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T think that any mathematician starting to speak about functional equa-
tions hardly can resist the temptation to begin with the Cauchy equation.
Therefore, though this lecture will concern another type of functional equations
(viz. functional equations in a single variable), let us consider first the equation

(1) plE+y) =@ +ely).
Besides: the homogeneous linear functions
(2) | pla) = e

equation (1) has also a number of highly irregular seolutions which can be
prescribed quite arbitrarily on a certain set (the Hamel basis; cf. [1]). From
the lecture of Professor Kurepa [27] (cf. also [1]) we have learned about various
conditions that imposed onto a solution of (1) guarantee that it has form (2).
I would like to call the listeners’ attention to the following two features of
those conditions: :

(a) Very weak regularity supposmons are sufficient to furnish the uni-
queness; e.g. the supposition of the continuity at a smgle pomt is more than
sufficient.

(b) There are no dlstlngulshed pomts The continuity supposmon at- any
point guarantees that the solution -is of form (2).

As we shall see, in the case of functional equations in a smgle variable the
situation is different. ,

Let us take a very simple, but instructive example. The equation

(3) , p(z+1) = p(x)

is in a single variable. Its solutions are all periodic functions of penod 1. They
may be prescribed arbitrarily on a segment {x,, z,- 1). Thus we say that the
solution of (3) depends on an arbitrary fumction.

- The requirement of the continuity does not allow us to choose a unique
solution or a unique finite-parameter family of solutions. Nor does even the




requlrement of the analyticity. In fact, there are a lot of analytic :Eunctlons
which are periodic of period 1. . ‘

Thus we see an essential dlfference in companson to property (a) of the

Oa.uchy equation (1).

- It is not difficult to see the reason of this fact. Equation (3) may be re-
garded as derived from (1) by setting y — 1, with the additional condition
¢(1) = 0. Then (1) appears as a condition imposed on ¢ that should be fulfilled
- on the whole (x,y)-plane, whereas (3) is a condition that should be fulfilled

only on & one-dimensional subset of the plane: on the straight line y = 1.
Equation (1) itself is a muech. stronger condition on ¢ than equation (3).
Therefore much weaker a,ssumptmns are needed in order fo ensure the umni-
queness of solutions.

These simple observations make the ground for the notion of a rank: equa-
tion (1) has rank 2, equation (3) has rank 1. This notion, introduced in 1957
by Professor W. Ma.ler [28], has turned out one of the most frmtful at the

classification of functional equations.

Let us take the next example:

(4) #(32) = (@) .

Equation (4) considered only for # > 0 is equivalent to (3). The substitution
xz =.2% p(u) = @(2*?), turns (4) into p(u) = p(u-+1), i.e. (3). Similarly, for
x < 0 (4) is equivalent to (3). But if we consider equation (4) also for 2 = 0,
then the situation changes. The only solutions of (4) that are continuous at x = 0
are the constant functions. In fact, it follows from (4) by induction

1
W(ﬁ "”) = @(a),

and on passing to the limit as »—>oco we obtain, since ¢ is continuous at 0,
¢(z) = ¢(0) = const. On the other hand, in view of the preceding remarks,
the requirement of the continuity at any other point of (— oo, oo) does not
furnish the uniqueness.

Here we see also a difference in comparison to property (b) of the Cauchy
equation (1). Here # = 0 is a distinguished point and conditions imposed onto ¢
at this point are more effective than at any other point.

What a property characterizeg this distinguished point? Equatlons (3)
and (4) are of the type

(5) o[f(@)] = p(@),

where f(#) = #-+1, resp. f(2) = 4. In the second case the origin is the only
point & fulfilling the condition '

® fle)=¢.

The function f(z) = +1 has no finite fixed points.- This explains the fact
why in the case of equation (3) we did not meet such distinguished points.
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As a matter of fact, we meet them if we include the points at infinity into

the domain of definition of ¢. If we require the continuity of ¢ at infinity, or,

in another wording, the existence of a fmlte limit lim @(z), then we obtain
=0

the. constant fanctions as the only solutions of equation (3).
The points with property (6) (the fixed points of the function f) play a very
~ important réle in the theory of functional ‘equations of the type

(7) : Plo, 9(@), 9lf(@)) = 0.

In fact, conditions on the sought functlon @ are always imposed-at, or in a neigh-
bourhood. of, a fixed point & of the function I (cf. [26])
Now let us generalize equation (5) to

(8) ' (@) = g(z)o[f(2)] .

 We assume that the given functions f and g are continuous in an interval I ‘
containing the origin, f is strictly increasing in I, has a fixed point at zero and

fimy<ae for ®>0, mel,
fley)>a for. o<0, 2el.

. We may consider the transform that to a given continuous function ¢ () a.ss1gns
3 new function

(9) | §(@) = g(@)glf ()] .

Solutions of equation (8) are fixed points of transform (9). Now, since ¢ and ¢
are continuous, we may assume that, for small z, ¢ behaves like constant, and
thus o[f(2)] ~ p(x); similarly, g() ~ ¢(0). Hence (9) can be approximated by

P(2) ~ g(0)p(w),

and for two functions ¢, g, we obtain

- (10) | = ~ 9(0) (g — ) -

If |g(0)] < 1, (10) is a contraction and thus a continuous solution of equation (8)
in I is unique. On the other hand, it can be proved [16] that in the case where
|g(0)] > 1 equation (8) has a continuous solution depending on an arbitrary
funetion, and thus there is no uniqueness in the class of continuous functions.

The case, where |g(0)] = 1, is more delicate and requires a deeper analysis [12].
Such a case is referred to as indeterminate.

Now let us investigate differentiable (or rather (') solutions of equation (8).
We assume that also the given funetlons belong to the class C*. Then we have
better estimations. We may write

p@) ~e(0)+¢(0)2, fl@) ~f(0)z,
and for two functmns ¢1, ¢, With the same mltla.l condition:

#1(0) = @,(0) ,
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we obtain

Pl f ()] — %Lf(w')] ~ (#1(0) — g2 (0))f (02 ~ (i ,)—%(w))f (0 .

Hence in yview of (9)

&1“‘“52 ~ g(0)f' (0} (g —@a) »

and now the solution is unique if |g(0)f’(0)] < 1, and again it can be proved [6]
that it depends on an arbitrary function if |g(0)f(0)] > 1. '
In the indeterminate case |¢(0)f'(0)| =1 the behaviour of differentiable .
solutions of equation (8) has been investigated by B. Choczewski [7]-{11].
Generally [23], [6], the uniqueness or lack of umqueness -of C" solutions
of equation (8) depends on Whether

(1) OO < 1 o :
or . 7
(12) | 9O OT] > 1.

(The case where |g(0)[f'(0)]] = 1 is the indeterminate case for 0" solutions).
In our case 0 < f(0) < 1. If we have the sharp inequality f'(0)< 1, then the
larger is r, the weaker is condition (11). The conclusion was to be expected:
the higher is the regularity required, the weaker is the condition that guarantees
the uniqueness. ‘

Of course, the arguments outlined above lack the mathematical rigour.
The correct proofs are somewhat more involved. But the results are true and
“they can also be extended to the case of a general equatlon of form (7) ([15],
[20], [21]) (For (" solutions this has been done by B. Choczewski {6]).

There is also another kind of conditions that may guarantee the uniqueness
of solutions. ‘ ,

Let us return to our first example (3). It is obvious that instead of assuming

the existence of a finite limit lim ¢ (m) we may impose onto ¢ the more elementary
T—00

. condition of the monotonicity and we arrive again at the constant funetions
as the only monotonie solutions of (3).
Next we consider the equation

(13) pl@+1) = ap() .
The general solution of equation (13) in (0, oo) is
(14) ' ¢ (@) = =(0)I'(x) ,

where I'(») is Euler’s Ga,mm& functlon and z(x) is an arbitrary periodic funcmon ‘
of period 1. It follows from (14) that the solution is not unique even in the
clags of analytic functions in (0, o). On the other hand, the only solution
of (13) for which a finite limit lim ¢(x) exists is the trivial solution ¢(z) =: 0,

00

and we loose the most important solution ¢(x) = I'(x).
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As is well known [4], [3], ¢(x) = I'(») is the “only solution of equation (13)
which is logarithmically convex in (0, co) and fulfils the initial condition p(1) = 1.
In other words, ¢(x) = log F( ) i¢ the only convex solution of the functional
equation :

aw pl@+1) —p(2) = log

‘with the initial condition @(1) = 0.

The equation

{16) ' gz+1)—g(@) = h(z)

is a common generalization of (3) and (15). The following result [14], [26],
appears as a genera,hzatlon of that concerning monotonic, solutions of equa-
tion (3):

If h(x) is monotonic in an interval (a, oo), — oo << a < - oo, and moreover
(17) - limh(2) =0,

then equation (16) has a unique one-parameter family (with an additive parameter)

" of monotowic solutions in (a, o). These soluiions are given by the formula

(18) ¢(@) = pl@)— ) {hl@-+n)—h(z,+n)},

n=>0

where @y 18 an arbitrary (but fixed) point of the interval (a, oo).

This result may be generalized to the case of the equation

as) @] el) = hz)
(cf. [22]). '

The function h(x) = loga in (15) does not fulfil condition (17), and in fact,

the requirement of the monotonicity does not furnish the uniqueness of solu-

tions of equation (15) (cf. [5]). The stronger condition of convexity is necessary.
More generally, if the function h(x) is concave in (a, o) and

(20) lim {A(x+1)—h(x)} = lim Ah(x) = 0,
&T—>00 T—00

then equation (16) has a unique one-parameter family.of convex solutions in (a, <0);
there is again an explicit formula (more complicated than (18)) for these solu-
tions available (ef. [17], [18]).

This result also admits some extensions to the case of equation (19) (cf. [19],
[31], [32]).

Here again we see that by strengthenmg the conditions imposed onto the
solution we may replace condition (17) (to be fulfilled by the given function)
by a weaker one (20). By strengthening fl}rther the agsumptions re-



‘garding the solutions we . can still weaken cond.ltmn (20) If-the functwn h(x)
is concave of order p n (a, oo) and

lim A”h(m) = 0 ;

T—+0
then equation (16) has a unique one-parameter family of solutions that are convex
of order p in (a, co); a stlll more comphcated explicit formula is available for
those solutions [24].

To force the uniqueness of solutions of equa.tlon (16) it is enough to assume
the suitable condition (monotonicity or convexity) only for large x (or, more
generally, in the case of equation (19), in a neighborhood of the fixed point &
of the function f). This stresses once more the distinguished rdle played by the
‘fixed points of the function f in the theory of funcmonal equations of
form (7).

I think that it is clear from What I have said that functlonal equations in
a single variable generally have a very large family. of solutions; too large
a family, indeed, one could say. In most cases, among those solutions there
is a single one, or a single finite-parameter family of solutions, distingunished
by a certain particular property: a higher regularity or a better behaviour
near some points. I have surveyed certain theorems to this effect. Of course,
there are many other uniqueness theorems (cf. e.g. [26]). In this lecture I have
completely left aside the case of a complex variable as well as equations of
higher orders. Some results on the unigueness (or lack of uniqueness) of solu-
tions of equations in a single variable in various classes of functions will be
presented here by other participants of this conference (cf 21, [11], [13], [29],
[31], [33], [34]).

But it iy just the great number of such theorems which is annoying. The
present situation is such that almost every equation, almost every concrete
situation requires a different theorem to enable us to choose a particular, in
some sense best, solution of the problem considered. In my opinion it would
be highly desu‘a,ble to define, for a possibly large class of equations in a single
variable, the principal solution, similarly as it has been done by E. Norlund [30]
for equation (16) and by G. Szekeres [35], [36] (cf. also [26]) for Schroder’s
and Abel’s equations. All the uniqueness theorems known as far should then
state that if a solution of the equation in question fulfils some additional con-
ditions of a good behaviour, then it must necessarily be the principal solution
of this equation.

The problem of finding a uniform and well motivated definition of the
principal solution for a possibly large class of equations is perhaps the most
important one in the theory of functional equations in a single variable. T do
not much hope to accomplish such a task in my life. But if the researches of
. mygelf and of my coHeagues and disciples will help somebody to do this in
the future, I shall feel that my life and my labour have not been lost in

“vain.
»







