whieh finishes the proof.
“Theorem 3. Assume that the function f(t, », y) has the contmuous pamal
demmtwes frs fy satzsfymg the inequalities

(5) S, 0l <M, I w,y>|<K o AxR'xB,
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"where M, K are non-negative constants. If; méremzer, the length of the interval A
- satisfies the imequality

| %
then for a=1, f=0, y=1, 8= h 5 0 problem (1), (2) is globally unique.

Proof. Suppose that problem (1), (2) has two different solutions (t)
and #,(t). Then for z(¢) = = () — mz(t) we have

m | (0] < Mlz(t)l+Klz‘(t)|-,
(8) - 2(@)=0, z(b)+hr(b)=0,

-9 : Z'(a) # 0, z(b) #0.

By shifting the point a towards the pomt b and replacing eventua.]ly z
by —=, the condition z(t) > 0 between a and b can be obtained. '
Setting w () = 2'(¢t)/z(t) from (7), (8), (9) we get

(10) | ' ()] < w(®)+Elw(8)|+ M,
(11) o w(@= 4w, wB)=—7 .
When a > b, let ¢(f) be the solution of the equation ‘ .
(1zy o = W+ Ku|+M :
1

with the condition %(b) = — 7 By (10) and by d:(b) = ¢(b), we have w(t) < p(t)
for b <t < a. Hence lim g(f) = 4 co. Since from (12) it follows that

t—»a—
o0 ‘
u
(13) !m a—b < |4],
-5

a-contradiction with assumption (6) is yielded.
When a < b, we majorize w(t) by the solution y(f) of the equation

r

-4’ = —u*—K|u|—M with the condition %(b) = —1 Similarly as in the pre-

ceding case we obtain inequality (13), which .‘contradlcts assumptlon (6).

- Remark. Theorem 3 remains also true when assumptions (5), (6) are
replaced by assumption (4) and by two other assumptions
du ’

b<a, IAlgf_——W—i—Ku—{—,ﬂ/_['

-

’



Ig ‘the- ‘pmof [w (t)[ and lts nghtrha,nd derlvatwe shotﬂd be conmdered
‘mstead of w(t) and w'(t). ‘ : .

3. From theorem 2 and 3 owing to theorem 1 1t follows unmedla,tely

Theorem 4. Assume thai the fundction f(i, z, y) has the continuous partial
derivatives fy, f, satisfying (5). If a=1, =10, y =1, 6 = h +~ 0 and the length
of interval A satisfies (6), then. S

1° problem (1), (2) with the same a, Bsyv, 0 s globally solvable, L

2° two point bocmdary value problem (1), (3) 8 globally umque tmd globdlly '
8olva.ble

In the formulation of problem (1), (3) the constant h does not occur. In
inequality (6) h can be arbitrary. Hence, for the global uniqueness and globa,l
,solva,blhty of problem (1) (3 lnequailty (6) may be Teplaced by

du

’A* < f u”+K[u]+M

The umqueness statenmnt in Theorem 4 is known' as Oh de la_ Vallée
Pousgin’s [6] result. The exmtence crltenon has been obtamed by A. Lasota
and Z. Opial (3. .
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