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Sets of Coveﬁng Mappiﬁgs

1. Let M and P denote p-dimensional separable topological manifolds; P is
assumed to be connected and ¢ will denote a metric function on P. Let C = C(M, P)
be the set of all continuous mappings from ‘M into P with the so—called C“ Whitney

1 topology: if /' C then the sets

V8= g€ olf), £(3) < 3]

(when 6 : M—R__ is a positive continuous functlon) form a neighborhood basis
for a C°-topology (Note that this topology is mdependent of the metric chosen
for P).

Let £ (respectively £,) denote the set of all local homeomorphisms of M into
(respectively onto) P, with induced Whitney’s topology. Denote by v(A) the car-

dinality of the set 4, and oo = »(N).

' Recall that fef, is said to be a covering mapping if for each y e P there exist
a neighborhood V Such that (V) is a disjoint union of open neighborhoods
W, of xef'(y) and f1W,: W -V are homeomorphic mappings of W, onto V
for all x.
The set X of all covermg mappmgs is a disjoint union of the sets (possibly void)

=[f££,,:v(f"1(y))=n, for each y e P} (neNv{cd))
K, is the set of k- ~tuple covering mappings. '
It is easy to verify that if fe U X, then fis a proper mapping, ie. f“(F) is

compact for every compact subset F of P.

- Remark 1. The set of all proper mappings is ‘open in C [2] Observe that, .
~ . in general, the sets £,, X,, Xy, ... are not open in C. The purpose of this paper
is to prove the followmg :

Theorem. The sets €, Jﬂl, 362, . are open in f..




Remark 2. I'do not know if ¥, is open in £ (obviously it is open in ).

If M and P are differentiable mamfolds if D is the set of all differentiable map-
pings from M into P with C™-Whithey topoldgy m=1 I2], and if B, C D is the
set of all immersions of M onto P and 6, = B, ~ X, then our theorem together
thh the inverse function theorem lmphes the followmg

Corollary The sets G ’61, By, ... are open in D.
2. The proof of our 'I’hoorem will be preceded by several lemmas
Lemma 1. UJC,-— {fef,:fis a closed mapping}.

-~

‘ Proof, It is obwous that if fe £, is a closed mapping then v( 0} < o, for -
all yeP Hence the followmg functxon 1s well deﬁned

CviPsy-ff l(y))eN

It is contmuous, i.e. for any y e P there is a neighborhood of y such that »( f“l(z)‘ o )

= f“(y)) for any zeU. Really, choose pairwise disjoint open neighborhoods
Vis ey ¥y of all points x,, ..., x; of f“‘(y) which. are mapped homeomorphwally‘
onto neighborhoods U,, ..., U, of y in P.

Since f is closed, we may take U= U, ~ ...~ U,,\f(M\(V1 ) Now,

P being a connected space, » must be constant function, i.e. fe U x,.
ieN

Conversely, if g« U X, then gis proper and therefore, closed.
Corollary. IfM is compact then £,= U X,.

ieN
Let B, = {xe R”: ||x]| = . Vx% <a}, B, = B and let S be the unit spherein R%. -
Lemma 2. If f:B>R° is a continuous mapping and fx)—x|l <e then .
B i~g Cf (B) ‘ :
Proof.: Suppose that there exists xeB,_,\f(,B) and let A: R\{x}—>S be the :
radial prOJectlon from x onto S. Then g = Ao f: B> S is a well deﬁned contmuous
mappmg

It is clear that the inclusion mapping j: S— B i is homotoplc toa constant maps

. ping 50 goj:S->S is also homotopic to a constant mapping ¢:S-S. The map

SX[01]> (1, )M+ (1—Df @) € S

~ realizes a homotopy between g o j and the identity map ey of S onto itself. This
. implies that the constant mapping ¢ and the identity mapping es are homotopic, o
but this is impossible by thie Brouwer fixed-point theorem -

Lemma 3. If fef,, then there exists a continuous funcnon 6: MR, such
that V({/f, 6,«) is a set of surfective mappmgs o

Proof (following Munkres). Let (U,)“ ~ be an open, relat:vely compact and- o
locally ﬁmte coverning of M, such that f IU, are injective and there exists coordmate. ]




L

systems (V,,k,) about £ so that k,{ f(U,)) equals the umt» p-baﬂ ‘B, for all i

- ForeachieN there exist y;¢€(0,1) so that BH,‘C k(V,) and -the sets -k Bi_,)
B ;"cover P. 1t is easy to verify that for each y, there exists ¢ > 0 having the following - -

| - property: if ge€ and if, for all ze U,, g( 1@, g(z))<ei, then Hk;(j(z) k,{g(z) " -
<y for all ze U, ‘

Let {g};en bea partmon of umty dominated by (U);.x, & = {mm g:Uyn U
# O} and 8,(x) = Z‘ £,9(x). We prove that V(f, 8,) is a set of surjective mappmgs N

Really, for ge V( f, 8) consider the map
| h=k ogo(kieflv,)‘ BF.
 If peB then p= ki f(z)) for some ze¢ U, and

Ik (p)—pll = !lki(g(Z)) ks(fIZ))II <y

50 by Lemma 2, B, C h(B) = K{g(T)) “This implies that kr ‘(BI__y)Cg(U), ST

so that
uy k:(Bl_,,,.) cuy; £(B) = s,

ie. g(M)= P
It is known [1] that each p-dunensmnal topoiog1cal manifolds can be imbeded
~ -in the Euclidean space R**! and is the nelghborhood retract in thls space. Thls ‘
" implies the following simple. '
- Lemma 4.  For each feC, there exists a continuous functzon Ve M - R+ such
~ that if g € V(f,y,) then g is homotopic to f. ,
.. Proof. Assume that P is imbeded in R%*! and r: W-—Pis a contmuous re-
traction of some neighborhood W of P onto P. U
. Let y,: M—R, be a continuous function such that for each x e M .the ball
-centered at f(x) w1th radius y.(x) is contained in W. Evidently such a functlon
exxsts (partition of unity): Then, if ge V(f, ¥¢), the map y

Mx[01]> (, t)—>r(tf(x)+(1—t)g(x))

!

reahzes a homotopy between f and g.

3. Proof of the theorem. It is clear by Lemma 3 that i: is open in £,

Let fe X, (k € N) and let ,: M— R, be a continuous functlon such that V(f, ny)
is contained in the set of proper mappings. Let =min{d;, v, 1}, where 6, and’
yr are the functions defined in Lemmas 3 and 4, respectively.

" We want to prove that V(f, 8) C X,. If g ¢ V(f, B) then, by Lemmas 1 and 3
'geJG for some seN. We must prove that k=s. X




~of fundamental groups ‘ , , ,
1 m(M)—>m(P)

. 50 that the index [s-zl(P) :f Snl(M))] = k. By Lemma 4, fis homotoplc to g, so
S=2¢" and |0 (P): g'{m(M))] = , |
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Itis well known {4] that the covering mappmg fe JB,‘ mduces the monomorphlsm o




