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An Algonthm for the Deeomposition of Modular Transformations
_into a Finite Product of Generators
The modular group is the transformatlon group (sce e.g. [1}, [2]) of all tréﬂs;
- formations ) : ‘
\(1) T = (az+‘b)/(cz+d)
. with ,
(2 ad—bc = l

. where g, b, c, d are real integers. The subgroup of the modular group for whlch b
‘and ¢ are even is called the even modular group.
The purpose of this paper is to give an algorithm which permits to decompose
each member of the modular group (the even subgroup) into a ﬁmte product of
1ts generators. {
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1. MODULAR GROUP

" For every pair of integers R_;, and R, there is a finite calCulation pfocedure
named Euclid’s Algorithm. We denote by k the number of remainders in th:s pro-
cedure which are not zero. Then -

’ =ROAR  (RI<IR),
Ro RO+ R (RJ<IRD,
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® R, =RO..+R (IR,;I' <IR)),

............................

i - Rk--2 = Rk-a_Qk'f'Rk (IRkI < le‘-xD, .
Rk—:i = R Qpi1,»

v' ‘and [R,| is the greatest common divisor of R, and R_,.

;
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It is well known (see [3] and [4]) that the modular group is generated by the
transformations S(z) = z+1 and 7(z)'= —1 /z , )
We shall prove the following . ‘ ’ ,

"Theorem 1. Every member (1) of the modular group is a ﬁmte product of the
transformatwns S and T, namely (i) if.c = 0 then w = S?, p = b/d, (ii) if a = O then
w=TS”, p=djc, (iii) if ac # 0 then w= S"lm‘”2 Ts"kﬂrs"k“, where‘ '-

= ()7 (=1,. k+1>, pk+2_d/c+2<— YI(R,_R)

. s=1
and Q;, R, are given by (3) with R_,= a, Ry= c.
Proof. First observe that for every integer p,

@) S?(z) = z+p, TS‘,’(z) = —1/(z+p), SPIZ:(z) =p-—1/z.

Now, if (i) holds true, then ad = 1, so that a/d = 1. Hence by @) w=(az+b)/d
= z+ p = §%(z), where p = b/d. :

If (ii) holds true, then —bc =1, so that bje = —1. This and (4) imply that
W= b/(cz—{—df = —l/(z+ p) = I'S?(z), where p = djc..

Finally, if (iii) is satisfied, we shall now decompose

W= (az+b)/(cz+d) a#0, c¢c#0, ad—bc=1,

into a ﬁmte product of powers of S and T.

By (3) we have

___R,lz-ua_l__R(,lejLRlszB_1 Q:«(Ryz+ B))+ Ryz+B_,— Q, B,
Ryz+ B, Ryz+ B,  Ryz+ B,

= Ql—al'- = SplTalﬁ .

where R_,=a, Ry=v¢, B—; =b, By=d, p= 0, and

B,
al_( l)ﬁjjiB‘)’ -Bl_-_—"B—-l_Qi-Bo"
Again by (3),
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Ryz+ B, R ay

where _ .
R,z+ B, :
a= (-~ I)ZR: iBl’ -Bz=_Bo"QaBl, Pz=“Qs-v
By induction we get w = S TS ... TS"Ta,, where

— s Rs—12+ By | ‘
(5) (-I) .R Z+B s B -Bs—2'—Qs s—1 - . ) .

__.( 1)-' 1Qs (S-T-l,,..,k)i_




For s=k we get

12+ B 1)*Bys o "
= (_l)"k%:_l ( 1)kQ'H'ri_(;R z)k—i—,;l’ Bk+1=' Bk-l»—iQkHBk'-
: To get the reqilircd ’decomposmon‘ we shall now calculate R, B, and R.B,.
_ B}"C-") and (5) we have R, B, ;= R(B; ., — @11 B) =R, By, — Ry By=Ry B, ., —
_Rk-l(Blo— Qk-Bk-l.) = (Rk+QkRk—1)Bk— "’Rk-x-Bk—s - Rk 2Bk 1 Rk—1Bk—s
L= ("_1)(-Rk—1Bk—- —R;_,B,_,). By mductlon we get .

'Rkac+1 - (*l) (Rk—s Bk—s—l Rk—s—lBk—s) (S = l: ey k) .

t

| Henc§: ‘ . : .
RBy = (—l)k(RoB_;fRﬂlBo) = (=1)!(cb—ad) = (1)
and - . . \ .
Rk—s Bk}—sml _Rk—s-«l Bk—s = (_1)k+1—s : .‘(S =1 3 ooy k) .
Therefore | A o o
. B/R,— B —1/R'-;1 = (“ll)s/'(RsﬂRs) (s =1,..,k)
whence

‘ ko S
ByR,= djc+ D (—1¥/(R,_,R). | .

s=1

1t follows from (2) that |R,| = 1. So B/R,— R.B, and -

| —1) R B | =1
Ok = (—l)lkaH"l‘_% = (—l)ka+1+.z—{-—]€B; :
" Therefore 4 =S+t TS™*%, where p, ., = (—1)*Qyy, and py = R.B,.

Observe that our decomposition of w may be written equivalently in the form
of the following contmued fraction,

7

—1
(-—1) Qk+1+

iy

z+ RkB

2. EVEN MODULAR GROUP

E4

: To get the decompbsition- of an even modular transformation we introduce
the following modification of the Euclid’s Algorithm. Given any two integers
R_, and R, different f:om zero, let R, # 0 (i= L., s) denote the successive re-
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mainders and fet Q, (i = 1, vis8) ‘aenote the successive’ quotients in the algorithm - -
to be deﬁned so that o ' )

‘(6) ‘ Ri—- = 2Ql+1RI+R:+1 (I‘dx+il iR,[ l= 0‘ S—l)

There ex1sts a umq‘ue integer ¢ such that 1{,,1 belongs to the interval [2(¢— I)R,, -
2tR] of the real axis. Define Q,,, by the condition - , \ :

120,43 R~ Ryl = min(R,_, ~2(—~DR R, 24R,~R, )

- and put R, =R,_,—20Q,., R,. It follows from the definition of Q,, that 2Q,,, R,
~ is identical with this end of the interval [2(¢—1)R,, 2¢R,] which is closer to R,_;.
Since the length of the interval is equal to 2|R,|, we have |R,+1| < [R,. The, de-
scribed procedure may be continued further if R, # 0. ‘

Lemma. If the integers R_, # 0, Ry # 0 in algorzthm are neither even nor odd
then there is k such that Ripy=0and R, #0 for i=1,...,k.

. Indeed, it follows from (6) that R,_,, R, are nelther even nor ‘odd together.
Therefore |R,_,| > |R/, whence the Lemma follows.
It is well known ([3], [4]) that given any member G of the even modular group,

o G() = (az+2)[(2ez+d), ad—4bc =1,
~we may wnte it as a ﬁmte product of the transformatlens :
S@)=1z42, T(2)=1z/Q2z41).
We shall describe a procedure which leads to an eﬁ‘ectlve decomposition of G

into a finite product of S and 7. /

Theorem 2. Let G be an even modular transformatlon gzven by (7). Then ()
if ¢=0 then G = S?, where p = b|d, (ii) if c=a then G= TS, where p= bc,r
(i) if ¢ £0, ¢ # a then G=TS"'T"S5™.. T‘k+ls"*+1 where '

P . ,
S+g o
a= (D7, [( 1y 048] (= Lkt ),

iy ' R
Pk+2 4 c+ Rs-—l-R — &kt R_1=q, ,_..Ro=a——c

/s

and R, (s=1, ., k) are given by (6)- .
Proof. Since (1) and (ii) may be easily checked we  shall prove oniy (m) First .
~ observe that we have successwely

s,

@)= ! (5’:" 1, 1), § Sp(z)’:: z4+2p (p=0,£1,42;..)

§+z




‘ TS"’(z) 2 .___"ﬂ_ , :

2P1+ +z ‘
cp 1 _1/4 /
IS lT‘i("' 2 e, —1j4°
Y S Rl
N . - —]"+Z
(8) o '.......“.....h....‘., ................
TSHT™ .. T'S”'+1(z) | ' '
RN —1/4 -
27, 1Jr1+.s,+ ~1/4
El+sg . ‘
2pr it o
gt 1/4
A\- e A 21’_!_-‘-‘1—14-8:i —1/4  °
- 2P1+1+"+Z

where &, = 1 or —1 (s= 1;'..., i), p, (s =1, ...,i41) are arbitrary integers. Ob-
serve that ' o ! ’

1 2(a c)z+4b —d 1 2R, z+ B,
2' 2(282+d) 2’ 2(2R_1Z+B_.1)

—1/4

G() = e

- where R_;=c¢, Ry=a—¢, B_;= d, B,=4b—d and -

© . _2R,z+B,
' ' ' - " 2QRez+By) "

o It follows from the equation'ad—4bc = 1 that ¢ is odd and consequently R_,
- and R, are neither even nor odd together. By the Lemma there is k£ such that
R,#0 (s=1,..,k) and R,,; =0, where R, is deﬁned by (6).
Using (6) we get

. L 20RO R)TEE _
' %= D" 50R, 2+ By

—1/4

there
' 2R,z B,
u=(- 1)22(2R12+B )’

" /ﬁy induction we _get, T

‘B,=B_1—2B,0,.

2GR, 7L By’

® o= (_I)Sfl Q,+1+i(—-l).’+1 2R.¢+1Zf!-j By |
_ ‘Biy1=Bi1—Qup1B:s  (s=0,...,K).







