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 On the .stabi}itmf_the linear funct"ion‘alﬁ'equatiohf |

; The problem of. sta.blllty of a functmnal equa,tmn was first consldered by
D. Hyers [1], who .has proved that the Cauchy functlona,i equatlon is stable.
. We shall cons1der the stablhty of the linear functional equatmn ’

w Mf(m)}—y(w )p (@) £ F (2) |
whe,re f , g, Fare given functmns and ¢is unknown functlon ‘We shall assume that
'the funetions, f, ¢ and F are continuous in an intervall I, ¢(x) = 0 in I, f is E
i stnctly mcrea,smg functmn in I and there exists & point & e I such that
4 e I (j(w) w](& #)>0 for {DeI m;ﬁé : o
o v [f(w)—wg’](f #) <0 for wel,m+#% B , -
- We say tha,t \equa,tlon (1) is stable in the sens of D. Hyers if there ex1sts

Coa positive number ¥ such that for each positive numbersand ea.ch continuous y
sa.ttsfymg i ,

¢ o |w[f(wn‘—g<w> F(w)l Cwel
there ex1sts & solution @ of (1) such that we have :
"(?’) ! ' LT @) —e@) < < ke, wel.

“The equatlon (1) is not stable in the above sens, beca.use for grven e>0
the funetion y(x) = a2 satysfles (2); with f(#) = 41, g(w) =1, F{x)= 0 and
I=(~ oo, o), but’ it is ‘not bounded, so that the inequality - (3) can not be
. satistied, for all solutions of (1) are bounded. -
. We sha.ll modify ‘the definition of stability as follows we' §ay that the
. equation (1) is stable if there exists a positive number k-such tha,t for each &> 9
. and each y continuous sa,tnsfymg

. " | (el
e ol (@)1 G(w)w(w)—(? (w)_ZO e ¢ -
where G a:)’ n g[f‘(m)] there exmtsa contmuous SOl'(lthl].g? of (1) satysfymg (3).
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We shall consider three cases:

i) Gu(x) >G(x) # 0 in I and G i3 continuous in 1,
ii) There exists an intervall J CI such that G,;(w)::» 0
iii) Neither i) nor ii) is satisfied.

Theorem I. In the case i) the equa.tlon (1) ig stable 1f 11: has a contmuous

solutmn and if
, : <00 . ,
g i f a:eI lG(w)l - : N

(8)

Proof. If P sa,tlsﬁes (4), we have

oL@ FLf@)| _
Gala )I’ o) - e )—Z i@

n=1,2,..,zvel.

FUf*a)
u+1(w)

verges in I and zp,, is a continuous solutmn of (1)in I. Then, if n-tends to mflmty,
we obtain .

As (1) has a continuous solutlon in I then the serles Po = Z
n

ao v )+%(m) sel

, . p(&)
© - ~ ok

where k = "8up . Bu v(<)
sel  |G()]/ G ()

then (6) 1mphes that q:(w) Gif))—l—%(m) satisfies (3).

Theorem 2. In the case ii) the equatlon (1) is ‘stable in- (E Flxg)> (or .

T2 g(w). 18 a eontmuous solution of (1),

N

{&, x>} if it has a eontinuous solution and if there exists a point @, ¢ I such - -

that the interval I, = (%, f(%))> (0T I, = {f(#,), @) is contained in J.
Proof. We may assume that & is the left end of I.ie Iy= (f(wo),mo>
Suppose tha,t v is a continuous solutmn of (4) Put

M ' Yo= ’4’(930) . ‘
Let ¢, be a function defined and continuous on I‘l’ such that
® . | e =
(9) ()] = 9@ (e Pz
We obtain from (4) and (9) ‘ _
(10) I%Ef(%)]l—w[f 201l = 19 (@) @ulao) +F (20) w[f (@]l I
oo = lg(%)'!'(mo)’i'F(a’o) 'P[f(%)]l




i For such a functlon @, there exmts exa.ctly one contlrmous golution ¢ of (1)
in I, such that ‘ : . .
@ . s@=we) for eel.

Let @ eJ\{&} There exists a positive integer p, such that o= fp(t),
where t ¢ I,. Now, the inequality (3) can be proved by virtue of (1), (4), (10)
and (11) as follows:

p(0) (@) = WLPOI VL) 01 < s ()] — Gty (t) +

F Y1)
+G(t> A ]+|G( Dllp@)—plo] < e(1 +30
Gt-}-l(t) E
' where M — sup sup ‘I‘G;,(t)| M < oo ‘because @ converges uniformly to gero

, p iely
. in I,. It is easy to see that the above inequality holds also for @ = &.

In the case (iii) the equation (1) is not stable. .
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