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On Convex Solutions of the Functional Equation ¢*(x) = g(x)

Let the function g E—>R where EC R s an interval, fulﬁl the following hypo- ‘
thesis:

(H) g is defined, convex and strictly increasing in an interval [a, 8] and fulfils
the condition 0 < g(x) < x is (e, §).

For a function ¢, we denote by ¢" its n-th iterate: \

P =x, | | | e
FHE) = (™), ¢ @) =9 o Hx) *k=0,1,..).
We shall consider the functional equation R
O o (x) = g(x).

A. Smajdor [2] has proved that if the function g is convex and strictly increasing
in (a, B), and fulfils hypothesm (H), and if g has one point of nondifferentiability
in this interval, then there is no convex and increasing solution of equation (1). .
In the present paper we consider an example of equation (1) in which the s
function g is increasing, convex and differentiable in a certain interval and which
has no increasing and convex solution in this interval.
We start with some lemmas. ,
For a function f: (a, f)— R, the set of all points x e (o, f) at which f is not
differentiable is denoted by Z;. :

Lemma 1 ([2]). If a function f fulfils hypothesis (H) then Z;C Zj..
- In [2] the conditions f(a) = « and f(8) = B are postulated, but they are not
used in the proof of the above lemma.
: Lemma 2. If ¢ is an increasing and continuous solution of equation (1) in the )
~interval (a, f) and if the function g fulfils hypothesis (H); then :

@ | 0<g() <g)<x.

Proof. If, for an x ¢(a, f), ¢(x) > x, then g(x) = ol (x)) @(x) > x which
contradlcts (H). Similarly, if, for an x € (a, p), g(x) > ¢(x), then tp(g(x)) ¥*(x)
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= g(x), in contradiction with the mequahty ]ust proved. Thus for’ every Xe (a B),
we have (2). ‘
Inequality (2) implies that

lim ¢ (x) =

x>0+

Theorem 1. The unique convex and increasing solution of the equation
3 ‘ X)) =sx (0<s<]1)

in the mterval [0 B) is given by the formula

(€))] o <p(x) Vsx.

Proof. Let ¢ be an increasing and convex solution of equation (3). Since the
function g(x) = sx is differentiable in [0, §), by Lemma 1 the function ¢ is dif-
ferentiable. Its derivative is a nonnegative increasing funct:on Therefore

lim ¢'(x)
x—0+

exists and, is finite. From equation (3) we obtain in [0, f):

®) @)@ =s.
According to Lemma 2 the function ¢ fulfils inequality 0 < sx < ¢(x) < x, whence
(6 ’ lim ¢'(p(x)) = lim ¢'(x).

By (5), (6) and the fact that the function @ is continuous, we have

[ 11m ¢ = Jim [tP (PO’ =s.

Therefore , '
‘ - lim @'(x) = /s. : -

x>0+

Hence, for an arbitrary point x of the interval [0, B), we have

¥ ¢'(x) > /5.
Suppose that there exists a point x, € [0, ) such that
@® , ¢'(x0) > /s

Inequality (7) implies that

¢'lp(x)) = y/s. o

From this and from inequality (8) we get

5 = ¢'(p(x)) ?'(%) > Vsys=s,







