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~ Universal Microbundles

1. A microbundle x is a diagram
. i i
¥:B—FE—B
which consists of a base space B, a total space ¥, continuous maps ¢ and j
(called injection and projection maps respectively) with composition joi = iden-
tity, such that for every point b ¢« B there exists a neighbourhood V of i(b)
in Z and a homeomorphidm A which makes the following diagram commuta-

tive (local triviality condition)
v

-wa% AN -
VAN |
i) r iv)

""\4 //

J(V)yx R"
Here X 0 denotes the  injection w—(%,0) and p, denotes the projection.

pi(u, ) = u. The integer » is called the fiber d@menswn of x or briefly dimen-
sion of z.

. Let x,: B—-»E ——>B (¢ =1, 2) be two microbundles over the same base B.
The microbundle %, is @somorphw to x, if there exist neighbourhoods V; of 4,(B)
in B, and V, of i5(B) in H,, and a homeomorphlsm ViV, such that the following
diagram is ecommutative

The notation x, == z; will be used for this relation of isomorphism.
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If x A-—-#E’ (x) ~—>A is a mwfrobundle over A a.nd f B-—-)A 1 contmuous m&p, ‘

' we defme the  induced mwrobundle f*x B~+E—->B by settmg

B {0, 0) e BXE@:£0) = j(0)}, ¥0) = (b, ief (b)), j Jbye)=e.

H maps f and g from B to A are homoboplc a,nd B is para,compa.ct them
% &= g% ‘

It is well known that if the followmg dlagram ‘of contlnuous ma.ps is com-
mutatlve : .

E (351) s E(x)

) ‘71 lil :‘~ Tl‘!a‘

(51) —" B(x,)

and F maps each fiber j-(b) in one-to-one fashion into the fiber Ja ‘(f(b));

then x, =~ f*x,, , *
"—- -
If ACB, then x|4 denotes the mlcrobupdle A——-—> ‘i(A)L—-*A and is called

the restriction of the microbundle x to 4. -
The purpose of the present paper is the construction of a famﬂy of micro-

bundles

S Embe,. pn=1,2,.)

-

- having the following universality property.

Universal microbundles theorem. Let B be a neighbourhood retract in

- a Buclidean space and let dim,, B < p—1. Then each n-dimensional mw’robzmdle

. over B 18 isomorphic to the mduoed mwrob'undle g*I'y where g: B—>Q,,, 18 a suitably
chogen continuous map.

By Hanner theorem [1], every k-dimensional separable metric topologlcal
manifold is a- nelghbourhood retract in R***! so that by a.pplymg our theorem
we’ obtain the following -

Corollary. Let x be an n-dimensional mwrobu%dle over a k- dwfmmszonal
separable metric _topological mamfold M. Then there ewists a ctmtwuous map
g: M—>Qy,,, such that x>~ g*I';,,. :

" Let X be a fixed topological space. We consider- the semlgroup (Top X (—B) ‘
of all microbundles over X with the Whitney sum as semigroup operation.
Define the following equivalence relation on Top X: two microbundles x and ¥’
over X belong to the same s-class if there exist integers m, n such that the
Whitney sum ¥ @ e™ is isomorphic to x' @ e (here ¢™ denotes -the trivial-

microbundle over X). J. Milnor has proved [5] that if X is a finite dimensional

complex then the #-classes of microbundles over X form 'an  Abelian group
with respect to Whltney sum operation. This group will be denoted by kTODX
The Milnor’s groups %y, X are very important in differential topology. If X is
contractible, then kTopX iy trivial. Otherwise very little is known about those
groups. For mstance it is not known what is the, ca.rdmallty of the very im-



l _ belongs to L, /then the map

E ;portant group ku-op : It is even not known whether they are fmxte, countablo
+ infinite or uncounta,ble infingite. Let us suggest by the way an a.pproa,oh to
* this problem. Let card 4 denote the cardinal number of a set A, and [X, Yj
the set of homotogy equivalence classes of -continuous maps from X to Y.
*Then it is e‘%nay to ve‘rlfy that the following theorem ‘holds true.
Theorem. Let X be any n- d@mmswnal complem Then the followmg esmmrztes
for cm‘dmal numbers: are ‘ltrue: 4

card Fepop X gcard TopX < card(U[X Q,,.H ,,])

Con]ecture If Xiga compa.c’c n -dimensional complex then each set of ‘

- homotopy equivalence class [X Qi) (B=1,2,..) is at most countable.

If we could prove this, we Would get a. proof that Top X' and in conse-
quence, kp,, X are at most counta.ble
Our universal microbundle has base @p,» Which is not in the class of the B's

~ for whieh it is supposed to be universal. Accordmg to the- opmlon of Professor
8. Eilenberg the universality theorems are usually interesting only when the

representmg object is in the same class as the objects fo. which it is universal.

‘The author is greatly indebted to Profes,sor S. Eﬂenberg Wha has read this

paper.

2. Before startmg the’ proof of the universal mlcrobundle theorem 113 is
necessary to state: several lemmas.

Denote by 2 = 2(n) the space of all’ contlnuous maps - E" into R™ with -~
the compact-open topology.-Let JX = X(n) be the subspace of all homeo-
morphisms which preserve the origin 0 and let L = £(%) = J&u {0} be the space %

~with attached zero map. J and £ are to be meant as topological subspaces. of L.

Clearly X is an open subset of €. For geL,>0 and a compact set K CE*

o define

‘ V(g, K,e)= {fe £: g‘(f(m), g(w)) < e for» we K},

The collection of all such V(g, K, ¢) is a basis for £. :

It is well known ([3], 2n that the following lemma holds true:

Lemma 1. The mappings

(1) ExLa(fyg)>foget o .

(2) Jeaf_>f—l¢,ge ) . - , t

3)  ExRs (f,2)>f(e) e B* ‘ '
are continuous. SRR

Lemma 2. If T BXR“—>R" s a contm'uous map ‘and if for each beB
the map :

T,: B* 9-a>-—>T(b, x) e B*

Bs>bT, el

48 conlinuous.




10

Proof is easily suﬁphed
Denote , Con :

‘ Moy = £ X L\ {(0, ..., 0)} .
with the product topology Dtfine in X, an eqmvalence relation 8 as follows:

fand g in A, are S-equivalent if and only if f= goh for some ke (Le., if

f fl: ’fp) and g= (gly 7gp) then ff gi°h (7'— 1 yp)) )
‘Denote by @, = M,/8 (p,n=1,2..) the quotient spa.ces with quotient
- topology and let ‘ ' '

< >=pr>f—><f>e%,n
be the quotient map.

Let Ur=£X...X®X..xL be the subset of Mp and Vi= < »(Ux). The
set Vi 15 open in @Qp n because {>7YVx) = Ug and Uy is open in M. Obviously

/

.M,pwu Ur and Qp,n——UVk ‘ . -
k=1 k=1
If topological spaces (X, 2,), (R” 0) are homeomorphic then a continuous,

.non constant mapping
(X, o) ——>((R"‘)p )
such that p,o f(X @) >(R", 0) (where p;: (R"? 5 (ay, .. .y ap)—>ay € B") is homeo-
morphic or constant, determines uniquely an element in Qp,.n namely {foh),
where h:(R", 0)->(X, #,) is homeomorphism. :
Notice ‘that if {f> = (g> then range f= range g.
Let :
BT = {2 €Qpux B™: werange f}
i:Qpu> P (<f,0) e BUIT)
JrEB(p) 2 ( (f},w)—>(f}'€Qp‘m ' i
Lemma 3. The diagram
Im Qpn_—}E(Im)—-)Qpn
is an n-dimensional mwrobundle ‘ !
Proof. We verify local triviality over Vi CQpn (k=1,...,p). Let

Bz J7HVE) 2 (<P 21y weny 20) (<D 5 k) € Vi X B

and

and

le: Ve X B* 3 (>, 2)>(<F> valpr(N)Z)) € 7H(V)
where o '
v LX . X £ (fy, vy Jpi) > (frs o y Ens e o Jp-1) € Uk

p—1

@x: Uk (g1 ...,y gp)’*(gﬁ’b;is ey gk—1°g;11 Jrs1°0% s oy 9p°05 1) € £X o X L 4
. —_—

Clearly hgol; ls the 1denty\y map of VixR" and

lk°hk(<f>; Z1y ey Bp) = lk(<f>v Rg) =
—(<f> Jiefz¥( zk),.. az wr S ofy (zk))—(<f>7zl7 )
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Siﬁce if (2, .. . %p) efange fs F= (/1 mv.f’zi) then fiofp'(2) = 2; (j == 1) ey D).

Hence h; = I;*
The continuity of Ai is obkus, and ‘the contmuity of I 1s, by Lemma 1,

"an immediate consequence of the continuity of the mapping |
N A .

UeX B2 (f, 2) >roge(f) (2) « B
Therefore hx is a homeomorphism. By the commutativity of the diag:carﬂ

i (V)

Ve . | e Vi
Sl 4
© VixR"

the proof of Lemma 3 is completed.
;g c
A microbundle x: B—‘->E~+B having fiber dimension #, is said to admit

* a bundle if there is an open neighbourhood E; of i(B) in E such that j|E1 E,—B

is a fibre bundle with fibre R™ and structural group JC:([6]).

The fibre bundle in this case will be called an admissible bundle for x.

We will need the following

Kister-Mazur theorem. If B is a neighbourhood retmct ma Euolzdean
space then any microbundle over B admits a unique bundle.

3. In the proof of the univecsal microbundle theorem, without less of
generality, we may assume, using the Kister=Mazur theorem, that x is an
admissible buadle. Cover B by p open sets W,, ... , Wp with x|W; trivial. (This
is possible by the fundamental theorem of dlmenswn theory). This means that
the fo]lowmg p diagrams are commutative

N
A\ |
Wk X R

and fk(k =1, ..., p) are homeomorphisms.
Let @i, ..., ¢p be a partition of umtv with the support @¢C W, for each i.

We define continuous maps fe: E(x)>RB" (k=1,-..,p) by the formula:

=] R S ICXAC
k = ] : ~
oi(e)-pofele) if jle) e Wi

. where p: B X B"—~R" is the natural projection and j: E(x)—~B denotes the

projection maps in the microbundle .



" Define

SRR A E(x)aee(fl(e),. yfz’(e))eRnp
Olearly F is & continuous map. « : .
The. restriction of F to the fiber of be B determmes, accordmg to our .
remark an element in Q,,,,,, which will be deaoted by (Fb>
Let
; o G:E(’x)g.e»((ﬁ'ﬂep,15('6) € E‘(’I’,’,‘):

and set g = joGoi, where 7 is the injection map of  and J p:ojeotibn map of I'y.

It is easy to verify that G maps each fibre of x in one-to-one fashion into, i
some fibre of Iy. The proof of theorem 'will be completed, if we show that G is -

- continuous. But the continuity of G follows from the fact that each maps

fk) —1 WEXR“‘*QIJ"XR? (k=1,. a?)

is contlnuous, by Lemma, 2.
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