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1. In the i)reseht- paper' the differential equation ' ‘ ;

(1.1) , .- Yy =flo,y)

will be considered. Assume that the function f(»,9) is defined and continnous.
- in a-rectangle (finite or infinite) - ‘

| I={@y:a<ae<bec<y<d}

-

and that through every point P e IT passes one integral of equation (1.1). By
the continuity of f(z, ) and uniqueness of equation (1.1), an integral issuing
from an arbitrary point P e JT can be extended uniquely up to the boundary
of IT ([1], p. 62). Ly '

The integral of equation (1.1) passing through the point P belonging to IT
will be denoted by ¢(z, P), The maximum interval of existence of solution
will be called its saturated interval. - : ' R

A sequence of infegralsv {yx} is said to condense at a point Q if there exists -

a sequence of points Py such that N ‘ ’

'

- Pr>Q and yi(a) = (@, Py) .

A sequence of integréls {yx} is said to condense on an. ihtegml y if that = |
_Sequence condenses at every point ¢ on . : . :
Theorem A. If a sequence of integrals {yx} condenses dt a point Q then the :

sequence {yz} condenses on the integral ¢(z, Q). (see [2]). . S
Two different integrals ¥ and ¥ are said to be associated if there exists

‘& sequence of integrals {y:} that condenses on 7 and y ([2)).

|




80

‘ ! ) . :
- 'We say that an integral is the integral of furcation if'it has at least one
associated integral. We call an mtegraI an ordinary one if it w not an integral
of furcation ([23). ‘
' A straight line x= g, 8¢ (a,, b] (ﬁe[a b)) is called the wupper right-hand
(upper lefi-hand) asymptote for a function A(z) defined in the interval (e, 8) C
C (a, b) (B, 2)C (a, b)) if _ ,
lim A(x) = ( 1im a(w) =d).
. a-»p—0
Similé,rly, a straight line » = §, ﬁ (o b] ( ﬁ e[a, b)) is called the lower mght-hand '
{lower left-hand) asympiote for a function A(x) if
lim A(@w)=¢ (lm A(z)=¢).
:b—»ﬁ —0 x->f40
A straight line # = g is the upper right-hand asymptote of furcation if there
exist points a,y. and 8 (a < 8,8 <y < é)and two integrals A(z) and u(x) of
equation (1.1) such that

Yy = Ax) is defined for a < # < 8, ‘

y=p(@  is defined for y <@ <34,
limA(@)=d, lmu(r)=4d

| x—p—0 - z—y+0

and through the line z = £ does not pass any of the integrals of equation (1.1)
having at any point of the interval (8, y] the left-hand boundary equal to d.
‘ The upper left-hand, lower right- hand and lower left-hand asymptotes are
- defined accordingly. . . ‘

2. Lemma 1. If the integml o(z, P), P=(B,y),¢c <y <d, satisfies for
@ certain B € (B, b] the condition :

lim ¢(z, P)=4d,

. 2-F-0 , .

then every mtegml issuing from the 3egmenf AP, A = (B, d), has its right-hand .

boundary equal to d and the right-hand end of ils saturated interval belongs io the
interval (8, B]. ' . .

Theorem 1. 4 necessary cmd suffwwnt condition for equation (1.1) to have
an integral of furcation is the existence of an asymptote of furcation.

Proof. Suppose first that there exists for equatlon (1.1) an integral of
furcation and let y = A(z) (e < < ) and y = p(x) (y <@ < 8) be the asso-
ciated integrals. We know that g <y ([2]). By the theorem on the extension
of an arbitrary solution of equation (1.1) up to the boundary, there exists the
limit of the function A(») when @ tends to g and the limit of the function. ,u(a:)

when # tends to . We denote them by mrand l, respectlvely, lim A{z) =
—>p~0

lim p(z) =1
- X-»y+0




o that @(8, Pg)->d for k—oo.

. and by Ze the abScissae of the pbints @ for which

. Pi>P, and it is- easily conceivable that lim ¢(z, P)=d. Hencé a,ccordmg -

" with A{#), and the proof i mmplete.

 We wﬂl prove that = l Asanme that m Al for exampie' m = d, l=-e.
It ‘can be easily seeri that the sequence yp = @(2, Pr) condensing by hypo- :
thesis on the integrals Z(w) and u(z) passes through the lines # = f and & = Yoo
starting from a certain index N, ¢(8, Pr)->d, o(y, Pr)—>o for % oo. :

. From the- sequenee ¢(@, Pr) we choase a subsequence ¢(z, Py) satisfying
the conditions: ¢(8, Pa) < (B, P,,,) for every » > N. The sequence :ptm Py)
_condenses on the integrals A and u, but ¢ < q:(y,P,.) <o(y, P,,,) for n> N,
" Hence :p(y , P,.) + ¢ which is a contradiction. Therefore we have ' ‘

. lim A() = lim #(fv)
;o z—+f—0 ) z—+p+0
Asgume that m =l = d and that the line & = g is not the upper rlght-hand
' asymptote of furcation. There exists an mtegral v(z) defined for x> f§ and

such that lim vay=@&p<p <y It follows easily that cp(ﬁ,Pk)>v(ﬂ)
—0 -

for k& > k,. Hence, by Lemma 1, the nght ends ot the sa,tura.ted intervals of
the integrals ¢(x, Px) for k > k, lie in (8, ¢] and the sequence ¢(z, Pr) earmot
condense on the integral u(wz) defined for z > g.

Suppose now that there exists for equation (1.1) an asymptote of furcation.
Let the line 2= § be the upper right-hand asymptote of furcation and let
@, f; 7,4 and the functions i(x), p(w) satisfy the condition of the defuntlon
of an asymptote of furcation, '

We choose the sequence of mtegrals @(x, Pr) defined for £ = g and such

) Let & >0 be arbitrary fixed so that the line y = d—¢ intersects the in-
~ tegrals A= A(2) and u = p(w) There exists such an mdex ky that, for k > &,
( ¢(8, Pr) > d—e. ‘
: For % >k, the mtegra.ls o(z, Pk) intersect the line y = d—¢ from both

sides of the stralght line # = . We denote by 2 the abscissae of the pomts Py
for which '

@ (@r, Pg) = d-eés and ox < B, %5 < iy, < Tx

w(ﬁ Qk)ﬁd"'?e, Eh>ﬁ,5k<5k+1<mc

So we have two sequences of points Py = (:vg, d—e¢) and Q;»"‘ (a:g, d—¢),

" t6 Theorem A. the seqnence p(x, P con:i;fzses on the mtegra,l cp(a; P) and
'the coordinates of the pomt P = (x,, y,) satisfy the conditions zp <, < B
“Yo=d—e. Acoord,mgly, Q@ where the coordma.tes of the pomt Q satisfy - -

the conditions: : '

#

ﬁ<$q<mc,y—— d——s
By Theorem A from [2], through the point. @ it passes the assocmﬁed mtegml
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3. Theorem2 If there et two integrals of equatwn (1.1), y = A(x) defined
fbra LTS Pyy= ,u.(m) defmed for vy < @ < 3 where’ }3 <y, such that

PR
lim A(z)=d, hm,um)—~d(hm2 ()= ¢, hm,u(w)—-c}
z>p—0 ) i z—+f—0 ‘ -’E'*}'-H) ‘ ‘
“then there exist lines v =n, < n<yand x=p,f << o<y which are the wpper
right-hand. and the upper left-hand (the lower mght -hand a'n,d the lower left- hcmd)
asymptotes of furcation.

Proof. We will prove the existence of the upper right-hand asymptote
of furcation. One can prove the existence of the upper left hand asymptote
of furcation similarly. L .

We denote by K the family of-integrals defined for “m = f§ such that

(3.1) . lim qo(w) =d for & certain o € (8, y].

—>n—0

Two cases are possible: K = @, K #+ &.

If the case K = & occurs then the line. &= ﬁ is the upper ‘right-hand .
asymptote of furcation.

If case K #+ @ occurs then-either a) there exists a point M lying on the
line # = g such that the integral passing through M does not belong to the
family K, or b) through every point of line » = g it passes an mtegra.l belonging
to fa,mﬂy K. '

We will prove that if condition a) occurs then the a.symptote of furcation
~exists. To this end we prove that there exists the integral ¢ = ¢(x) of the
equation (1.1) such that the pair of functions ¢ and u together with a certain
- straight line and some properly chosen points of the interval (8, y] satisfy the
conditions given by the definition of the asymptote of furcation. Let P, = (8, y»)
be a sequence of points convergent to P eIl, P,—P, Py eIl and P ¢II.

If the integrals ¢(x, P) belong to the family K and ¢ = lim ¢(x, P») then

3.2) lim g(z,P)=d and p<y . g
, ooyt
or '
3.3) - lim p(@, P)=¢ and <
: T—>p—0 .

. Proof. If the sequence @(x, Pn) condenses at the pomt P then accordlngly
to Theorem A of [2] it condenses on the integral ¢(x, P). If v > y then for

> N the integrals of the sequence ¢(x, P,) are defined for x >y what is .
contradictory to . condition (3.1). Assume- that condition (3.3) occurs. There
exists the line ¥y = d—e, ¢ > 0, ¢ 50 small that the straight line intersects the °

integrals i(z) and u(z) but does not intersect the integral ¢(x, P) on the right .

" side of the point P.
The integrals of the sequence q:(m P,,) passe through the line y = d —¢ at
the. pomts Ry (respectlvely) with coordlnates (w,,,, —¢) where zn < y. If we

i




i
N

| T e 83

-assume that @, < Fpi1, then R,—R. This means that the sequence ¢(x, Pn)
condenses on the integral ¢ (z, R) different from ¢(x, P). p and ¢ are associated
in the sense of Theorem A and definition of associated integrals. Therefore
from Theorem 1 it follows the existence of an asymptote of furcation.

Congider the casé (3.2). By ourlemma, the set of points of the line » = §,
through which pass the lntegrals of equation (1.1) belonging to family K, is
connected. - ~

We choose the sequence of pomts {D,;} of that set that tends to the lower
boundary . Then .

(3.4) lim ?‘(w, D) =,d and 7 < v )
' g : Trr—0 : :
or . .
(3.5) : ' lim gz, D)=¢ and t<y.
) z—>r—0

The line # = v is the upper right-hand asymptote of furcation in the case (3.4)
or the lower right-hand asymptote of furcation in the case (3.5).

For (3.5) this has already been proved since the sequence {D,} is the specml
" case of the sequence {Py}.

We will prove that o = 7 is the upper right- hand asymptote of furcation
in the case (3.4). Assume that this is not true. Then there exists a poing S on
the llne T=rT such that :

| ae—0

lim ¢(x, S)——d and -r<a<y

If the integral ¢(x, S) intersects the line- & = [, then when the ordinate of the
contact point ys > yp we arrive at a contradiction with our lemma and if
- Ys < yp weé arrive at a contradiction with the definition of the point D.

~ If the left-hand end ¢ of the .saturated interval of the integral ¢(z, S)
satisties the inequality ¢ > f then the integral ¢ (x, D) passes through the line
« = ¢ at the point L with the coordinates [g, ¢(g, D)]. On the line 2 = o we
choose the sequence of points L,—L with ordinates yz < ¢(o, D) and the
integrals ¢(x, Ly) belong to the family K. The sequence ¢(x,Ls) condenses
on the integral ¢ (x, D) so that there exists an index N and the integral ¢ (z, Ly)
which ig defined for # = 8 and such that (p(ﬁ, Ly) < ¢(8, D) and this is contra-
dictory to the definition of the point D. :
Assume now that the case b) occurs.
Let us consider the integrals on the line y = m, ¢ < m < d. Through. the
point 0,(8, m) it passes the integral ¢ (z, 0,); this integral belongs to the family K.
We denote the right-hand end of the saturated interval by B, and by M,

. the difference f;— ﬁ If through every point-on the line x = §, it passes an
‘integral belonging to ‘the family K, we take the point Oy(f,, m) and the integral
@lx,05); by B, and By—py = M, >0 we denote the right-hand end of the
saturated interval of the integral ¢ (x, 0,). We prove that the sequence M has
. : 6*
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