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Topologlcal methods in the theory of fmlctlonal equations
: “in a sangle vahable
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" The object of this lecture isa review of apphea.tmns of flxed point theorems -

“in proofs of existence -and umqueness theorems for ‘funetional equatmns in
& gingle variable, These methods do not appear in the theory of funchonal

.equatmns so often a8 e.g. in the theory of differential equations, In J.. Aczél’s -

.book Lectures. on funmmal equations and ‘their applwatwns we did 'not find
~any mention-on applieations of fixed point. theorems. T have also read & lecture
- on’ functional equations by A. D. Wallace from Umversxty of Florida. The
' author pays attention to lack of local existence thqorems for functional equa-
tions. He writes, in ‘particular, that he has found »10 existence theorems: for
' funetional equations which are “based . upon - fixed: point theorems, contrary
the case with differential aquamons, where, for example, one also uses fixed
‘point’ theorems to. .prove the ‘existence- -of permdm solutions. And, on the other
- hand, the problem of pemodlc solutmns is oft;en consxdered for functmnal equa-
- tions“.
" Essentially, this ma.y be regarded as one 1nore cha,ra.ctemstm feature of func-
-tldna,l equations in several variables, that there are no problems to 8 solving -
with the aid of fixed point. theorems. In Aczél’s and Wallace’s works only
functional equations in several vanables are considered.. For functional equa-
‘Ctmns in a single variable; however, the_situation becomes different. In the
. monographma;l book [1] on these equations, recently written. by M. Kuezma,
proofs of some existence theorems are based upon fixed point theorems. o
- 'S0 far as I know, the first paper concerning functional equations in ‘which
“topological methods have been used is due to M. Bajraktarevié [2]. By the
use of the well known theorem of Banach-Caceciopoli he has proved the existence
of the only bounded. solntion of a funetwnal equation. A main part of further
results concerning: the ‘object. of our eonsiderations was obtained by mathe-
maticians working in Katowme and Krakéw. The reason of it hes, undoubtedly,
.in the fact that iir* thege eentres the theory of functional in [a single variable
has been strongely developped during the recent ten yeams A majority of

“results is due to M. Kuezma, who has cre\a.ted a systematle theory of functional -

equa.twns in a single va.rm.ble
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-Let us wmte the followmg functlonal equa,tmn in a smgle v&mable

1 C o plw) = (,w[f(mn}

where @ is a real variable. This is the equad:mn of the first order. A family of

golutions ¢(«) of equation (1) depends first of all, on'a set £ we want the equa- ',

tion to be fulfilled, and on the function f. The set £ has to fulfill the mclusmn
f(E)CE. It E does not contain fixed points of the functlon fyi.e. f(z)#x for v ¢ B
then there: exist m:fmltely ‘many solutions of equation (1) which are contlnuous

or of class C" in E. Thus in' this cage no condition of regularity allows us to .

find a ,narrower famﬂy of> selutlons, in particular. exaetly one solutlon But
in the case & ¢ E, where f(&' = £, one can give conditions for the existence of

the only solution in a given famﬂy of functions. Fixed point theorems find an

application just in proofs of local existence and uniqueness theorems con-
cerning solutions in a nelghbourhood of a fixed point.£ of the function f(x).
1 am going to show, by two examples, an application of two principal fixed

point theorems, that is the well known theorems of B&nach Caceciopeli and -

of Schauder.” . e
Let us a.ssume that '
(A) The function f( 4) is. defmed in an interval I, £ « I and that it belongs

\

to class Si(I) of functions (cf. [1], p. 20), i.e. FeOU(I) and it fulfils the ine- .

qualltles §<f z)<wz for #>¢& and. a;<f(w)<§ for w<é&; wel.

N
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Exa.mple 1. Following M Kuczma [3] We shall look for solutlons of the
linear functlonal equation . o

(2) - el = g(w)w[f(w ]—H’(a?)

which. are of cla.ss ¢ in I In the paper [3] it was assumed ‘that- the values of
¢(xr) and y(z) belong to & Banach vector space.
It is easy to see that the values 7, ..., n, of the solution of equation (2)

and it§ derivatives up to the order r at the flxed point E lmve to fulfil the con- :

ditions
Mo = g(é)‘?o+ )’(5)

ns = g Lf (8] i+ ZPiy(E m+y"’($)
‘ = .
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(3)
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. "Phis eondlmon may be obtamed by the dlfferentlatmn (i- tlmes) of the. equation (2)

and ‘then letting on x = £, Let us assume tha,t the system (3} has a solution :

" %oy eeey . WE have the following
Theorem Assume (A) and that the funemons ¢ and y are of class C’ N
in I and the 1nequa11ty :

4)  gerern<it

holds. Then there exists a nelghbourhood ‘of the point ’g‘, such that for every
gystem foy -y 7, there exists exactly one solution ¢(2) ‘of equation (2) being’
of clags 0? in 7, and fulfilling the conditions ' :

(5) &)=, “’(E"m, i=1,2,

Sketch of a proof. Consider the space R whlch elements are funetlons' '
of class C" in an interval I, whose length will be su1ta.ble ehosen la,ter, and
which fulfil conditions (5) We introduce the metric

®

Ay @) = su0 o) @)

for ¢, s € B. The spage R with thls metne is complete, gince the convergence
in the space R is equivalent to the ‘uniform convergence of functions and their
derivatives up to the order r. o

We now define the transforma.tion ’

D[g)(@) ZL g(w) elf@))+7(@)

(the right- -hand member of equation (2)). It maps R 1nto itself (cf (5)). We
ealculate the distance d(®[¢,], @(g.]) using the formula of the 7-th derivative.
. One can choose, owing to (4), the length of the interval I, in such a manner
that this distance is less than gd(p,, .) where ¢ < 1. On account of Banach
theorem we obtain ‘the unique C7-solution of equation (2) as the limit of
a sequénce of succesive approximations. - /

If we want to obtain a similar result for equatlon (1) then we need to assume
the inequality

(6) 3 1) fr(f]r<1

mstead of (5), where 7, = H(&, 7). We must also additionally assumed Llp- .
schitz conditions for the derivatives &"H/éw*és™ %, k= 0, ...,7. I have proved
the correspondmg theorem in, [4] usmg the sumla,r method as it was - desenbed
above.
If we omit the Llpsehltz condltmns, thén we can only prove the ex1stenee
of C"-solutions by the use of the Schauder fixed pomt theorem. This is our ,
Exa,mple II. We take r = 1.
Theorem Assume that f(x) fu].flls hypothesm (A) for r = 1, the function -
- H(z, z) is of class C' in a sultable set and assume (6) for r—l and the ine-
~ quality f' (m) <lina nelghbourhood of &. Then there exists a nelghbourhood I,







