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On Some Iterative-differential Equations III

The present paper is a continuation of the papers [3] and [4].

8. In the present section we give theorems concerning the global existence of
solutions of the equation

(%) Y@ =c+ f It v, p(y@))de

and of a generalization of (*). We use the method given by T. Dlotko and M. Kuczma
in [2] (for an equation of the type y'(x) = f(x, y(x), y(h(x)) where h is a given
function) with very little changes. The method of proving the compactness of a set
in a functional space (the set V in the proof of Theorem 7) is given by A. Bielecki
in [1] and used by the authors of . [2]

Theorem 7. Suppose that
(a) f is defined and continuous in
={(%, 51, 7):0<x, 0 =) < oo}

(b) there exist positive constants K, M, N, s and a real-valued non-negative function
g continuous in [0, s], such that 2N < M and

(@) 1/, 21, y2) <K for 0 <y; <max(M, M—N-+max{g(x):0 <x <s})
j=1,2

(ii) for arbitrary real-valued functiohs ¥{(x) (j=1,2) defined and continuous in
[0, co) fulfilling the inequalities

0<yj(x) h(x) (x=0;j=1,2), ‘
where h(x) = g(x)+M—N for x ¢ {0 §] and h(x) = M for x > s we have

—N < f S(e. 70, yit))dt <e@ for O<x<s,

Uf(%h@»h(ﬂ)ﬁ\ <Nf0r X>‘S.




e Ny ) L
Pk

126

Under these assumptions, for every real number c such that N < c¢ < M—N, there
exists a solution of (¥) of class C* on the whole half-axis x > 0.

Proof. Let B be the linear space of real-valued functions u defined and con-
tinuous for x > 0, such that

- sup{Ju(x)lexp(—x): x > 0} < co.
We put, for ;leB, '

24) |lu]] = sup{|u(x)jexp(—x): x > 0} .
The space B with the norm (24) is complete. We put
(25) A={neB:0<u(x) <h(x) for x>0}.

It is easy to see that A is non-empty, convex, closed and bounded. Let T: A->B

be deﬁned as follows: for ue 4,

(Tu)(x) = c+ ff{t u(), u(u(t)))dt for ‘x =>0.

It is easy to show that Tu is continuous,
0 (Tw)(x) <ctgx) for 0<x<s
0<(Tw(x) <c+N for x=s.

Hence, in virtue of the inequalities: c+g(x) < M—N+g(x) and c+ N<M—N
we have T(4) C A. We put V= T(4). We shall prove that-the transformation T
is continuous with respect to the norm (24). Let {u,} be a sequence, such that u, € 4,
u,~u as n—>oo. We put v,= Tu, and we shall prove that v,->v=Tu as n—oo.

We have
@)  mEoE|< \f(r u, (), uu D)) — 1 (¢, u(®), u(u(t))) \dt

for x>20,n=1,2,...

Let 2 be a positive number. In the interval [0, ), the sequence {u,} converges uni-
formly to u, so that for each 5 > 0 there exists a number N(7, %) such that
|u,(x)—u(x)| <n for n> N(@,. ) and for x ¢ [0, 4]. In particular, for each 5 >0

there exists a number N(», M), such that |u(f)— u(t)l < for n> N(y, M) and
te[0, M], where M = max(M, c+max{|g(x)|: 0 < 5}). On the other hand,
f being uniformly continuous in the set [0, 4] X [0 M]>< [0, M, for each ¢ >0
there ex1sts ¢ >0, such that if |y,— yjI <ua, Iyl, 1yl <M (j=1,2), then

1/, yl,yz) —f@,y, )l <e  for xe[0,4].
Let ¢ > 0 be arbitrary, There exists o > 0 such that if .

@7 lux)—u(x)| <o,
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29) . (14, (14,()) — 4, (@) <o,

then, for x e [0, 4}, ,

(30) 7%, 3D, o) =[x, ), mafu) <3
(31) L (e, 1), o)) =1, w2, o)) <35

We can find Ny= N(o, 2) such that (27) is fulfilled for x [0, 1], n > N,, and

=.N(o, M) such that (28) is fulfilled for x € [0, 4], n > Nj. Moreover it is easy
to see that

(32) Vux)—=v, ()l < K|x—t| for n=1,2,.., x,t>0

and that there exists N =N (%, .1) such that (29) is fulfilled for x € {0, A]and n > N;.

Thus for xe[0,4] and n > N,= max(N,,Nz,N,,) we have (30) and (31) and,
in virtue of

B3 1f (% ), mfu )~ £, w09, ulu(x))] <

<17 (%, 1,000, () 7 (%, .00, uau)|+

1A 0, wafu () —S (%, (), ulu )]

and (26),
(34) (¥)—v(x)]- exp(—x) < edexp(—x) for xe[0,4], >nN,.
For x > s, we have [v,(x)—v(x)] <2M and therefore, if 1> s,
(35) V() —v(x)| - exp(—x) < 2Mexp(—x)
for x > 2 and each n.

Let # be a positive number. There exists 4 > 0 such that 2Mexp(—x) <p for
x > A, We can assume that A > s. For this A and for each ¢ >0 we can find ¥
‘ (using the above procedure) such that, for n > N and x € [0, 4],

(36) v, (x)— v(x)lexp( x) < shexp(—x) <ed.

Putting ¢ = u/A we obtain frem (35) and (36), in virtue of 2Mexp(—x) <u for
x = A, the inequality

p(x)—v(x)lexp(~=x) <u for n>N, x>0.

The proof of the continuity of the transformation T is finished.
Now, we will show, that V is compact. Let {v,} be a sequence of functions

belonging to V. For each n, we have |v, (x)] <M and (32). Hence, in virtue of the




128

Arzela theorem we can find a subsequence {vl} converging uniformly in [0, 1]
to a continuous function v*. Similarly we can-find a subsequence {?} of {¥}} which
converges uniformly in [0, 2] to a continuous function v?, One can do this (by
induction) for each m: we have a subsequence {]} of the sequence {¥7~'} which
converges uniformly in [0, m] to a continuous function v*. Hence, the sequence
{vi} converges uniformly in each closed subinterval of the interval [0, o) to a func-
tion v e ¥ such that v=v" in [0, m]. Let ¢ be an arbltrary positive number We

put k= In4Me~1. We have
suplv(x) —vi(x)exp (—x) sup |[v(x)—v(x)|+ 2M exp(—k).

oK x<k

ThlS means that if n is large enough then
=il <e

and completes the proof of the compactness of V.

Now, using the fixed-point theorem of Schauder [5] and we obtain the existence
of a solution of (*) as a fixed point of the transformation 7. This solution is of
course regular in [0, oo).

9. One can generalize Theorem 7 as follows

Theorem 8. Suppose that
(a) f is a real-valued function continuous in

G={(x,71,):0<x, —0c0o<y,y, < +oo}
- (b) there exist positive constants K, M, N, s and a real-valued function g continuous
 and non-negative in [0, s] such that N <M and
@) 1/ yL ) <K for |yl <max(M, M—N+r£a;<|g(x)l), Jj=12,

and x>0,

(ii) for arbitrary real-valued continuous functions y(x) (j= 1, 2) defined in [0, o)
fulﬁllmg the inequalities
) <ilx) (=1,2), x>0

where h(x) = g(x)4+M—N for 0 < x <s and h(x) = M for x >, we have

| S 730, pO)dt) <g@) - for - x<[0,]

| f At @, 2 0)dil <M for x=s.

Under these assumptlons, for every real-valued Jfunction c¢(x) continuous in M, 0],
where M = max(M, M— N+ max]g(x)]) such that |c(0)) <M~—N

there exists a solution y(x) of the equation

(++) Y = )+ [ £t 7@, 20 de,
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.

continuous in [—M, o), of class C* in [0, o), fulfilling the condition

(***) yE)=c() for xe[-M,0].

The proof is quite similar to that of Theorem 7. Instead of A we consider
| = {ue B: u()h(x) for x>0},

~ where B is as in the proof of Theorem 7, and instead of the transformation T we
consider T’ given by the formula

(Tu)(x) = c(0)+ f fle.u@, ufu@))dt  for x>0,

where #(x) = u(x) for x > 0 and u(x) = ¢(x) for xe[— M 0]. It is easy to see -
that 4" and 7" have the same properties as 4 and. 7, and that one can use again
the ﬁxed-pomt theorem of Schauder.
10. Let K, L, N be positive constants and let a be the solutlon of the equatlon
Na = exp (——La) Let ¢ be a number such that |cj < a and w a real-valued function
continuous in <0, o) such that .

37 o w@ <lel+x,  for  xe<0, ).

Theorem 9. If v is a function continuous in [0, o) such that

(38) | y(x) <L f y(f)dt+ N f v(w(e)dt  for >0,
then , ’ ’ ’
1 (39) | v(x)=0 for x>=0.

Proof. Let @ be an arbitrary number from the open interval (0, ). Hence,
Na < exp(—La). Using the reasoning given in the proof of Theorem 1 in [3], for
K =1, we obtain v(x) = 0 for x ¢[0, a] and then, by the continuity of v,

(40) v(x)=0 for xe[0,a].

Let b= a—|c|. Of course, 0 <b, < a so that, by (37) and (40), we have
v(x) = v(w(x)) = 0 for x €0, b,]. Hence, for x e [b;, a+b],

) <L f y()dt4+N f y(w(d)dt =L f v()dt-+ N f y(w (o) dt
. 0 0 by b

and, using the same reasoning as in the proof of the implication (38) = (40), we obtain

y(x) =0 for xelb,a+b]
- and then ‘ ‘

Cy(x¥)=0 for xe[0,a+5].

Putting b,= b,_,—|c|, we can show, by the same method, that v(x) =0 for
x¢€][0,b,+a], and then v(x) =0 for x=0.
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As a corollary of Theorem 9, we have the following

Theorem 10. Suppose that M, N, ¢ are constants such that |c| < a, where a
is the solution of the equation NG = exp (—(M+N ) a). If f= f(x, y, u) is defined in G -
(see Theorem 8) and

11, 9, ) —f(x, 2, O < Mly—z|+Nju—1t], 1f(x,p, 0] <1
' for every (x,y,u), (x,z, 1) eG, then there exists at most one function defined and
‘o : continuous for x =0 fulfilling ().

A Proof. Let y(x) and z(x) be two continuous functions fulfilling (+) for x > 0.
' It is easy to see that |z(x)] < |e|+x for x> 0. We have

y)—z@) < [ (Miy®— z(r)|+Niy(y(t))~z z(t) |dt) <

0

ng 1y(0)—z(f)|dt+ N f [y(y®) —~y(z(e)ldt+N f Iy (z(®)—2(z())ldt <

<M+ N) [ 1yl | Iy le(0)—z (o)t

If we put v(x) = |y(x)—z(x)| and L = M+ N, w(x) = z(x), then all assumptions
of Theorem 9 will be satisfied and this will imply that v(x) = 0 for x> 0.
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