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Barbara Stachurska
' On a Nonlinear Integral Inequality

1. It is well known that if a real-valued, nonnegative and measurable function
x: [0, T)—>R 0 <T < +eo, satnsﬁes the linear mtegral mequahty

(1) , x(t) <f(¢)+p(t) f Q(S)x(S)dv for e [0, T),
‘where the functlons f, p, q are nonnegatlve and measurable in [0, T), then

@ %O <fO+p0) f 1Ofexp ( f p(r)q(r)dr) ds for tel0,T).

“Inequality (2) follows immediately from the fact that its right-hand 81de is the

- solution of the lmear integral equation

YO »0) = 10+ 2() [ a6 eris,

and that every function x satisfying 1nequahty (1) is smaller or equal to the solution
of (3).
Similarly, the problem of ﬁndlng an estlmate for a function x satisfying the

| inequality '

@ X<+ Df q(s)x”(s)ds for 1[0, )

| “can b.e reduced to the problem of ﬁnding the solution of the 'nonlinejaxl' integral
‘equation ) ) .
(&} - YO=FO+pO [ 400,

 since from the general comparative theorem of Sato [2] it follows that if a function x

, satisfies inequality (4), then x(f) < y(f), where y is the solution of equation (5).

- Since, however, we are not able to solve equation (5) in a closed form, this solution -

to our problem is only theoretical and therefore any approximate estimate for
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a function x satlsfymg (4) may be of practieal: 1mportance and the search for such
. estimates remains still an open question. This situation is further complicated by
the fact that the solution of’equation (5) exists, in general, only on a certain sub-
~ interval of the interval [0, T). Thus, various estimates should be compared from
the point of view of the precision and of the length of intervals in which they are
valid.

One of such estimates has been given in a recent paper [1] by Marom who
has proved the following

Theorem. Let f, p, q be nonnegatzve and measurable in [0, T). Then each non-
negative and measurable function x satisfying mequahty (4) satisfies, for n=2,
the inequality

©® @ x)<—F 1)
1- p(s)q(s) Hi{s)exp [ I P dr)ds

and, for n =3, the inequality

"N x0<

H() )
(11 2) [ Pa) o) 1 *0) 76
o Hit)
exp(~ D=2 f PO ) e

fo; te[0,t,), where

H(#) = f(1)+p(®) f 96)/")exp ( f P \(r)dr)ds

and t, is the first point for which the denommator of the right-hand szde of (6) or (7),
respectzvely, is equal to 0.

In the present paper, combining the method of Maroni with the idea of changing
integral inequalities into differential ones introduced by T. Wazewski [4], we give
other estimates for a function x satisfying inequality (4). In addition we shall show
that in some cases the estimates presented here are better than those of Maroni
and are satisfied in longer intervals.

2. We assume throughout this paper that functions /. p, g and x are nonnegative
. and measurable in [0, T) and that all considered integrals do exist.

Theorem 1. If the Sunction flp is nondecreasing and measurable in 0, T),
then each function x satisfying inequality (4) satzsﬁes the inequality

® x(t) < — /@ -
“ | (1 —(n-1) f g )" (s)ds)"'
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for te[0, 1), where t, is the first point for which the denominator of the right-hand . g

side of (8) is equal to 0. o

" The proof of this' Theorem is based on two lemmas. Co ’
‘ Lemma 1. If the function z satisfies the mequalzty

'(t)<p(t)2(t)+f(t) for tel0,T), -

then .
O 2 <exp| f p(s)ds) 20+ f fyexp (~ | pyar)as]
for tel0, T) |

Proof. Since the right-hand side of (9) is the solution of the linear differential
equation

Y@ =p@Oy0+/1) \ N
satlsfylng the initial value condition y(0) = z(0), Lemma 1 follows from the gencra1'
theory of differential inequalities (see [3]).

Lemma 2. Let the functzon fip satzsfy the assumptions of Theorem 1 and let
x satisfy the inequality

(10) - X0 <fO+PO [10XOD for 1[0, T). :
. Then _ ' | : |
- an X)) < — S for - te[0,1),

1- f q(S)p (5)f(s)ds

where t, is the first point for which the denommator of the rzght-hand side of (1 1)
is equal to 0.

Proof. For the function
| 20 = [ a&)#s)ds
from inequélity (10) we obtain .
- SRR CEOR

© Setting ‘
o) = 20+ e

we get

v <aroro+ (L)

Frorn Lemma 1 it follows that

v(t) exp (f q(r) p2(r)v(r) dr) (f ((%)) + f [‘g (('?)], exp (— fq(r)pz(r)v(r)dr) .ds) .




~ Since the flAmctio,ni ﬂp»is~nondecfeasing, we ‘have

‘

v() < exp ( f 4O)PC))dr) 2D A 8 .

Multiplying the above mequahty, by.
‘exp(— [a)pryv@ydr)
]
- we have

w e (- f q(r)zﬂ(r)v(r)dr) <£9.

Cbnsidc_r‘ the fung:t-ion
V(t) = exp~ f q(r)pz(r)vcr)dr)

From 1nequa11ty (12) we obtam _ :
RaGERIOTIOYON

therefore
a o v=1- f q(s)p(S)f(s)ds
From the definition of the function ¥ and mequahtles (12) and (13) we have
< SO
| p(t)(l—I 4P () f(s)ds

~Since

X0 <SO+2O0 =2 (L0 ((,’) +2()) = POV,

we obtam inequality (11). :

"~ Proof of Theorem 1. We shall proceed by induction. From Lemma 2 it
follows that Theorem 1 is true for n= 2. Assume that it is true for n and let the
function x satisfy the mequahty

*(0) <f@+p@) f g ()ds for 1[0, T). X
| From the inductive assumption we obtain | ’

Q4) () < ;0 S
(-1 PO/ OB




“For the function

u(r) - fp(S)f““{S)q(S)x(s) ds

. from mequahty (14) we have the inequality
e < 20O
‘ {1—(n— l)u(t)}" -

which can. be written in the following form

(—[1 (n—l)u(t)]"'l) HP(I)Q(t)f"(I)

. From the above inequality we have

T L l)u(t)]n—1+l n fp(s)q(s)ﬂ(s)ds - |
and therefore ' e

(15) 1= (= D@1 > (1-n f p(s)q(s)f"(s)ds)

1

Now, from inequalit-ies (14),(15) and the definition of the function u we obtain | g
the inequality ’ - 4 ! ‘

X0 < £0)
| (1- nf P(5)4() f7(5)ds)"

as was to be shown.

3. In Theotem 1 the function f/p has been assumed to be nondecreasmg It is
easy, however, to give to this theorem a form suitable for a wider class of functlons
f and p.

Theorem 2. If the function flp is bounded and measurable in [0, T), then each o
ﬁmct:on x satisfying inequality (4) satisfies the inequality

a9 s0< L0
| {1-@-n q(s)p"(s)g~-1(s)ds)'"“-"‘

1)
p(s)"

the denominator of the right-hand szde of (16) is equal to 0. ‘ - o
Proof. Since the function x satisfies inequality (4), we have S

f0" tel0,1,), where g(t) = sup :5€f0, t)} and t, is the ﬁrst pomt for which

x(1) <.p(t)g(t)+p(t) f q(s)x"(s)ds .
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. Thus, a straightforward application of mequahty (8) yields (16) and completes
" the proof.

4. In order to compare the inequalities of Maroni with the 1nequa11t1es of our

Theorem 1, we put P(f) = q(t)p(t)f(t) and Q(t)—f—(—) which enables us to

»()

write inequalities (6) and (1 1),-respectiyely, in the followmg forms
"  S@+p(O) ] P() Qexp ([ P()dr)ds
x(f -
l—fP(s)exp( fP(u)du) (l—]— oG )fP(r)Q(r)exp UP(u)du)dr)

) < — IO
1— f P(r)dr

Th%érem 3. Let the function Q(tf) = f(())

and let Q(f) # 0 for te [0, T). If the function .

| F() = 0@exp f P(u)du)

is nonincreasing for r e [0 f], then

satlsfy the assumptions of Theorem l

a7 f P(s)exp| - fP(u)du)(l—I—Q() f P(r)Q(r)exp( fP(u)du)dr)ds> f P@)dr.

Proof. Setting.
() = f P()exp ([ Pu)dul (H"Q—l(.ﬁ [ P()Q()exp (f P(u)du)d;) ds
u(t) _ exp ( f P(u)du) f P(rydr
we obtain ‘ b ° '

(19w =P@er ( f P(uydu) [HQ-Q‘th f PO)O)exp ( f P(u)du) a|

> P(@)exp | f Pydu) (1+ f P@)dr) _ u(1).

Since w(0) = u(0) = 0, we have therefore
' : w(t) = u(?) . /

. - t . ”
Hence, multiplying by exp(— [ P(r)dr), we obtain inequality (17).
0 .
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