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8. Kurepa

Functional equations in vector spaces

" In this lecture we will summarize some of many results in the theory of |
functional equations in vector spaces. We divide this lecture in four parts.

_ 1. ADDITIVE FUNCTIONS

The first, the most important and mostly explored is 8o called the Cauchy
functional equation

(1) ‘ Jle+y) = fla)+-fly) .

A function which satisfies (1) will be called an additive funétion Asgsuming
that R is a set of all rea,l numbers, ft R->R a continuous function, Cauchy [6]

. bhas obtained that f(x) = #f(1).

If one assumes that f is bounded on an interval, then f is continuous (Dar-
boux [7]). In [9] M. Fréchet has proved that measurability of f in the Lebesgue
sense implies its continuity. Sierpinski [35] has proved an analogous theorem
for convex funections. A. Ostrowski [34] has proved that boundedness of f on
a set of positive measure implies its continuity.’ .
~ 8. Kurepa [18] has observed that boundedness of f on a set A implies that f
is. bounded on A4 = {a+b: a,b e A}. Hence if A4 contains an interval,
what is the case if 4 has positive interior measure, then boundedness of f on
such A implies its continuity. There are null sets A such that A I—A contains
an interval.

P. Erdos observed that f may be bounded on a set A for which 4 —4 con-
taines an interval and that f is not continuous. All solutions of (1) have been
found by Hamel in terms of so called Hamel bases of R (R is a vector space
over rafibnal numbers and every a.lgebra.lc basw set of R is called a Hamel
basis of R).

1. Halperin [12] has asked whether (1) and f(%) :5; f(z) (x # 0) imply

" continuity of f. The affirmative answer to this question was - obtained in-
dependently by S, Kurepa [25] and W. Jurkat [17]. In [25] p. 30 two additive
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functions f, g are considered subjected to the condition: ¢(f) = P(t) f(1/t)(t £ 0)
where P is a continuous function, P (1) = 1 and it was obtained that f(f)--
+¢(t) = 2ig(1) and F(f) = f(t) —1f(1) is a derivative on R, i.e. that solutions
are expressible in terms of derivatives on R. This result is generallzed in [27].
An add1t1ve funétion h is a derivative -on R if h(xy) = xh (y)—}—yh( r) holds
for all z,y ¢ R.

Additive functions from the point of our interest have been considered
on abelian groups by J. Baker [4].

Il. QUADRATIC FUNCTIONALS

Let R be the field of all real numbers, ¢ the field of all complex numbers
and @ any of them. Let X be a vector space over @.
A functional B: X x X - is called sesquilinear it

B(4y@y+ Ay, y) = A B(@y, y)+ A, B(2s, y)
B(%, p 4+ u9y.) = i, Bz, %)ﬁ“ﬁgB(w% Y2)

holds for all A,, A, uy, po € @ and all w,y,, 2, ¥, @, ¥y, e X. A sesquﬂinear

functional B is hermitian functional if B(»,y)= B(y, 2).
A functional ¢: X > is termed quadratic if

(2) (@+y)+q@—y) = 2q(2)+29(y) (2,yeX).
If B is sesquilinear then ¢(z) = B(w, x) is quadratic and

(1)

3 Bz, y)——lq(w+y)— (@ —y)]
‘m ‘the case O = K and

W B(w,y)=Z[q(w+y)-q(w—-y)}+£[q(wwy)—‘q(w—z‘yn

in the case O = C.
In any of these cases

(5) g(ae) = |%g(a)  (Ae@; v e X).

Relations (3) and (4) are well known in the case B is positive definite hermitian
functional, i.e. B(z,x) > 0 for any x ¢ X, x + 0. It was M. Fréchet [10] who
replaced the condition B(x,y)= B(y, ) in the definition of an inner product
space by a metric relation. Simplification of his result was given by P. Jordan
and J. v. Neumann [16]. The result is:

Let X be a complex vector space with distance defined in terms of a ,norm”
|2}, 80 that

eyl < lel+lyl,  lie| = |o|, im j@]=0.

-0
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Then the identity ' ;
eyl eyl = 2okt 2 [P ,
is characteristic for the existence of an inner product B(w,y) connected with
the norm ¢(x)= |#]*> by the relation (4).

This result is usually quoted as necessary and sufflcmnt condition for
% normed space to be an inner product space.

Israel Halperin [12] in the New Scottish Book has raised the following
question:

Assume that ¢: X O satisfies (2) and (). Define B by (3) in the case O =R
and by (4) in the case @ = (., Is then B sesquilinear functional with the pro-
“perty that B(z, ) — ¢(x)¥

In [25] in was proved that the answer to the above questlon is affirmative
in the case @ = C and negative in the case @ = R. The similar problem was
considered also by A. Gleason [11]. :

i BR= @ and {¢,: 1 <a< 2} is an algebraic basic set in X, then

(6) ¢(Dte) = Y buptt+ D

1<a,f< ) i<a<f< |

a 7

holds for all 4, ¢ R, where the sum is actually finite, b,, = b,g are real numbers
and T’ R >R are derivatives.

If in addition sup fg(x)| < oo (x € 4) for every segment A C X, then in (6)
the second sum equals to zero and ¢ is obtainable through a sesquilinear funec-
tional. Conversely by having derivatives a,; and numbers b, by (6) is defined
a quadratic functional for which (5) holds true [25].

By use of the above quoted.theorem J. ‘Baker [3] has found all quadratic
functionals for which (5) is replaced by |g(ix )| = |22¢q(x)| and even for wh:ch
the continuity of 1->g¢(Ar) is assumed only.

The equation (2) has been solved by J. Aczél [2] without any further assump-
tions in the case X = R.

. EXPONENTTAL FUNCTIONS

A. Cauchy [6] has considered a function f: R->R such that f(z+y)
== f(@)f(y), f(0) = 1. If f is continuous. then f(x) = exp Az with a constant 4.
The same result is obtained if f is measurable in the Lebesgue sense.

If f is continuous on a bounded and closed set 7' then f is continuous on
T+T[18]. ¥ R>t—>U(t) is weakly continuous representation of the additive
group R by unitary operators in a Hilbert space X, then U(?) = expit(i4)
with a selfadjoint operator 4 (M. H. Stone’s theorem [37]). J. v. Neumann [33]
has proved that the weak continuity in the Stone theorem can be replaced
by the weak measurability in the Lebesgue sense provided that X is separable.

B. Sz. Nagy [38] considered a representation R>{->A(tf), where A(¢) is
a bounded selfadjoint operator. Assuming that ¢->A(f)x is measurable on
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2 segment A for each ¢ X he obtamed A(t) = exptd with a bounded self-
adjoint operator A. .
The essential step was ma,de by E. Hllle [14] in 1938, who considered a semi-
- group
A(t+5)= A(B)A(s) (t,5>0)

where A (f) is a bounded selfadjoint operator. If A(¢) is continuous, then A(?)
= exptd (¢ > 0) with an unbounded 4 = A*.

8. Kurepa in [19] considered & semigroup ¢ - A (?) of unbounded gelfadjoint
" operators with a dense invariant set for all A(t). Assuming that ¢->{4 ()=, 2}
- i8 bounded on a set T, and that T+ T contains an interval it was obtained-
that A(t) = expiAd.

Exponentlal functlons are rela.ted to the dlfferentml equation

(7) : x' _= Az, 56(0) = &, .

The solution is x(t) = ¢4 x, provided that the ,infinitesimal generator’’ A is -
a number, or a constant » x# matrix or a bounded operator on a Banach space.

The general result in that respect is covered by the Hille- Yomda.—Phllhps
theorem [15]:

A necessary and sufficient eondltlon that a closed linear operamor A with
dense domain in a Banach space X is the infinitesimal generator of a strongly
continuous semi-group is that there exist real numbers M and o such that
for every 4> w, 4 is in the resolvent set o(4) of A and

(8) MAI—A < M(I—0)™  (n=1, 2,

There are extensions of the semigroup theory to locally convex vector spaces
(see Yosida [44]). We quote here a result due to F. Vajzovié ([43], [42]).

Let X be an inverse limit of Banach spaces X,, X,,.. and [¢], < |z|;
< ... (@ € X). Assume that {T'(t): t> 0} is a family of continuous operators
from X into X such that ' o

a) T(t+s)=TH)T(s) (t,5>0) .

b) t>T(t)z is strongly measurable on [a b] :

Then, for every integer k& > 0, there is » = n(a, b) such that

| T(t)zl, <nlvls (reX,tela,d]).

Furthermore ¢ -7 (t)x is strongly continuous for each z ¢ X.
If in addition for each k=1, 2, ... and each x ¢ X, there are M, = M,(z),
a, = a;(2) such that -

|T(t)al, < Mke"”' (t>0)

then for each z e X

' ;T ‘ ' ' .
e & x— T(t)w|,,—>0 as 8>0 (k=1,2,..).
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A iunctlonal equation ,
Ty(t+s) Tz(t~8) = Ty(t) Ty(s)

“has been tréated in (28] under the assumptlon that T4t) is an element of a Ba-

nach algebra. Sée also [40].

~1IV. COSINE FUNCTIONAL EQUATION

This is an equation of the form ’ ) -
(9) ’ fle+y)+fle—y) = 2fe)f(y), f(O)=1.
Hf: R>Ris continuous then f(z) = cos Az with A a8 a real or pure imaginary

number (A. Cauchy [6]). Assuming that f is defined on the set { ok l,k=0,

41, 42, ..} and that f(¢) is a matrix of order nxn, this equation is froughly

studied in [21]. The generalization to a Hilbert space is done in [22]. Here we

quote the following theorem:

Let X be a Hilbert space, B3 {->N(¢) a bounded normal operator on X
and R>t->F(t) a bounded linear operator. B

Assume:

a) 1 is an eigenvalue of N (s) for all s ¢ R;

b) there is {, ¢ B such that t, is not in the spectrum of F(to),

c¢) t—>F(f) is weakly continuous on R;
o d) F(t+8)+F(t—s)=2F(t)N(s) (t,s e R). :
Then F(t) = AcostN 4 BsintN, N(tf) = costN where N is a normal operator
and A, B are bounded operators [23]. .

G. Ma,ltese [32] considered (9) under the assumption that f is defined on
a locally compact Abelian group and that it is a bounded normal operator on
a Hilbert space. -

S. Kurepa [20] considered (9) under the assumption that f: B> is mea-
surable where 9 is a Banach algebra. Under these eonditions one obtains:

(10) Jo =142 %y

. As we know f is the cosine function provided that beQI exigts such that a="b2

In connection with this we have this theorem:

Let % be a Banach algebra with an identity e¢. There is a Banach algebra N’
with an identity ¥ and a mapping #: A ->A’ such that

1) #(aa+ pb) = ad(a)+ pd(b)

2) 9(ab) = 9 (a)d(b)

- 3) [¥a)] = |a|

1) o[#(a)] = o(a).

Furthermore for any a €Y and any natural number n, there is T' ¢ A’ such
that :
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I T"=4¢(a)
II ba = ab = #(b) T = TH(b).
- This theorem enables one to clame that (10) is a cosine function in %’ [24]
In [43], [42] F. Vajzovié has proved the following result:
Let X be a Fréchet space, T (t)(t € B) a continuous linear operator from X
into X. Assume that:
1. T¢+8)+T{t—s) = 2T(t)T(s), T0)=1 (t,s ¢ R).
2. T(f)x is strongly measurable on R for all # ¢« X. Then
I for any a > 0 and any natural number %, there is % == n(a, k) such that

‘ a @
1T(t)m]k<nlm|n’ velX, te[”‘g:é‘]i
Tn the case X is a Banach space |T(t}] < Nexpat with some constants a and N,
II. t>T () is strongly continuous on R for each x e X. '
ITI. There exists a closed operator A with a dense domain D(4) in X such.
that '

H
(1) T(t)o—a = [(t—s)T(s)Awds, (veD(4)).
(1]

If X is a Banach space, then
R(PI—-A)yx =2 (xeD(4))
(BI—A)YRe=2 (reX)
ARrz—>xr a8 A-sbo

where for sufficiently large 4
1 o0
R;:If M) wdt .
0

M. Sova [36] considered the equation (9) under the assumption that « >y
and z,y > 0. He proved the analogous theorem to the Hille-Yosida-Phillips
theorem. Here is his main result:

Let X be a Banach space, M, o two non negative numbers and A a linear
operator defined on D(4) < X into X, If

{a) for each y > w? ul— A is regular,

() there is a dense set D C X such that for each z e D,

w(pl — Ay 'z >z as ,u—~>.oo (n > 0%,

(y) for every 4> » and every n= 0,1, 2, ...

& A4 <

Mn! o1 1
dl" ) [(}.—{—w)"“‘}_ u_w)fwl] ’
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then, there is a cosine funetion ¢—F(f) such that
. [F()] < Mchot (t = 0),

[J
2. 21imE0%=% _ 4 weD).
I tal

There are interesting. applications of these results- to differential equations.
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