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Boundary Value Problems for Nonlinear Differential
and Difference Equations of the Second Order

The present paper dealy with the existence and uniqueness of solutions of the
second order differential equations

©.1) *' = f(t, %, %) O <t<h,

satisfying the boundary value condition

©0.2) | O+ yxO) =a (y<0, h>0).
x(h)=p

We show that, as the mesh refines to zero, the solution of a suitable finite dif-
~ference problem converges to a solution of the differential problem (0.1), (0.2).
In the proof of the uniqueness we use a method of A. Lasota, More precisely,
A. Lasota [9] following the idea of M. D. Colautti [3]and Z. Opial flS] has employed
inequalities of the Wirtinger’s type to a priori estimates. The proof of existence
is based on the theorem on topological degree of completely continuous mappings
in Banach spaces. ) _

Section 1 contains continuous and discrete analogs of inequalities of the Wir-
tinger’s and Opial’s type. In section 2 a priori estimates for solutions of the con-
tinuous and discrete boundary value problem are given. In sections 3 and 4 uni-
queness and existence theorems are formulated. Approximation theorems are
given in section 5. The. last-section contains final remarks.

1. Let R denote the real line. The difference operators 4: R™'—>R"*! and
0% : R"'— R**! are defined by the formulae ‘

Au.: ui+1*ui, i= O, evs n_l
! 0, i=n \

8%, = { 81+1 —2utu;_y,
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With a given negative number 7, we connect a subspace R+ of all (4, ..., 4,) € R**?
such that .

(LD Uy v —u)=0, u,=0.
For u,ve R we deﬁne the scalar product by
(u,v)= 2 u;v;
=1

and we set |ju|| = (u,u)"”. By |u| we denote the sequence ([u|, ..., l4,]).
Lemma 1 (Ky Fan, O. Taussky, J. Todd 8. If u e R, then

12 - ‘ lful} < 2,l1dul|
where '
) e
i ‘ ZSinm_———l)
Lemma 2. If xe Cly, x(2) #0 on [0, k], and
14 ~ L x(0)+px'0)=0, x()=0 (<0)
then
‘ h R h
(1.5) Of X0 dt < i‘;‘? of X

This estimate is the best possible.
Proof. The estimate (1.5) follows immediately from a theorem of [6] (p. 184)
It is the best possible. In fact, we can take functions satlsfymg (1.4) of the form

1
a2+ but-+c,, 0t <;1-

= it | 1
| Cos 35 n <t<h
where
__n (1—-nd) . ]
an == Ty — [ncos hn —+ S h sin A
' JT
by= [2ncos n h + o7 sin >n h]

. Yy T Gin
€= Sy 1 [2”"05 2+ 37 S0 Znh] ‘

For every & >0, there exists n such that

h

[ x,,(t)d:>ﬂ XXi)di—s.
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