) i ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
*ecoLm PRACE MATEMATYCZNE, ZESZYT 15- 1971

Joanna Ger

On Convex Solutions of the Functional Equation ¢*(x) = g(x)

Let the function g E—>R where EC R s an interval, fulﬁl the following hypo- ‘
thesis:

(H) g is defined, convex and strictly increasing in an interval [a, 8] and fulfils
the condition 0 < g(x) < x is (e, §).

For a function ¢, we denote by ¢" its n-th iterate: \

P =x, | | | e
FHE) = (™), ¢ @) =9 o Hx) *k=0,1,..).
We shall consider the functional equation R
O o (x) = g(x).

A. Smajdor [2] has proved that if the function g is convex and strictly increasing
in (a, B), and fulfils hypothesm (H), and if g has one point of nondifferentiability
in this interval, then there is no convex and increasing solution of equation (1). .
In the present paper we consider an example of equation (1) in which the s
function g is increasing, convex and differentiable in a certain interval and which
has no increasing and convex solution in this interval.
We start with some lemmas. ,
For a function f: (a, f)— R, the set of all points x e (o, f) at which f is not
differentiable is denoted by Z;. :

Lemma 1 ([2]). If a function f fulfils hypothesis (H) then Z;C Zj..
- In [2] the conditions f(a) = « and f(8) = B are postulated, but they are not
used in the proof of the above lemma.
: Lemma 2. If ¢ is an increasing and continuous solution of equation (1) in the )
~interval (a, f) and if the function g fulfils hypothesis (H); then :

@ | 0<g() <g)<x.

Proof. If, for an x ¢(a, f), ¢(x) > x, then g(x) = ol (x)) @(x) > x which
contradlcts (H). Similarly, if, for an x € (a, p), g(x) > ¢(x), then tp(g(x)) ¥*(x)
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= g(x), in contradiction with the mequahty ]ust proved. Thus for’ every Xe (a B),
we have (2). ‘
Inequality (2) implies that

lim ¢ (x) =

x>0+

Theorem 1. The unique convex and increasing solution of the equation
3 ‘ X)) =sx (0<s<]1)

in the mterval [0 B) is given by the formula

(€))] o <p(x) Vsx.

Proof. Let ¢ be an increasing and convex solution of equation (3). Since the
function g(x) = sx is differentiable in [0, §), by Lemma 1 the function ¢ is dif-
ferentiable. Its derivative is a nonnegative increasing funct:on Therefore

lim ¢'(x)
x—0+

exists and, is finite. From equation (3) we obtain in [0, f):

®) @)@ =s.
According to Lemma 2 the function ¢ fulfils inequality 0 < sx < ¢(x) < x, whence
(6 ’ lim ¢'(p(x)) = lim ¢'(x).

By (5), (6) and the fact that the function @ is continuous, we have

[ 11m ¢ = Jim [tP (PO’ =s.

Therefore , '
‘ - lim @'(x) = /s. : -

x>0+

Hence, for an arbitrary point x of the interval [0, B), we have

¥ ¢'(x) > /5.
Suppose that there exists a point x, € [0, ) such that
@® , ¢'(x0) > /s

Inequality (7) implies that

¢'lp(x)) = y/s. o

From this and from inequality (8) we get

5 = ¢'(p(x)) ?'(%) > Vsys=s,




which is impossible.‘ Thus

PE@=Vs xel0;h.

Hence and from ineguality (2) we obtain
p(x)=ysx xe[0,8).

Theorem 2. For the function g given by the formula

€ (0.
© o) = 5X Sfor x €(0, x,]

ax+b for xe[x,, ),
where 0 <s <1, s <a and ax,+b = sx,, g(x) <x in (0, 8], equation (1) has no
convex and increasing solution in (0, f). j :

Proof. Suppose that there exists a convex and increasing solution <p of equation

(1) in (0, B). Then ¢ restricted to the interval (0, x,] is an increasing and convex
solution of equation (1) in that interval. By Theorem 1, ¢(x) = y/sx for x€(0, x,]. .
Let ' .

aw Xe=97()  (1=0,%£1,.).

We shall prove by induction that the function ¢ is llncar in each 1nterval [x,> X1k
From equation (1), we obtain:

n 9 = ().

Function ¢ is linear in the interval [x_,, x,], so ¢~%(x) is linear -in the interval
[x_s, x_,]. For xe[xo, x,], g(x) € [x_,, x_,], thus ¢(x) = ¢(g(x)) is linear as the
superposition of linear functions. o
Suppose that ¢ is linear in an interval [x,_,, x,]. We shall prove that ¢ is linear
in the interval [x,, x,.,]. The function ¢ fulfils condition (11). Let x € [x,, x,,,];
then g(x) € [x,_,, x,_,] and ¢(x) € [x,_,, x,]. The function ¢ is linear in the interval
[x,, X,..], as superposition of linear functions, since the function ¢ is linear in.
the interval [x,_,, x,]. Therefore there exist numbers a,, b, such that '

. o(x)=a,x+b, xelx,_,,x,]. ,
Condmon (11) implies that ¢ {(x) = -l(gv(x)}. Putting g(x) instead of x, we have

(12) W= e) =g (w(g(x)))

The direction coefﬁc1ent of the function p(x) = ((p (e ) is equal to the product.
of direction coefficients of the respectlve functlons Thus the direction coefficient.

of the function g“(tp(g(x)) is equal to the direction coefficient of the function ¢@.
' Take x € [x,_;, x,]. Then ¢(x) = a,x+b,, and g(x) € [x,_g, X,_,], the direction
. coefficient of the function g“(tp(g(x)) )) equals a,_,. Therefore, for an arbitrary
n >0, we have

(13) o a,=a,_,.
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But if xe x> 2, theﬁ

p(x) = w“l(g( )) = a’:/‘:b :Vix+ 7= — ayx+b.

‘Thus a, # a, and from (13) we obtain that the function @ cannot be convex in |
the interval (0, ).
The above argument yields simultaneously a proof of the following

- Theorem 3. If ¢ is a continuous gnd increasing solution of equation (1) in the
interval (0, §), convex in the interval (0, x,), and if function g is given by formula (9)
then the set Z is infinite.

Theorem 3 follows from Smajdor’s result [2], but the above proof is different.
Let the function g be given by the formula :

: X for x (0, x,]
(14) g(x) =1 h(x) for x e [x,, x]
ax+b for xe[x,,f).

where x, > x, is an arbitrary point of the interval ©, 8), h(x)) = ysx,and 0 < s < 1,
5 <a.

Take the function # so that the function g be differentiable in the interval (0, §)
and fulfil hypothesis (H) in this interval.

Lemma 3. If for g given by formula (14), ¢ is a convex and increasing solution
-of equation (1), then for every n> 0 we have

‘P’(xn-a-z) = ¢'(x,) -

Proof. The function g being differentiable in the interval (0, §), by Lemma 1
'the function ¢ is also differentiable in that interval. Differentiating equatlon (1
‘we have
P (o)’ (x) =g'(x),

whence

15 - | ") — g'(x) )
(15) ¢'(x) 7o)

Putting ¢(x) instead of x we obtain -

g'(p(x) _ g'(g(x))
¢'0*0)  ¢'(g)

- Inserting the expression obtained to formula (15) we obtain

¢'(p(x) =

¢'(x) = ‘i (()))99 (g(x) -
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Setting x = x,,, we get

8 (Xni2)

V4 (Xn+2) = g'(tpi(x,.ﬂ;.z))

‘P'(g(xnﬂ&)) .

In view of (10), g(x-,,+2) = X, and ¢(%,,,) = x,,,. Hence we obtain from thc above
. relation
’ _ g ,(x'l.+2) ’
4 (xn_-liz) g '(xn+1)¢ () -

But for x > x, we have g'(x) = a, which completes the proof.

Theorem 4. For the function g given.by formula (14), equation (1) has no

convex and increasing solution in the interval (0, p).

Proof. Let ¢ be a convex and increasing solution of the equation under con-
sideration. ' \

Putting in formula (15) x = x; we obtain ‘

gn) _gx) _ a
7o) o'G) Vs’
since, by Theorem 2, g(x)= ¥sx in the interval (0, x,]. By hypothesis, a # s,
whence —;: # /5. This implies that
s .

¢'(x) =

PO # Y5 = ¢ = ¢'(%).

The assertion of Theorem 4 results now directly from Lemma 3.
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