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Functions with Separated Variables

Introduction

- Certain properties of function with- separated variables are discussed in

the paper. The problem dealt Wlth is closely related to the genera.l problem,
formulated by David Hilbert, concerning - the representatlon of a funetion
of n variables by means of functions depending on less than n variables. This
problem was completely solved by A. Kolmogorov [1].

‘We are concerned with‘a particular case of the above problem when the
. function of » variables is to be represented as a sum of functions depending

on at most one variable. While in [1] the functions are real-valued and depend
on real variables, in.our paper the ranges of functions are contained in an |

'Abelian group G and their domains may be a,rbxbrary sets. In sections 4 and 5
we Testrict ourselves t0 the case when the domain is the #-dimensional Eucli-
. dean space R* and G is the group of real numbers with addition (additively
-sepamble funcmons) or, with multiplication (mulmphcatwely separable func-
tions).” Section 1 contains definition of separability ‘with respect to’ the'" ‘pair
"~ of variables and with respect to the system of variables. The main result of

the paper is obtained in section 2: we prove that a function which is separable’

with respect to every pair of variables iy sepa.ra.ble with regard to the system
of variables. Section 3 deals with eonvergent sequences of separable functmns

A d}ﬁerentlal crltenon of separablhty is discussed in sectlon 4 and secmon 5 is

" concerned with somé problems of composxte functlons w1th separated vanables.‘ ‘

Functions with separated variables play important role in' the theory of

partial differential 'equations '(Bernoulli-Fourier method: of separation of

- variables), in the probab;hty theory (stoeha&tio mdependence) and m thej
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Definitions, terminology = | ;

We‘denoté by ,
(1) ’ ' o f(a’l, sy @n)

a function of » variables :c; (z = 1, .- ,n, >1) defined in the topological
product ‘

N

A=A4,%.. xA,,

of the non-void sets Ay The values of the function (1) are supposed to belong
to an Abelian group G. The group operation will be called addition and denoted
by 4 (we will also use the symbol X), the inverse operation will be called sub-
traction and denoted by —. The symbol 0 will stand for the neutral element.

Definition 1. For n > 2 we say that the function (1) is separable in the
set A with respect to the pair of variables x;, xr, where

2 1<j<n, 1<k<n, j#k,
if there are functions of n—1 Variai)les

(3) | Gy, ooy Tyoss Typns oy Tn)

(4) ~ ' hk('ml,.-.., i1y Tyyyy woey Tn)

defined respectively in the top‘ologica,l products

(5) ﬂ A X XA XA X e X As

(6) A X ...XA;_IXA,GHX R

with values in the group & and satisfying in A the condition

7 .
(T} J(@15 ooy @n) = G5(@1y ooy Bj_qy Pjiny vooy Tu) Pl @yy ooey Tp_yy Tpigy ooy Tn)

Definition 2. We say that the funcmon (1) is separable in the set A with '

respect to the system of variables x;, if there are functions

(8) - ‘ Pi(@1)

' \defmed respectweiy in the sets 4; with values in the group G and sa,tlsfymg
the condition *

® - F(@1y ey B0} = Zp,(m,).

=1

Remark 1. It follows from the above definitions that the functions (3),
(4) and (8) are not uniquely determined. We may, for instance, add to the
function (3) an arbitrary functlon of n—2 variables

L(@yy o0y ‘”y’-u Liyyy eeey wk—n Dyy1y ey Tn)

*) For n = 1, arbitrary function is separable.




defined in the topological product ,
A= Ay X oo XAy XA g X X Ay X Ay X . ><‘A,;

- and then subtract it from the function (4). We may, hkewuse, add to the fune-
- tions (8) constants ¢; € G satlsfymg the condition

a0 Se=o.

Remark 2. Let the functions fi(#, ..., Z») and fy(a,, ..., #») be separable
in the sets Z, and Z, respectively accordmg to the Definition 1 (2).' If the set
" Z = Z, ~ Z, is not empty and the values of the functions belong to the same
group G, then the linear combination with integer coefficients a and g is separ-
able in Z according to the Definition 1 (2). h

Now, we will prove two lemmas on the uniqueness of the functions (3)
and (4) in the Definitions 1 and 2 (see Remark 1).

Lemma 1. If for a function separable with respect to the pair of variables
@y, o the functions (3) and (4) as well as the functions

’ 'hr ‘
G @1y weey By 1y Bjpag eey Bn)y Rpl@yy oy By Bpyy orey Tn)

. satisfy the conditions of Definition 1, then there ewists a function of n— 2 variables

- (11) Ty eony @1y Pjpry eeey Tp1y Tpegrg ooy Tny
“say _ /
- (12) ' 9@y ey By Bipys ey Tis Liy1s eey Tn) 5 o

defined in the set Ag such that

ry ' )
(13) g @y oy By Bipgy eony Tn) = G5(Bry veny Bj_qy Bjyay oory Tn)
\ : .
G Pry ey By Bypgy ey Bp_yy Tpyay ooy Tn)

. ) : .
(14) Pl ®ry ooy By 9 Bpiay ooey Tn) = B @y, ooy By_y,s Dppry ooy Tn)
=GBy eeey By_yy Bjp1y eeey gy Tpgrg eeey Tn) -

- Proof. It follows from the formula

| F(@is ey 20)
= G @1y ooy Ty gy Bypgy oy Tn) b hel@yy ooy By, Tgpt1y oo Tn)
== g;('wly vy Bj_1y Bigy ooy @n) F Ba(Bry ory gy Lpgry ooy Tn)
that -
(15) | 9;'(-’”11 ooy Ty gy Bypyy oony wﬂ)“ﬂi(“’l; ceey ¢j—1’ Liyyy ey Tn)
= hk(wiy 0y Tp—19 Tty o wﬂ)" Bl @y ooy Bpesy Bpyry eory &n) «
Hence we conclude that both sides of (15) are mdependent of @5 ¢ and zx. Denoting
-the dlﬂerenee (15) by (12) we get (13) and (14). ‘
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‘ Eema,rk 3. It iollows from Lemma 1 that functwns (3) and (4) are um-
quely determined by their values taken at w; = P respectlvely at @y = m,
< Lemma 2. If for a separablejiumtm with res?eot to the system of vamabtas w‘
tlw functions (8) as well as the functions ry(@y) satisfy the oondttwm of Defzmtwn 2,
then there exist constanls oqe & such that _

. {ml
Can i - ri{@) = pdai) + 1. )
Proof We choose. an arbxtra.ry point
(18) S Po(a?l, .y &)

in the set A and we compute the’ value of the function (1) at that pomt Then
we get ) , :
(19)’ @y ey ) = V‘p;(wn = Zn &). -
‘ , Y i=1 ‘
We fix now the indei i and we compute the value of the function (1) at the -
point‘ . - : D o R
r (200 = o Qi1 o5 By_y 5 Ty "2§+1 y +es Tn) . 2
It foﬂows that "

'

(21) f(wl, ,w,_l,wc,wm, -y Bn) = Zpy(w;)m(w)
o i=

¥ : 5#1
| —?f(-'”;)-l’t(-'vs)-i- Z Pi(wf) 3
, - : =t
(22) f(mi,- ,wi_l,wu%p oy Ba) = o) — n(wf>+ Srin.

j=1

Comparing formula,s (19), (21), (22) we see ‘that the formula. (17) is satis-
fied by
(23) - . = r:(wc) Pi(mi)

From (19) and (23) we obtain (16).

Remark- 4. It follows from’ Lemma. 2 that for a separable functlon w1th
respect to the system of variables x; the’ functlon (8) are pmquely determmed
by their values taken at a chosen, point..” L ,

We give now two examples specifying the set A and the group G
‘ a) A — the =-dimensional Euclidean space, G—-—the group of real or

complex numbers with addition {funetion (1) is then. called“addiﬁvely separable)
or with multlphoanon (f:mwmn 1) 1s then ea.]led multxphcatively separable).




. b). A — n-fold topological product of the/’se‘tr of natural pumbers, G\“-—- the.
group of real or complex numbers with addition (additively separable »-fold
‘ sequence) or with multlpheatmn (multlphea,tlvely sepa,ra.ble nnfold sequenoe)g

Comparison of Definitions 1 and 2

“ point (18).
We first prove that for every l-- 1, ..., n the function

(24) f("’l’ ml—:u -’”u Zppyy -ey Tn)

to the system of va.ma.bles

‘(25) 3 Ty eeey ml-:nmun. <y In
in the correspondmg topologlca,l product. Let the index I be ﬁxed a,nd put
- in formula (7) ;= w,, where the indices j, & and ! fulfil- the condition ..

(26) 3 #1, k#1. : '

Then it follows that the function (24) 1s-—a,ccordmg to Definition 1 —.
/-sepa.rable with regard to every pair x;, #x where j and k are arbitrary indices.
- satisfying (2) and (26). Since (24) is a function of n—1 variables, we get from -
~the induction- assumptmn that it .is, separable with respect. to the system of:

vanables (25). -
" Putting ;= #; in the formula. (7 ) we get -

‘ (27) Sl@y, ---ymi—uwhwﬁn ,a:,,) 9!(“71: :wy—nwﬂ»u
+hk(w1, ¥ mf—n wh a’1+u yorey Ty y Brep1y eeey x!l)}'

Puttmg T = mk in the formula. (7) we obtam

(28)  f(ay, .. wk—-lr.“’.h"wk-l-'l? vy ¥n) PR
o = 9.1(“’1: ey B3y Dyiqy ooy gy Ty ‘”Iz+1! ey

+ hk(a’u weey Ty m:’é+15 *y ‘@p) o

mn) -

w”) ‘

- A funetion which is separable in A with respect to the system of varigbles «¢
-according to Definition 2 is obviously separable with respect to every pair
@4, @x. The following theorem shows that the inverse is also true. ;

-Theorem 1. If the function (1) is separable in A with respect o every pair
x;, Tk, then it is separable with respect to the system of variables x,, ..., Ts.
~ Proof. We apply mathematical induction. By the hypothesis the’ theorem
'holds true when the number of variables is 2. Suppose it is true when the number-
of variables is n—1. It follows from the assumptions of theorem that the func-
tions (3), (4) exist sa.msfymg the oond1t10n (7). We choose in 4 an arbitraary

I

of n—1 variablés is — according to Definition 2 — separa.ble with respect,.







