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Formal Solutions of a Functional Equation

In our papers [3]’a,nd [4], dealing v&th the existence -of analytic solutions
of the functional equation

(1) ’ ple) = h(z,svff(z)])‘

in multidimensional spaces, we assumed that there exists a formal solutivbn
~of this equation. In Section 3 of the present paper we give some-conditions
for the existence of a formal solution of equation (1). The first two sections
contain some preliminary résults from the theory of multldlmenswnal ma,tnces
- and formal series. )
1. Multidiniensional matrices. Let us fix a. sequence of poslmve 1n13egers
L, ..., I,. We introduce in the set of sequences (zl, ey Tl 0 < Iy ey 8, < I,
an order by first difference . '

(11: ig) '{ (iyy 83) == [6 < iy V(= Gy Gy < i2)] 5
. . . . oy ") .
?’1’ ] Zn) g ("’u . {""1 < 7’; V[t = 7';7 (%2, .. ?’,u) ~§ {5y oeey z;:)]} .

The above relation orders the et of sequenceg (21, o)t < Iy .1, <.
Thus we have established a one-to-one correspondence between sequences
" A{t1,...,2,) and the posmwe integers up to I,7,..I,. The number corresponding
toa sequence (%1 +vuy ©,) Will be called the: mdeac of this sequence and denoted
by ind(4, ... 37') :

"~ The purpose of 1ntr0ducmg tﬁe index is a posmbﬂlty of passing from multi-
~ dimensional matrices to matrices with-a smaller number of indices. A mmﬂa.r

idea may be found in the notlon of the curvature deffinor introduced by A. J. a- -
kubowmz {23 . x
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For two-term sequences (t,4), 1 <I, j <J, the index may be calculated

~ from the formula

ind(¢, j) = ("_1)']"‘]

The readet will verify that the deﬁmtlon of the index glven above is equwa.lent
to the followmg, recurrent one ‘

(2) S ind (44, ..., 4,) = ind[ind (4, ..., 3,_,), 4,] .
Lemma 1. For an arbilrary positive integer pu, u = 3
ind{ind (éy, «.., %,_,), %, = ind[4;, ind (4, ..., 4,]) .
Proof. We have for u =3
: lnd[lnd—("u 1a) "'3] = [ind (4,, %,) I]Ia‘l‘ i3 = [("'1"‘1)1 + (G —1) 3+ 15
. = ("1—1)1213‘4“(7'2“1)1 +i3 = (6 —1) oI5+ ind (ig, 15) .
Thus (let us note that ind (is, ;) ranges from 1 to I,I;)
(3) ‘ ind[ind (i, i), 5] = ind[4,, ind (é,, 25)] -
We assume that for a q > 4 the equality
‘ ;nd{lnd (B1y eeey By_3)y 811 = ind [y, ind (2,, very Ggey)]
holds. Then
ind[ind 4y, ..., %y_y), %) = ind {ind[ind (4, ..., %,_5), fg_11; 75}
‘ = ind {ind[4,, ind (%5, ..., 15_1)], tg} -
Hence and by (3) we obtain ‘
ind{ind (¢yy...., %_,), 3] = ind {i,, ind[ind (¢, ..., 9,_4), 5,1}
‘ = ind[4;, ind (g, ey 7)1 5

which was to be proved.
Let C denote the space of complex numbers, a.nd let I,,...,1; Ky,..., K,

. 9 p’
denote arbitrarily fixed positive integers. To every sequence (iy, ..., ¢,; K1y -5 k),
4 <Iyy i, <I, b <Kyy.., k, <K, we assign a complex number ajl%.

We -say that We ha,ve defmed a matrix

21 ‘i
a= [a’ kr]‘u<1x.--- AuIp iy <Ky, ooy y<Ky

of type (valence) (u, ). The multiplication of a matrix a by a complex number a
and the addition of two matrices a-and b of the same type are defined by the
formulas .

— ‘il...iy -
aa = faakl. k.}ipgn, o u<Ip, 1 SK1peen, ip <Ky

_— T10- ‘i1 Wip
a+b=[ay %+ ]u<11 i <Ip 1<Ky ky< Ky *



~ The set of all matrices of a given type with opera,tnons defmed n sach a manner
forms a vector space. :
The ‘tensor produet of

-

: a = [afi 1v]i1<-ﬁ. wips<Ip,f1<J 1. Frsdy
and

PRk ‘ .
b= {blll...lde]k:l(Kl,...,kgsKg,lgSLl,,..,laéLa
is the matrix '

axb= [ 1 ?'vh 'a ]ﬁ<11. iu S 1< Ky.or, bp< Ko, h < 11ee ,7r<Jv,ln<L1, wlo<<Lg? -

whero et ftle = ali-fro .

The tengor product is distributive w1th respect to the addltmn of matrices
of the same type, and associative.

The matrix

i ‘i1 iy ‘
ab = 2, ajy bl kz]in<11. S RS PRI 93
&I 1eens Ty .

is called the matriz product of

b= 0o i Tr iy B peeeiha <Kz *
The matrix product is distributive with respect to the addition of matrices
of the same type.
We define the flat product axb of matrices a = [a&]ﬁm{ sand b= [bj,]hmg,
by the formula

.'_ T1eeety . . :
o= [“ﬁ...f.]ﬁesh...,iastu,flal,....ivg.z. and

k
axb= [ck:]kl.knéIJ’ ck, = “4 bi, ’

* where k, = ind (iyy ji), ks = ind(is, jo).
The flat product is associative. In fact, we have accordmg to the definition -

ax (bxc)=ax[dl,ncr = [enlmmewk »

where d = bﬁch, e = af d,,, L=ind(j;, k), lLy=1ind(js, k) and m,
= ind (4, ll), my = ind (4, ;). It follows from Lemma 1 that my, = ind(n,, k1),
my == ind (n,, k,), where n, = ind (4,, 31) = ind (¢,, j,), Whence

a *x (b * 0) = [fm]m,msIJ % C !‘

where f"‘l = abjl. Thus

a*(b*c)r=(a*b)*c.

i3

fa = 0, where [c}1], . .1 = a b. Moreover cf = aib}, where k= ind (i, j).
Proof. k;, < kz <= Ind (%4, ji) < Ind(éy, Jo) == [1, <4y V (= "'2;.71<.7a)]=> ag =
=0V bl=0= cft=0. If k =k, then i, = iy, j, = j, and cf = afb.

I

Lemma 2. If for i, < i, ait= 0 and for j, < j, b§;=,0, then for k; < kg




2. Fm'mal power series. Let us ﬂx posmve mbegers m and n. Let {a } be
a sequence of matrices of type (1 1) {aﬁ"\‘ u]kgmﬁm M,{,, We put

i
g L =X auXe,
' ntimes

where' 2z = (zl, vy & ), e 0 a,?* denote the matrix prqdnet of a, ‘and 2¥, and
thus it is a pomt of the’ complex m-space: a,z2* e O™, The symbol

4 : o A@= Z“ o
I ' ‘ a=1
is called a Jormal power series. ‘
A Let us note that the terms of series (4) are in fact elements of the m-di-
T mensional complex space.
‘Series (4) and A'(z) = Za 2* are equa.l 1ff a,=a,

#=1

If B( z) Z'b 2, where b = [0}, i i1 Auns then the geries *)

FRETER #=1

e AkB’(z)JifZ[Z S XbeJ]

p=1 9=1 .. g,éN
ot.. +9»

is ca,lled the superposztwn of A and B. !

It is possible to prove formula (5) developping a theory of formal power
series in several variables analogous to that given in [1] in the case of a single
variable. 8ince in the present paper we aim at solving equation (1), we cannot
go very deep into this theory and we assume formula (5) as definition. The
same remark applies also to formulas (7), (8), (9)

~r  Let {a,#,} be a- sequence of matrices [a¥ e ezmis. sundtrme LieH
co z—(zy- 73)7'“’,—‘('“71 ’,wm)’z wk e C.
f The symbol -
®- A, 'w) Za #xuw
| - S -

is called a fm'mal power series in two vamables

If O(z) 20 z 0 - [031 'iy}kiﬂhin in then - R ' ; l\

y=1

@ Al 0 z)J—Z[%ojL'Z”Zm,,( 3 e )
T , 01-1-..1.:9::#—3 .

*) I denotes the“set of all positive integers.




. If C (w) ‘='ééb, 'wheré _c”:= tcﬁc],_,,gm.; “then y
® . G[A(z,w)]— 2 (ca,, )z"xw'i A

=0
DR I _ #+r>1

It B(z) = be z‘md. C(w) ow, b= [b,],,,@, ¢= [c, Toi<ms then

9 A[B(z),c’(z)]—— 2 [a, bx...xb)x(ox Xc)}(z"xw")

{ ‘\,‘ «;‘_;"31 ' utimes | v times . o ‘?‘ S C
3. A formal. solution of equatlon (1) Suppose that we are grven foxﬁa,l, (o
-~ geries - :

o 0 ' o
Cohzw) = Y a(#xen) S
o . « u”+"a;1 | N ‘
and e o ‘ ‘ ’
 fo= S b= {bh Y - \
a1 :

- We are seeking a series,

1

10) p(?) = 2 6.y 6, = [0F i Jkamipig<n
. o n=1 . .

fulfilling equation (1). By this we mean that if we form the superposition ¢f f(2)]

acedrding to formula (5), and next the superposition h( 2z, p[f(2)]) according

to formula (7), then the formal power series obtained Wﬂl be equal to (10).
In v1rtue of formula (5) we get

w[f(z)k D [2“’ Z c’,(bolx...xbpy)-]z”
u=1 y=1 Qg €NV . . T .
@t entey=pn N .

Hence and from (7) we have

an e olf@)

= 2{a,,0+ ZZ% ( Z 12 Y e, x..xb)Ix
7=1 A=0 egy€N 7=l Pyor¥ €N L

eytnto,=p—4 ntetreee

/

. x..x[Z D el xxb )}
. =1 - €N - : N
y1+...+y‘,=e,



7%

} -’  Formal series (10) fulfils equatlon 1) if a,nd only if the: coefﬁclents of z‘f in
o series (10) and (11) are - equal ie.

# a1 )
Gt D) al,( > [2 Zc(bx xb)]x'
r=1A4=0 0y €N =1 Y./ €N
91+ ste,=p—1 Pyt tyr=ey
| | _, [2 D e (b, X X bv,)]) =
o ' T=1_ Y.y €N o
Py et ye= 2y

In virtue of the ;ilstrlbutlv1ty of the operations - and X with respeet to the
‘addition this may be written in the form '

p-1

CRESS DD s .

y=14=0 gy...0 €N 73=1 =1 71 VHGN
1heeet=— }',+ +?'1=Ql
D e, {le, (B2 X 1o X B2 )]X wae X [0, (Bp X een X by2 )} = 6
'y:...y:, €N . .

v v
Pytestyp, =0y

Let 7, = u. Since 1, < g, < p—4, u— 2 > u. The last inequality occurs only
if A= 0. So 4 = g,, whence » = 1 and the expression under the X signs on the
left-hand .side of (12) reduces to '

(13) 7S S J [, (b, X ... X b, )1
Vperp €N ‘
Pyt yy=p

(Thus (13) represents those summands in (12) that contain ¢,). However,
Y1+ .-+ v, = p implies p, = ... = y, = 1. Thus, we get from (12)
a(Cyy ey €, 1)+am[c bix...xb)l=¢,,
4 times

~ where a(¢,, ..., ¢, ,) stands for all the summands that do not contain ¢,. The
last equality ean be written in the form

(14)  [af tdkem e ,1‘“<-n+

1 Y — [k
[ 2 Gy Z le...y,,bii---biﬁ]k<m,t,...,i“<n = [€4,..ipJucm ipminn -

Free 7u=1

We write ay;_;, = @¥_4,, Cy..sy = 0.5, 80d @} = ag;. Then (14) is equivalent to

[aki;...ei“]ksm,ﬁ,...,iu<n+ ’
’ " n“
= =L g pi
.+[ Z, 2, cziy..f,.“kbi:---biﬂ]kgm,i; ..... TP [ckz, z”]k<Mu,-.-,iu<n
l=1 fr.fu=1 .




or

[am,...i,,]kSm,i},...,i,;<n+
- L it i oo
+ [sz,...f,]z-gm, Frpeiusn (TROR o VT ik, i

= [ékil...iu] ksm,ﬁ....,iagn . )

Let us write the matrix [&_kbil;..;bg],im,h ,,,,, jusne<m, iy, iusi 10 the form of

a matrix [f7], jmens, Where 2= kb,-;...b_,ﬁ, p=ind(,j,..j,) and ¢=ind(k,

?'1’ vy 1’;;)’ Slmlla’r.ly’ let us erte m‘a'tl:lces £aki1o-.iu]kgm,i1....,iu&'n’ [ckil.:.i”JkQﬂl,ﬁ,u.,i“<ﬂ

a8 vectors (one-row matrices) [ag),cpms, [¢plp<mns; Where again ¢ = ind(k,

4y .oy 3,). It follows fro mthe definition of the flat multiplication and from

its associativity that ‘ -

laglycmns+ [04]q<mw" : (afﬂ * r*—l b)) = [cq]qgmw“ 2

- where
) u
} : |*] bl-‘= bl* u.*bl .
) # times
Hence
' B
. (15) ) ’[aG]qgm’M‘ = [cq]qgmnl‘"(E_ a(f)l; * | * | bl) .

The existence of a formal solution of equation (1) is equivalent to the
existence of a solution of the infinite sequence of systems of linear equations (15).
Let us write ‘

I3
_ 4, = det(ag; *[+]b,—E) .
If for every u=1,2,..., we have 4, # 0, then system (15) possesses exactly
one solution and consequently there exists exactly one formal series fulfilling
equation (1). If, for some u, 4, = 0, then dystem (15) either has 1o solution,
or it has a finite-parameter family of solutions. This depends on [a4] according
to the general rules of the theory of linear equations.

Let us assume for the moment that the matrix ay, is triangular with zeros
under the main diagonal, and the matrix b, is triangular with zero sover the -

main diagonal. The elements of the main diagonal of those matrices are . -

their- characteristic roots oy, ..., o, and s,, ..ey 8n, Tespectively. It follows from

. P
- Lemma 2 that the matrix af * || by has zeros over the main diagonal and on
~ this diagonal all products of the form’ OkSi;...8¢,, Where k <m, iy, ...,1, <.

Thus
Au = n n (6&#;1...8(”—]) .

k=1 4...ip=1 . L
In order to be sure of the existence of a formal solution of equation (1)
it is enough to assime that the condition ' '
(16) : VkmVp;,v....p..-so.x.z..;:(ok3?'---sﬁ” #1)
ig fulfilled. - o









