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1. INTRODUCTION

In the present note we are concerned with the e&luation

(1) ‘ - X'=AWx+S,

where A(f) is a matrix function and f'is a vector distribution. It is well known that
the initial value problem for differential equations with distributions as solutions
does not have any sense. For the n-order linear differential equations this difficulty
has been overcome by J. Kurzweil [1], who has replaced the initial value problem
by a certain interpolation problem. In the present note we will consider the problem
of the existence and uniqueness of solutions of (1) satisfying the so-called Nicoletti
condition :

2 X, p>=r

(see Section 2). In the last part of this paper we state a theorem concerning the
continuous dependence of splutions of (1), (2) on the right-hand s1de of (1) and
the boundary condition (2).

2. NOTATIONS

Let (o, B) be an interval of real line R. By D,, we denote the linear space of
all functions defined and: continuous with the derivatives up to the order m in
(a B) and with compact supports., We say that {y,} C D,, converges to v, if there
is an interval [o', '] C (@, f) such that suppy, C [¢', §'] (n =1,2,..) and if {p,}

converges to y uniformly with derivatives up to the order m. Let 5},, denote the
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linear space of all I-dimensional vector distributions of order m on (a, f). A sequence

{x,} C 55,, will be called convergent to x if <x,,yp)—><x,y) for every peD,,.
By D, we will denote the subset of D,, containing all functions y such that-

B
Jed=1, 9(®>0, @<1<p).

By the convergence in D, and in its l-order cartesian product IY,, we will
always mean the convergence induced by the convergence in D,. For a given

x = (X1, ..., %)) € Dy, and ¢ = (¢y, ..., ) € D'y, we set

<x7 9”> = (<x1,‘(}71>‘, saey <x1, (p1>)

and
. i 1
Agp = [inf( Ulsupp @), sup(\Usuppg)].
i= i=1

By C.x! we will denote the linear space of all /x  matrix functions 4 (f) = {a;(¥)}
defined and continuous with the derivatives up to the order m in (a, §). A sequence
{4,} C C>! will be called convergent to A if it is almost uniformly convergent to A
with all derivatives up to the order m in (e, p).

For an Ix [ real matrix A(f) = {a,(?)}, let

40| = ]/ S laor.

3. EXISTENCE AND UNIQENESS OF SOLUTIONS

Consider equation (1) and the boundary value problem (2).
Denote by U(t) = {u,(?)} the fundamental matrix solution of the homogeneous
system ' ' :

3 _ x'=A{)x.

We have the following ‘

Theorem 1. Let A« C¥' and fe D, ... For any function ¢ ¢ D'y, such that
) [1a@)|ae <=

4 49 2
and for any re R, there exists exactly one solution of problem (1), (2).

Proof. The family of all solutions of equation (1) is given by the explicit formula
) x=U@®C+U@g,

£l
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where C e R' and g is a primitive of the distribution U~'(r)f. By (5), for @ e D’_H,,
we have

(6) A <x,<p>= U@C, >+<U@Dg, 9.
Put ’ ‘ ;
)] N d=U(0)g, ¢>.
Ngw, by the mean-value theorem,
®) . KU@C, > = [ diage(t): Ut)Cdt = H,,..., &)C,
where .

uy(t) ... u(ty)

Hty, i) =1 v v e
' ”u(tz) “u(tt)

for t;e(a,p) and &, ede (i=1,...,]). The matrix
‘ ' B
©) Q= H(E,, ..., &) = [ diagg(t)- U(D)dt

is nonsingular. If this were not true, there would exist a vector 4 = (4,, ..., 4) ¢ K.,
A # 0, such that

o | 0A=0

and the function z(#) = (z,(2), .. z,(t)) U would be a non-trivial solution
of (3) satisfying the Nicoletti condltlon

I
)= D uEh=0 (edp;i=1,..,1).

Jj=1

This yields a contradiction, since by [2] it easily follows from (4) that the problem:

of Nicoletti has only the trivial solution. Equality (6), by (2), (7) and (8) takes.
the form

r=Q0C+d
or, equivalently,

C=Q7(r—4a

which completes the proof.

Remark 1. It is- easy to see that only the nonsmgularlty of Q was important .
~ in this proof.

Remark 2. Theorem 1 remains true if 4 is a locally summable matrix functlon'
and f is a regular distribution.

Corollary. Let A and f be, respectively, a locally summable 1'x | matrix function:
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and a locally summable I-vector function . in (e, B). If {9} C Do, A9, = [a, b,);
re R are such that ‘ ,
lima, = limb,, =Ce (a, B),

n—co a—>00
then ‘
(1) for n sufficiently large there is exactly one solution x, of equation (1) satisfying
the condition :
s P> =T 5

(ii) the sequence {x,} converges almost uniformly in (a, f) to a function x which
is the solution of (1) satisfying the initial value problem x(c)=r:

Proof. We can assume that U(c) = 1. For n sufficiently - large the assumptions
on {a,} and {b,} imply (4) and this, together with Theorem 1, completes the proof

of (i). .
From (i) and Theorem 1, x, are of the form
an x(0)=UNC,+Ue®,
where : ‘
(12 C,= 0;'(r—d) (=1,2,..).

Just as in (7) and (9), @, and d, are given by the formulae

d,= <U®)g (), ¢.>
-and

Uy (&) - ”11(‘5'1')]

a3) 0. < HE, ..., 5")-[ o
un(ft) o WD)

redp, (=1,..,1; n=1,2,..)
In a similar way as (8) we can obtain

- P 2 ”11(’71)3}(’71)
(14) 4= [ diagp ) UWedi= "7 .|,
' . a 2 uu("?l)gj(ﬂl

j=1

where g(f) = (gl(t), v &), M edg, (=1, 15 n=1,2,..)
Since the matrix function U(f) and the functlon g (1) are continuous, conditions

lima, = limb, = ¢

and (13), (14) imply
limd, = g(c¢), limQ,=Q="U()=1I.

Hence, by (12), we have
HimC,= C=r—g(c)

n—o0

which, together with (11), completes the proof.




" 4. CONTINUOUS DEPENDENCE OF SOLUTIONS

. Theorem 2. Suppose, as in Theorem 1, that A « CX', fe D, peD,,, reR
and : ’ , .

[1a@dt <2
Let the sequences {A,} C C¥, {£}C Dioi, {@ C D'y, {r} C R’ be convergent

“to A, f, ¢, r, respectively. Then for n sufficiently large there is the unigue solution
x, of the problem . ~ ,

(15) E ‘x' = An(t)x_l_f;z L) <x3 ‘Pn> = rn ’

and the sequence {x,} C 51,, converges to the unique solution x of problem ), .

Proof. The existence and uniqueness of solution of problem (1), (2) are the
contents of Theorem 1. It is clear, by Remark 1, that for the existence and uni-
queness of solution of problem (15) it is enough to show that for n sufficiently
large the matrix :

4 -
Q, = [ diage,(1)- U (H)dt
is nonsingular (U,(f) being the fundamental matrix solution of system x' = A,(f)x
and Uyc) = I, where ce(a,p), n=1,2,..).
To this end we observe first that the assumption

limA4,= A
implies that
(16) imU,=U in CX, (U@=I) .
which, together with ¢,—~¢, gives
| limQ,= Q,
where : p

0= f diage(f)- U()dt.

Hence and from the existence of Q" it follows that for n sufficiently large
Q. also exists; moreover :

limQ;'= Q™.
In order to prove that x,—x we note that

(17) %, = U0 Cyt UDgn,
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where g, in a primitive of the distribution U;Y(¢)f, and
Cn = Q; l(rn—"dn) .
The vector d, has the form .
(i8) ‘ d, = <U(t)g,,,% :
Define the prlmltlves g, and g by ‘
ns = - Uu_ a0 ns * )
19) & ¥ = < o), w‘>
&, ¥> =—U(Of, v*,
for every y e D,, where
¢ B
v*0) = [ [yp(s)—e(s) [ v(x)dzlds.
a : . a
The function ¢ D, is fixed.
By (16) it is casy to see that
limU;'= U™ in C¥,.

It is also clear that

Lm U '()f, = UT'(0)f.
Hence, by (19), we have g,~g, and therefore
(20) : . limU(0g,= U(9)g.

Conditions (18), (20) and the assumption <p,,?><p imply that d,—~d = <U(9)g, ¢).
Now it is easily seen from the definition of C, that
(21) imC,=C where C= Q7' (r—d).

n—00

~ Thus, by (17), conditions (16), (20), (21) yield immediately the assertion of
~ Theorem 2. ,
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