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On Some Iterative-differential Equations III

The present paper is a continuation of the papers [3] and [4].

8. In the present section we give theorems concerning the global existence of
solutions of the equation

(%) Y@ =c+ f It v, p(y@))de

and of a generalization of (*). We use the method given by T. Dlotko and M. Kuczma
in [2] (for an equation of the type y'(x) = f(x, y(x), y(h(x)) where h is a given
function) with very little changes. The method of proving the compactness of a set
in a functional space (the set V in the proof of Theorem 7) is given by A. Bielecki
in [1] and used by the authors of . [2]

Theorem 7. Suppose that
(a) f is defined and continuous in
={(%, 51, 7):0<x, 0 =) < oo}

(b) there exist positive constants K, M, N, s and a real-valued non-negative function
g continuous in [0, s], such that 2N < M and

(@) 1/, 21, y2) <K for 0 <y; <max(M, M—N-+max{g(x):0 <x <s})
j=1,2

(ii) for arbitrary real-valued functiohs ¥{(x) (j=1,2) defined and continuous in
[0, co) fulfilling the inequalities

0<yj(x) h(x) (x=0;j=1,2), ‘
where h(x) = g(x)+M—N for x ¢ {0 §] and h(x) = M for x > s we have

—N < f S(e. 70, yit))dt <e@ for O<x<s,

Uf(%h@»h(ﬂ)ﬁ\ <Nf0r X>‘S.
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Under these assumptions, for every real number c such that N < c¢ < M—N, there
exists a solution of (¥) of class C* on the whole half-axis x > 0.

Proof. Let B be the linear space of real-valued functions u defined and con-
tinuous for x > 0, such that

- sup{Ju(x)lexp(—x): x > 0} < co.
We put, for ;leB, '

24) |lu]] = sup{|u(x)jexp(—x): x > 0} .
The space B with the norm (24) is complete. We put
(25) A={neB:0<u(x) <h(x) for x>0}.

It is easy to see that A is non-empty, convex, closed and bounded. Let T: A->B

be deﬁned as follows: for ue 4,

(Tu)(x) = c+ ff{t u(), u(u(t)))dt for ‘x =>0.

It is easy to show that Tu is continuous,
0 (Tw)(x) <ctgx) for 0<x<s
0<(Tw(x) <c+N for x=s.

Hence, in virtue of the inequalities: c+g(x) < M—N+g(x) and c+ N<M—N
we have T(4) C A. We put V= T(4). We shall prove that-the transformation T
is continuous with respect to the norm (24). Let {u,} be a sequence, such that u, € 4,
u,~u as n—>oo. We put v,= Tu, and we shall prove that v,->v=Tu as n—oo.

We have
@)  mEoE|< \f(r u, (), uu D)) — 1 (¢, u(®), u(u(t))) \dt

for x>20,n=1,2,...

Let 2 be a positive number. In the interval [0, ), the sequence {u,} converges uni-
formly to u, so that for each 5 > 0 there exists a number N(7, %) such that
|u,(x)—u(x)| <n for n> N(@,. ) and for x ¢ [0, 4]. In particular, for each 5 >0

there exists a number N(», M), such that |u(f)— u(t)l < for n> N(y, M) and
te[0, M], where M = max(M, c+max{|g(x)|: 0 < 5}). On the other hand,
f being uniformly continuous in the set [0, 4] X [0 M]>< [0, M, for each ¢ >0
there ex1sts ¢ >0, such that if |y,— yjI <ua, Iyl, 1yl <M (j=1,2), then

1/, yl,yz) —f@,y, )l <e  for xe[0,4].
Let ¢ > 0 be arbitrary, There exists o > 0 such that if .

@7 lux)—u(x)| <o,







