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, On Some Itérative-differential Equations II

The present paper is the second part of the paper [1], in which were provéd
theorems, concernlng the existence and the uniqueness of the solutions of the
equation \

W Cy@=ct[flyo,sm)a -

(ef. (3) in [1]), equivalent to the equation

2= 1090, y(s(0)

with the initial condition
y(0)=c

(ef: (1)-(2) in [1]). '

In this paper we give some other theorems concermng ().

We continue the same numeration of sections, theorems and formulas
which had been introduced m the first part [1].

6 Theorem 3. Let us suppose that

1. lf(x,y,u) <K, :

2. for each ¢ belo'ngmg to some closed interval U there ewists at most one
solution y = y(x) of equation (%), ’

3. a sequence {cn}, cn € U, converges to ¢ as n— oy,

4. for each n there ewists the (umque} solutum Yn = y,,(w), 0 <y <a of the
equatzon :

@) - z)(w)‘=_cu+ J f(t,y(t),y(g(t)))at.
: ¢ . .
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Thm the sequmoe {ya} s umiformly com)ergent in (0 ay and the limit y(x)
= limyn(x) is the (unique) solution of equation (¥).

Proof. The functions ¥, are equicontinuous; hence there exists a sub-
sequence - {?/a..} uniformly convergent to some function y = y(w). It is easy to
see that y(x) is a solution of (¥). The solution of (%) must be unique and there-
fore each subsequence of {y,} is uniformly convergent to this solution ¥(z).
.Then {y,} uniformly converges to y = ¥ (). -

Corollary If the assumptions of the unigueness of solutions of (%) is satzsfwd
then solutions depend continuously on initial conditions.

7. Remark 1. In [1] we assumed that ¢ > Ka (ct (10)). In the case
0 <f< K, we can assume only ¢ = 0. ' :

Theorem 4. If 0<f< K, c+Ka<a,c>0 and f=f(x,y,u) 8 in-
creasing with respect to y, u, then there exist the maximal and the miwimal solutions
of the problem (1)-(2) (in other words: of equation (%)) in the class of increasing
functions ze¢ CH{0,a>), 0 <z <a

Theorem 5. Let us suppose the assumptions of Theorem 4. If an increasing
‘ function v = v(x) belonging to CY{<0, ay), v(0) < c, 0<v<a satwfzes the ine-

quality

(22) % <Jl@v@), @),

- then v(x) <y (x) for ze<0,a), where ¥ = § (x) is the mazimal solution of (¥%).
The proofs of Theorems 4 and 5 follow directly from the results of [2].
Indeed, let us denote ‘

Q= {y e 00, a>): ¥ is inci'easing, <K,

<y <t [ 1t 910, yly(v) a)

It is easy to see that @ is non-empty since y = 0 beloﬁgs to Q.
' Let us put . ‘ »
F: 00, a)) > y—>F(y) € CY<0, a))
where

Fly)@) = ot [ 7,90, uly 0))ds.

If we introduce the following relation: y < 2 if and only if y(#) < z(x) for each
% €0, ay, then C'(<0, a>) will be a partially ordered set. It is easy to prove
that for @ C CY<0,a)) and the mapping F all agsumptions of Theorem 1
from [2] are satisfied. Henee there exists the maximal solution (in the class .
of increasing functions) of the equation y = F(y). On the same way, using
Theorem 2 from [2], we can prove that there exists the minimal solution (in-
creasing) of the equation y = F(y).
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Hence there exist the maxuna,l and the minimal solutions of (*) in the
class of increasing funections belongmg to 0Y<0, a&>), and the proof of The-
orem 4 is complete.

- In virtue of Remark 1 in [2], the above reasonmg proves Theorem 5 too.

Remark 2. Let us suppose the assumptions of Theorem 4 and let-w be
an arbitrary function of the class C%(<0, a)), w(0) <e¢, 0 gw < a, satisfying
1nequahty (22). It is easy to see that

v(@) = o f f(z,w(t),w(w(t).))dt

fulfils all assumptions of Theorem 5. Hence v <y and in the consequence
w <Y,

Corollary. The maximal solution § =y (m) of (%) in the class of increasing
Junctions belonging to CY<0, ay) is the maximal solution in the class CY0, a)).

" Remark 3. On an analogous way we can prove that the minimal solution

of (%) in the class of increasing functions belonging to Y0, a>) is the minimal
solution in the class C'(<0, a)).

Therefore we proved the following

Theorem 6. If 0 <f < K, ¢+ Ka <a,c =0 and f = f(z, y, u) is increasing
with respect to y, u, then there exvist the maximal and the minimal solutions of
the problem (1)-(2) (resp., of equation (%)) in the class of functions z ¢ CY{0, ad),
0<e<a.
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