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On Commuting Linear Operators in a Real Vector Space

The object of this note is to study some properties of a family of linear commuting
operators in a real vector space X of finite dimension. Qur main aim is to prove
a theorem about the existence of a basis in X in which all the matrices of the family
are quasi upper triangular. It is a generalization of an analogous well-known

* theorem in the complex case. The knowledge of the structure of commuting linear
operators in the real case is of great importance in. many applications, for instance
in matrix functional equations.

Since in a fixed basis in X linear operators are uniquely defined by real nXx n
matrices (n = dim X), we can use the terms linear operator and matrix as synonyms.
Theorems proved for operators are also valid for real square matrices, and conversely.

1. ALMOST COMPLEX STRUCTURE OF REAL OPERATORS

Let C denote the full matrix representation of the algebra of complex numbers
over R. C consists of 2 2 matrices of the form /

) S esen.

We say that a real matrix is almost complex if it is an overmatrix (4;) where ' B
Ay are 2X 2 submatrices of the form (1), i.e. 4;¢C. A linear operator X->X :
~ has the complex structure if there exists a basrs in X such that 1ts matrix is almost
- complex. ' :
The algebra C(2m) of all almost complex 2mx 2m matrices is a real repre-
sentation of the full algebra of complex mX m matrices and they are isomorph.

The mapping C(2m) eA 4, )—>A - (z) deﬁned by : -

) | 4= _; i]ﬂ,. = x+iy

provides a natural isomorphism between them. So we can state the following. I
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. Pxoposmon 1. The family of almast complex matrzces has analogous algebraic -
properties as the corresponding family of complex ones. ‘
Let an operator 4: X-X have complex structure and let {ei} (i= ll_, ,2n)

* be a basis in X such that its matrix is almost complex. Define a new complex ba.sis
{/} in X as follows

_ﬁc = —_'71—5- (egk._‘%—iegk) (I = '/:T, k =1, ...,”’n) .

- Jorke= % (eak—1+ iﬁzk) .

In this basis the matrix of 4 has the following structure A

@ o ‘Azﬁq

* where 4 is the i image of 4 in the mapping (2). The subspace X spaned on the vectors
J1s s f, 1s invariant for 4 and the operator A has analogous algebraic properties

in X as A in X. For instance, if 4 is upper triangular, then 4 is also such one as
an overmatrix with elements from C, i.e. A, are zero matrices for i >j. '

From (3) we conclude easily that an operator has complex structure if and only
if ‘the sequence of its elementary divisors consists of the pairs

(1—10)", (A1)
where 1, may be real. In particular, any real operator having only complexeigen-values
has complex structure.
Proposition 2. Let F be a famzly of real commutmg matrices. If a matnx
A € F has the complex numbers 2, % (A= a+bi, b + 0) as unique eigen-values, then
in a suitable basis all matrices of F are almost complex. '

Proof. A basis can be choosen so. that 4 has its real canonical Jordan form
. Then A4 is quaSIdlagonal with the blocks L,..,L where '

‘ J E
) S - L=| JE )
‘ J
with J=| ¢ b and E= Lo . Evidently A4 is almost complex. Let'Be F. Ac-
: —b a 01

cording to the quasidiagonal form of 4 we divide B in blocks B=(B,), r,s
=1,..., t. From the equality ‘AB = BA we get

©) | L,B,= B,L,.
We divide B, in 2x 2 blocks '
Brs=(‘¥ij) (1: Loo,pii=1,..,9




'where 2p= dlmL and 2q —-\d;mLs Takmg into account the spec1a1 structure
of the matnces L amﬂ L, defined by @ we gct 1mmed1ately - ‘

; © t o IXy— :kJ Xi+1k Xik—1 P o

putting X,, pe1x = Xip= 0. ,
" Our object is to show. that any 2>< 2 matrlx X,k has the form (1) ie. X e C.
We will do it by induction with respect to the index difference k—i increasing

from 1—p to g—1. For X,, we get from (6)

JX, XJO

" what easﬂy implies X, ¢ C. Assume Xﬂ € C for any pair (j, l) such that /-—j <
Let k—i=m+1. Then the matrices standing on the right of (6) have their 1ndex
difference equal to m, so they belong both to C. Hence

0 , o TXy—XyJ < C.

From (7) we get easily X, € C. Our statement ‘1s proved Thus any matrix- B, and
- consequently the whole B consists of 2x 2 submatrices belonglng to C, so that
B is almost complex.

Obviously, the above proposition holds also if the family F contains a matnx
having only complex eigen-values (not necessarlly one pair). This follows from,
the fact that if A is a direct sum L+M, i.e.

cE

and L, M have diﬂ‘ereht Eigen-vahles then the same structyre has {1] any matrix B
commuting with 4, i.e.
_IB, . o
B= , dimB, =dimL,..
B,
./ |

‘2. TRIANGULAR FORM OF REAL OPERATORS

Theorem. Let X be a real vector space of finite dimension and let F be a Sfamily

i .of commuting linear operators X->X. Then there exists a basis in X and a decom-

position of X into a direct sum,

® X=X+.. +Xs,-

such that : - Iy
(7) every subspace X, is znvarzant Jfor any A e F,

i - (i) the minimal polynomial of X, with respect to any A F is a degree of an
© i irreducible real polynomial,
" Prace matematyczne z. 15 ’ ' : : ; 12




- (idd) for any A eF its, matrtx is- ezther upper trzangular or zt is almost complex
and is upper triangular as an overmatrzx with 2X 2 matrix eiements belonging to C.

Proof. We have to prove only statement (i) because the first’ two express
the well-known fact which holds for any family of commuting operators in a real

- vector space ([1], p. 206). If all the operators of the family F restricted to a sub-

space X, have only real eigen-values then such ‘a basis may be choosen that their
matrices are upper triangular. In order to prove this we can follow the same pro-

~cedure as in the complex case [4], [3]; it is, based on the fact that any two complex

operators have at least one common eigen-vector.

Assume that there exists an operator A ¢ F'which restrlcted to X, has a pair -
of complex conjugate eigen-values. In view of (ii) this pair is unique. According
to proposition 2 its matrix and the matrices of all the operators of F restricted
to X, are almost complex ina sultable basis. Thus we can consider the corresponding.

complex family F of operators in Xk In virtue of the Morozoff—Kurepa theorem .

a basis can be choosen in X,c such that the matrices of F are upper triangular.
Passing by the inverse to the isomorphism (2) to the real matrices of F in X, we
get the quasitriangular form stated in (iii).

We shall say that a real matrix is a/most diagonal if it is quas1d1agonal and has
on its diagonal the scalars or the 2 2 blocks of the form (1), i.e. a matrix

o[ a, by a, b\ -
PR I B Rt

Propositién 3. If F is a family of real commuting and non-singular matrices
then in a suitable basis any matrix A € F can be presented in the form

©) | . A=DA,=AD*

~ where D is almost diagonal and A4, is upper triangular with the 1's on the main a’iagonal

In fact, by theorem 1 there exists a basis such that the matrices of F have a quasi-
triangular form described there. By excludlng the quasidiagonal non-singular -

‘matrix D consisting of the elements standing on the diagonal we get the required

decomposition (9). Obviously, the almost dlagonal matrix D commutes with the
almost complex matrix 4,.

Proposition 4. Let F be a family of real (complex) matrices satz.sfymg the
matrix equation ‘ !

(10) XP=¢E (&= l , p integer # 0).

A basis can be found such that all the matrices of F are almost dtagonal (diagonal) B

if and only. if they commute.
In fact, it is necessary because any two almost diagonal matrices commiute.
Conversely, if they commute then in a basis they can be presented in the form (9),

* This decomposition was given (without proof) by the author and M. Kucz‘ma in 2]
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where D is dlagonal in the complex case. Smce DP is also almost dlagonal and
A? has only the 1’ s on the main diagonal, so SN

L odn co —¢E and A’—E.

Taking intd account the spacial form of A; we get from the second of cquatlons ‘
(11) that 4, = E, what completes the proof ,
For p=12 and ¢ = —1 we get a unique solution for D satlsfymg (11), wh1ch
in a suitable basis has the form ~

3. INVARIANT SUBSPACES

A. Let F be a family of commuting linear operators X- X such that any
~operator of F has a unique eigen-valu¢ equal 1. Denote by X, the subspace of all
common eigen-vectors -of the family,

= {x:Ax=1x for any A <F}.
X, is not empty for’ commuting operators, Let
X X,= {x: Ax = x(mod X,) for any A eF}.

- We have X, # X, because X, is invariant and the operators of F restricted to any
- complementary of X are also commuting and there exists a common eigen-vector
mod Xl, not belongmg to X,. In this way we define a sequence of subspaces

(12) X,CX,C..CX,=YX, X,aéXklfzaék

- which are jnvariant for any A ¢ F.’ ' :
~ If we choose a basis {;} in X such that for any X, % the corresponding sequence
e, ..., €y of successive vectors of the basis forms a basis in X, then any operator
of F will have a matrix of the form

| E X,...
A1 3) Ez_.)(mz-
'Es
Here E; are umt matrices of correspondlng dimensions and for any fixed i the -
matrices X ., have no common zero-space, i.e. there does not exist a constant
- vector & # 0 such that X, ,é=0.
B. Let 4 be an operator with a real minimal polynomlal o. If
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