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B. Choczewski ‘

Differentiable solutions of a linear functional
equation in the indeterminate case

We shall consuier the problem of dlf;ferentla,ble SOlllthD.S of the fnnctlonal
- equations of the first order

(1) olf(®)] = g(m)cp(m)+»h(m) y
or * : B '
(2) : o[f(@)] = g(@) p®) .

The functions f, ¢, h are assumed to be defined and continuous in an interval
I=1(0,a), 0<a< oo, moreover, the function f(x) is strictly increasing,
0< f(x) <2 in (0, a) and the function g(w) is positive in (0, a).

. We shall also assume that so called indeterminate case occurs, i. e. 1g(0)]
= f’(O), since in the case |g(0)] #.f(0) the problem of ('-solutions has been
solved. Namely, if |¢(0)| > f'(0) then equation (1) has the unique -solution
in I (ef. {1]), and if |g(0)] << f'(0) then (*-solution depends on an arbitrary
function, i.e. values of a function ¢(x) may be arbitrarily prescribed in an
interval (f(xy); @), oI, x; # 0, and then there exists the only extension
- of g(x) to a C*-solution of (1) onto the whole interval I (cf. [2]). In the inde-
terminate case third possibility can also happen, viz. equation (1) can have
a one-parameter family of solutions which are differentiable in I. The same
- can be said on continuous solutions in the interval I for which |¢(0)| = 1 denotes ,
the indeterminate case.

Thus lgt us assume that

g(0) =f(0)=1,

Le. that we have the indeterminate case for both problems: continuity and dif-

‘ferentiability of solutions. For this case I was looking for conditions of
the existence of solutions of equation (1) (or (2)) which are either of class C*
-in I or differentiable in I or regular, i.e. continuous in I and having a derivative
at the point zero. In the communication I shall only present the results con-
cerning the existence of the only one-parameter family of regular solutions
in the case when a continuous solution depends on an arbitrary function.:
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Assume the following expansion of the functions f, g,

| f(w) _ w__almk+1+ O(mk+l+u) ,
3) Hg@) =1—a 2"+ 0(@*), 25040
h(w) — O(m"““)

where a,, k, u,v, i are positive constants, nol necessarily integers.
Let f*(«) denote the n-th iterate of the funection f():

Pay=o, @) =ff@), n=01,2,  ,5¢I,

and let us put
H gifi@)]

i=0
Now we have the followmg

Theorem 1. Assume that all the eondltlons named above (especially,
‘expansions (3)) hold. Then equation (1) has in I the only one-parameter fa-
mily of regular solutions given by the formula

@ p@) = — SHI@)]61(0) + climf™)/ o)

(¢ is a parameter), whereas the continuous solution of equation (1) in I depends
on an arbitrary function.

From this theorem follows a theorem on the regular solutions of equation (2)
(h(m} = 0) But for equation (2) we have also the following

Theorem 2. Assume that the function f(x) fulfils the hypotheses of the
‘theorem 1 and so does the funection g(m), except the expansion (3) which
will. be replaced by the following one

g(®) = 1 —a2®* 4+ 0(2**"), =2-0+0,

where a, # a, > 0. Then in the case where a, < a,, equation (2) has I a regular
solution depending on an arbitrary function, whereas in the case, where a, > a,
the function ¢(x) = 0 is the only regular solution of equation (2) in I. How-
ever, a continuous solution of equa,tlon (2) always depends on an arbitrary
function. ‘

These theorems are proved in the paper [3]. In the proofs we make use of
results of the first paper in which the indeterminate case is considered, that
is of the joint paper by M. Kuczma and me[4].We have dealt in this’paper with
continuous solutions of equation (1). By the use of an auxiliary equation we
can reduce the problem of regular solutions to the problem of continuous ones,
and it remains to investigate the convergence of the sequence and the series
oceuring in formula (4).

Finally, let us remark that similar theorems may be proved for solutions
of (1) that are differentiable in I. For this purpose, generally speaking, one
needs to assume on the place of (3) asymptotic expansions for the derivatives
of the functions f, g,k (cf. [5])..
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