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Introduction

The famous Hartogs’ theorem ([3], [8]) says that if F (&) = f(#1, 0oy 2n) I8
a function defined in a domain D in the space C" of n complex variables z .
= Zp+Y,(k = 1, ...,n) and f is apalytic in each variable zr separately when
~the other wvariables. are given arbitrary fixed values, then f is analytic in D.
If w(%) = wu(@,, .., x,) is a function defined in a domain D in the space. R"
of # real variables zx (k = 1, ..., n) and u.is analytic in each variable @ sepa-
rately, then « is not, in general, an analytic function in D, even if we in ad-
dition assume that u is of class (C™) in D. A corresponding example is given by

/ L u(my, @,) = @, exp (“"2—2) y u(0,0)=10, (2,)eR?. -

. : L1t an : ‘ . .

‘It is however possible to generalize Hartogs’ theorem for the following-
class of functions of n real variables. Let & be a subset of E* We identify R™
with the subset {z€ C":yx =0,k =1,...,n} of C*. Then E may be considered
a8 a subset of C". Let D be a domain in R™ Let Lp denote the class of all the
functions f defined in D such that. for every a°== (af, ..., 2}) ¢ D there exists
.- apolydise P(a?, r) = {z € C": |ox—af)| < r4, k=1, ..., n} such that for fixed real
€1y «ovy én Where @} — 1 < & < @+ 71, the funection f(&,, ..., &_,, a7, Eir1seeny En)
@ —17 < @y < &+ r;; is continuable to an analytic funétion in the disc J25— o)
Lr{j=1, .. #). The polydisc P may depend on 2° and on f. Every function
felLp is of course analytic in each variable z;:separately. ‘The functions of
the class Lp appeared useful in the study of the following topics: analyticity
- of distribution kernels, the :edge,of the wedge theorem, bounded representation
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of the classical Lie groups on Hilbert space, Feynman integrals, analyticity of
solutions for partial differential equations (see Introduction to [5]).
- We have proved (in §3) a theorem which implies the following.
() If Dis a domam in R" then every function f e Lp is analytic in D
Corolla.ry If h(m,u) = h(Zy, ey Tp, Uy, ..oy Ug) 18 @ function defmed in
a domain D C R?*? and harmonic with respect to x and u sepa.mtely then h is:
harmonic in D.
Theorem (1) generahzes results concermng separate analytlelty of real
functions due to P. Lelong [13] and F. E. Browder [4] ,where the a,na.lytlclty
has been proved only for those functions fe Lp which are assumed to satisfy

some boundedness conditions. The result formulated in OOrollary has been

first proved in [13] (see also [1] and [2]).

The method of proof of (I) is based on Leja’s polynomial lemma [10] and
on the expansion of functions analytic on a line interval into the series of
Chebyshev polynomials (seé § 2). Leja ([11], [12]) used his lemma to give a new
proof and a generalization of the Hartogs’ main lemma (for functions of one
variable) which implies easily Hartogs’ theorem (for functions of two complex
variables). We used the Leja’s reagsoning to get Theorem 1 (§ 1) which generalizes
Hartogs’ main lemma (for functions of n variables, » > 1). Our Theorem 1 is .
very akin to Theorém 10 in [13]. In fact in our proof of (I) we might use
Theorem 10 of Lelong [13] instead of Theorem 1. We preferred to use Theo- '
rem 1 because its proof is mueh simpler than that of Theorem 10 in [13].

In § 4 we give generalizations of recent results due to Cameron and Stor-
vick [6] concerning analytic continuation of functions defined on lower di-
mensional subsets of C". Two examples of our results in this direction are
given by .

(IT) Let Gk— {wr: lwe+V wi—1| < R} (Rx > 1) be an ellipse in the com-
plex wg-plane with foci —1 and +1 and with the halfumes 1(Rg+1/Re) and

1(Rx—1/Ri). Let f be defined in

s
= (G,xF,,x W XFp) v (i X W XEF, X Gy)

where Fy denotes the interval [—1, 1] in the wy - plane. Let f be wnalytic with respect
to wie G for every fiwed (Uyy ..., Wy gy Uppyy ey Un) eFl X F L X P X
v X By, Then f is continuabdle to an analytw functw'n f in

o—{weom: [[m+Vii—if <1}, s = 1flogEs.

k=-1

Q is the enveiope of holomorphy of X and sup] fl= sup‘l fl

(II1) Let E be a compact subset with posztwe logamth'mw oapamty of a domam D
_ in z-plane. Let f(z, w) be defined in

4

= (DXx[-1,1}) v (Ex C)
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. such that f is analytic with respect to'w ¢ 0 Jor each fived z ¢ B and f is analytic

with respect to z € D for each fived w € [—1, 1]. Then f is continuable to an cmalytw
function in D x C.

In [8] the set X was more restrictive and the local boundedness of f was
assumed - '

AN

1. A generaliz&tion of the f_undaméntal lemma of Hartogs ‘

The following lemma will play a basic role in our further study.
Polynomial lemma. Let B = B, X ...X By, where Er is a continuum in
the complex zr-plane. Let M(z) be a real function defined in E such that

0< M(z)< 400, zeKE.1

Let F be a family of the polynomials P(z) in n complex variables z — (zl, .y 2n)
s/u,ch that

|P(2)l < M(2), scH, PeF.

Then for every ¢ >0 and for every 2° e E there are two positive numbers
K=K(?,¢) and 8 = 6(z° €) such that

1) _ 1P(2)] < K. | |o— ) <3, Pe 7,

where degP is the largest sum of exponents occurring in a monomial term of P.

If » = 1 this lemma is due to F. Leja [10]. If #» > 2 it may easily be proved
by the induction (see [14]).

We say that a subset EC O* satisfy the condztzon (L) if for every pomt

= (2}, ..., 22) € E there exists a continuum E; in the complex plane (2r) such
tha,t 2, € By and E; X ...XxE,CE.

Theorem 1. Let 2 be an open set in O™ and let E be a compact subset
of 2 satzsfymg the condition (L). Let f(2)=/f, , (%1,.,2s) (me=0,1,..
k=1,..,m) be a multiple sequence of holomorphic functions in Q such thwt

(i) {f,} 8 umformly bownded on every compact subsef of £,

(ii) hm sup|| V (2)R’| <1, z¢E,

v—am

where [v| = v 4.+ and " =R} ..R* By >0 (k=1,..,m). o
Then for every e > 0 there exist a pos@twe number M= M (¢) and an open
subset Q, of 2 such that EC L, and '

AR < M, ze, =0

1 Tt is sufficient to assume that M (z). < ~-oco holds “almost. averywhere on E with respect
to every 2° ¢ B (for details see [10]; see also [7]).
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Proof Let 0 < r< dlst(E 6!2) Let 2 be an arbmrary fixed pemt of E Let

@ | f,(z)R' ZQ,M, lle—a <7,

k=0 '
be the e‘xpa,neion of f (z)R" into the series of homogeneous polynomials with
respect to 2, —23, ..., 2n— 23 of respective degrees k (so Q,k(z°+ at) = t*Q,,(*+ a)

for te C and a = (a;, ..., Gp) € O™ if =1 then ZQ,,‘, (2) = Zq,k(zl 2)¥ is'the

Taylor series of f, (z)R”) , ‘
Put M, = sup( sup |f,(2)]). Then by (1) M, < —l—oo By the Cauehy ine-
C 20 llz—-Ni<r ' :
quaﬂhtles .

Qul*+-a)l <=5, aeC”, la|=1,k>0,p[>0,
whence

® | e

vl+1 o
<M1R"(9/r) "e—sl <o, O<g<r.
k=|v|+1 :

—(e/r)’

By (ii) for ¢ > 0 and 2 ¢ F there eXISts a positive number M (z, &) spch ‘Eh‘a)t
w AR B'< Mz, e, o] >0
,(z) ZQ,k(z is a polynomial in zl, ceey Zn Of degree at most |»|. By ((2;),
(S)and() | - Tt
[Py(2)] < M(z, s)e*”ls+M1-—-(ng/r)" ABmofry™, zekE, I!z'—z"ll <o %’r‘,
| whence v N (‘
0P (0)] < M, )+ Miolr—0), 2<B, [ <o, >0,

Where 0 < o < min(r, 1*/].’531 ) oy 7/ Ri). Therefore. by. "the polyﬁomxal lemima
there are positive numbers K K(2°, ¢) and d— 8 (2% e) such’ that »

(B <HS, e <8, 0.

]§‘Ience' in virtue of (2) and (3)
byl +1
=) B <Ke e, R’(—@I)—%»

where O < o= gl(z‘0 s) < min(r, r/Rl, 'r/R,,,, (z° e)) Fmally

IIZ A < e ll’l

ff Z)R'! <(—K‘|“M191/ r— 91)) olvle, lie— 2°II < 91, ‘ l"’l

Apphcamon of the Heme Borel them'em enda the proof Ll



Oerollary 1. 1 (Fundamental lemma’ of Ea.rtogs) Let {f,} be a multz-
ple_sequence oj’anwlytw functwm umformly bo'wnded on every. compact subset:

- of an open set QC C". Let . R

hm sup V]f(z)R’| <1 ze!),‘
. - proo )
‘Then Jor every compact ‘subset G of 2 and, for every e>0 there smsts @ posztwe
) number M= M (&, s) such that . ‘

f,(z)R'[ <M, 2@, p>

The lemma given in thls Corolla.ry was formulanted by Hartogs in a shghtly ‘
different (but equivalent) form. He used the lemma to prove that a function.
of n complex variables analytic in ‘an open set 2 C C™in each variable separately’
is analytic in Q. His method of proof was based essentially on the theory of
subharmonic functions. - N

A generalization of Hartogs’ lemma (for n = 1) of the type given by Theo-
rem 1 was first offered by F. Leja in [11] (see also [12]). The reasoning used by
‘ ug to prove Theorem 1 is a gimple modlfleatlon of the reasomng used by Le]a..
~in [11] or_in [12]. .

Theorem 1 js very akin to Theorem 10 in {13] which also generalizes Har-
togs’ lemma, Lelong used his Theorem 10 in [13] to prove a generalization
of the Hartogs’ theorem on separate analytlclty Theorem 1 will be used to
give a result concerning. separate analyticity of functions defined on lower
dlmensmnal subsets of C" whieh generahzes correspondmg results due to Le-
long [13] and Browder [4] (see also [6]) '

2. An expansmn oi' fanctions analytxc in a symmetnc nelghborhood of a hne .
segment

‘We shaJl start w1th the following -

_ Lemma 2.1. Let D be a simply conmected’ domam in the comples z- plume
’ symmetric with respectto a Zfzne . Let [a, b]bea compact interval of l contained in D.
Then there' exists a unique conformal mappmg w={ z) of D onto an ellzpse &

with focv, —1 and +1 : S

Sf— {w,e C: ]w-{—l/w“-—ll <R} (B>1) "
such that the image of [a b] wnder g zs the mte'rval 1_'—1 ]] and g(a) = «-1
Cgh)y=11r A I o Sl

1 We take the braneh of Wb‘ 1 (in the-w- plane out: along thie mterval L= 1D determmed,_
. by the reqmrement I/lw‘r—l >0 fpi‘ w = rew > 1 :

Tsr






