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Remarks on monotonic ‘solution of a functri@dnal‘equiﬁon”
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The problem of the exmtence 'and, umqueness of monotomc solutions for
the equation

v R olf@) = pl@) i)
“was mx*estlga.ted by M. Kuczma, J. Burek and for f = z+1 by F. John.
‘M. Kuczma and J. Burek have proved that if the function f fulfils the hypothesls

I) fisa real-valued function defmed contmuous and stnctly mcreasmg
in ‘an interval (a, b), and such that

m<f(m)<b in (a b)

o a.nd if the funetlon h is defined, monotonic and has a consta,n,t sign in (a, b),
V-then equation (1) has-a monotonic solution. : N

' The monotonieity of the function k(&) is not a necessary condition of the -

. existence of a monotonic solution of equation (1). It can be seen from the exam-

ple (due to M. Kuczma,} of the equation
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<P(m+1)— (@) fa smu)zdu g

T

JWhlch has a monott)mc solutlon p(x f e smu ’du though the funetmn h{x)

is not monotonie. Let us note that there does not exist a subdlvmon of (— oo, o)

into a finite number of subintervals in which h(z) is menotonic.
The situation changes if we assume that equation (1), with a flxed function h,
has a monotonie solution for every function f from a larger class. Let us mtro-v ’

"duce the following hypotheses:

(H) h is a real- va,lued function defined in (a, b ‘and fu]ﬁllmg the condmon
infh(x)=0. ' AV
(a,b) .

(IIT) F is a,\ famlly ‘of functions defined in (a,b)- such that for every

2,9 €(a,b), a< #< y < b, there exists a functlon feF fulfllllng hypothesis (I)
and the condition - .

ﬂw=y-




- An arbltrwry mamtmn group of a tunemon f fnlﬁlhng: hypothesxs (I) examph— .
N hes the family satigfying hypoﬂlQﬂls (I, A k
Now, we have the theorem: y v ' S '
_Theorem 1. Suppose that hypotheses (II) cmd (III ) are. fulf@llad T}um
gequatum (1) has an. maféaamg solumn Jor every Junction feF if and- only
" if ome of the two posszb@h’twe oceurs: ezther the functwn -h 18" monatonic, or
there exists a pomt Ty € (@,0) such: ﬂmt his deoreasi«ng in (a wo) (resp in (mo, b])
and increasing in [@q; D) (res;) n (&, %))
M. Kuezma has also proved that if the functloﬁ f (w) ;ulﬁls hypothesls (I)
and the functlon h(a:) is’ monotomc and fuliﬂs .

Hm h(a:) = 0
. L ‘ m—op— . ,
,t.hen the monotomc solution of equatwn (1) is unique up to an addmve constant.
His result ean be improved as follows. ’
. Theorem 2. Under hypotheses (I) and (In efvory two mcreasmg solutwm
~of equation (1) in (a b) dzﬁer by a constamt.




