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On the Existence of Solutions of Linear Boundary-value Problem
for Ordinary Differential Equations

This note concerns the existence and uniqueness of solutions of linear boundary
value problems for systems of first-order non-linear ordinary differential equations.
It presents the generalization of our earlier note [3] and gives a different proof

of a certain result due to A. Lasota and Z. Opial [8]. In contrast to [8], we do not.
use the theory of contingent equations (Lemma of Pli§ [9]) but we base on the

Leray-Schauder fixed-point theorem.

Let R* denote the n-dimensional Euclidean space, with the Euclxdean norm [x]|.
Let Gy (Cous) be the space of all continuous (C*®) mappings of [0, 4] into
R" with the norm of uniform convergence, ||x|| = max{|x(f)|: [0, A]}.

We shall deal with the systems of ordinary differential equations

o X = fit, x)
and a boundary-value condition
@ . Lx=r,

where f: [0, ] X R*—> R* and the mapplng L: C,, ,,]->-R is linear and continuous.
Moreover we shall consider the differential inequalities of the form

3) , x| <p@lxl+4(),

where the functions p(7) and ¢(f) are nonnegative and summable.

By the solution of (1) (resp. (3)) we mean any absolutely continuous function
X(2) € Gy satisfying (1) (resp. (3)) almost everywhere on [0, h]

We shall assume in the sequel that:

(C) For each fixed t¢ [0, 2], f(¢, x) is continuous in x, for each fixed x eR"
- flt,x) is Lebesgue measurable with respect to 7.

(L) x(#)=0 is the unique solution of the equation x'= 0 satxsfymg Lx =0.

It may be proved (the proof follows easily from [1]) that (L) is equivalent to
the following condition:
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(L1) The restriction L, of L to the subspace of Cio,ip consisting of all constant
functions is invertible.

In section 1 we consider certain properties of differential inequalities assomated
with the boundary value problem (1), (2). In section 2 we prove a lemma which
is used to obtain an a priori estimate of solutions of (1), (2). The existence theorems
are presented in section 3. In section 4 we show that for to verify the assumptions
of the existence theorem it is enough to prove that a certain differential inequality
has no nontrivial solutions of class C*® (Theorem 4). In the last section the ap-
plication of obtained theorems to the Floquet’s problem is discussed.

1. Assume that L is linear, contlnuous and satisfies (L) and consxder the dif-
ferential inequality

@ C Wl=s0m
with the homogeneous boundary value condition
) | Lx=0.

Theorem 1. Under above assumptions, there is a positive constant M such that
if p(t) satisfies -

© | [ p(yar < M,

then problem (4), (5) has only the trivial (null) solution.’
Theorem 1 is a consequence of a more. general result of A. Lasota ([5], Theo- 4

rem 2). For the convenience of the reader, however, we give here a simple direct
proof of Theorem 1. \ .

Proof. For an apsolutely continuous function x(?) satisfying (5) we have
x(f) = f x'(s)ds+C and L f x'(s)ds+LC=0.
. 0 . 0
Since L satjsﬁés (L1), L;* exists. Hence
| C=—-L;'L f x(s)ds and x()= (I—-L;'L) f x'(s)ds
o L]

(I stands for the identity mapping).
Put 4 =I—-L;'L. Now, if x(f) satisfies (4), then

lxl] < [14]]- lif X (s)ds|| < |1l 1+]]- fp(s>ds,

where !IA[I denotes the norm of A Hence M = ||AH“1 satisfies the assertlon of
Theorem 1.

2. Denote by M, the least upper bound of the set of numbers M for whlch
Theorem 1 holds. M is the “best estimate” for problem (5), (4). For some boundary
value problems M; has béen found. For example, for initial-value problem
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(Lx = x(t,))—M, = oo for the Nicoletti’s problem (Lx = xy(), Xslts)5 +ves Xolt))>
(x; denotes the i-th- component of x, t,€[0,h])—M, = =f2 [7], for the Floquet’

problem (Lx = x(0)+4x(h), 2> 0)—M, = Vri+ IntA [3], for the problem R
(Lx = x(0)+ Ax(h), A < 0)—M, = |nja|| [S]. s

Lemma 1. Let p(t) and q(t) be summable and nonnegative on [0, h), and Jet
) | Oj p(ydt< My
- Then every solution x(t) of problem (3), (5) satisﬁes the inequality
® (@) < f a1+ (4~ f p(dt) " Jexp ) [ ra).

Proof. If m = min{|x(¢)|: £ € [0, A]} and m # O, then (3) implies that

\ 1O <(p()+q@)/m)Ix (@] .
Hence, by the deﬁmtlon of ML

f (p(D)+q(t)fm)dt> M,
and therefore, by (7), ,
RO m < (M~ [ p@yd)” | q(t)dt.

Obviously (9) remains valid if m = 0.
~ For the function v(f) = |x(?)|, the inequalities [v'(#)| < |x'(#)| and (3) imply that

—p(B)v—q(t) <V <p@) v+d(®) .
Hence ([2], p. 27), for any t, ¢ [0, A},

v() < (v(t0)+f q(u)exp (‘— f p(s)ds) du) exp( f p(s)ds) for te [t h] ,
V() < (v(to)— f q(u)eXp( f p(s)ds) du)exp(— f p(s)ds) for te[0, 1)

Take ‘t(, such that v(z,) = m. Then (9), the above inequalities and the inequalities

t A :
fP(S)ds <fP(S)ds, eXp(—fp(s)ds) <1

imply (8).
3. Theorem 2. Assume (C) and (L). Let f(t x) satisfy
(10 Lt x)) <p@x|+q(®) for (1, x)e]0, IX R,

where p(f) and q(?) are nonnegative and summable.




If p(t) satisfies (7), then problem (1), (2) has at least one solution.
Proof. The change of variable x = y— L7 reduces (1), (2) to the homogeneous
boundary value problem (1), (5), hence w1thout loss of generality, we may consider

problem (1), (5).
For u €0, 1] define a family of mappmgs T,: Copm—>Com by

T, x(f) = x(t)—-—,u f fls, x(s))ds—x(0)+ Lx .
0
It is easy to verify that 7,x = 0 if and only‘ if x = x(¢) is the solution of the

equation ‘
X' = uf(t, x)

satisfying (5). 7, is linear, continuous in (z, x) and completely continuous.

Let K be the ball of Cpy,, K = {x:||x]] < A-+1}, where A4 denotes the right-
hand side of (8) and let S be the boundary of K.

Since the mapping 7, is linear and continuous on. S, its degree is equal to 1
([4], p. 110). By (8), T, x # O for (4, x) € [0, 1]x S. Hence the degrees of 7, and
T, (4 <(0, 1]) are equal ([4], p. 114). From the Leray-Schauder theory it follows
that there is x, € K such that T;x, = 0, which completes the proof.

| Theorem 3. Assume (C) and (L). Let f(t; x) satisfy ,
(11) [t =, ) <p@lu—v| for (,w),(tv)€[0,A]XR"

and let p(t) be summable and satisfy (7).

Then problem (1), (2) has exactly one solution.

Proof. Since (11) implies (10), the existence of the solution of (1), (2) follows
from Theorem 2. To prove the uniqueness, consider two solutions x,(£), x,(t)
of (1), 2). By (11), x(t)y = x () —xx(t) is a solutlon of problem (4) (5). Since p(¢)
satisfies (7), x(£)= 0.

4. Lemma 2. Assume (L). Then for any absolutely continuous function
x:[0, A]—R" satisfying (5) there is a sequence {x,,(t)} CCRyy such that

lim{|x,~x||=0, Lx,=0.
Proof. Since x'(f) is summable, there is a sequence {u,(f)} C Cg,; such that
Lim. u(f) = x'(¢), (Li.m. denotes mean convergence). '
Put x,(8) = y(D+c,, x(f) = y(®)+ x(0), where

t

30 = [uds, x)=[ ¥()ds, =—Ly,, xO——LiiLy.

0

It is easily seen that ||y,—y||>0 as n—>co. Hence, by the continuity of L;'L,
lim (¢, — x(0)) = lim L; 'L{y—y,) = 0

This completes the proof of Lemma 2.
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Let M2 be the least upper bound of numbers M such that the problem (4), (5)
has only trivial solution of class C* for all non-negative functions p of class C*
satisfying (6). ‘ /

Theorem 4. If L is linear, continuous and satisfies (L), then M = M.

Proof. The inequality M{* > M, is obvious, hence to prove the theorem it
is enough to show that MP <M.

Assume that M > M. Let z = z(#)==0 be the solution of (4), (5) w;th p(?)
summable on [0, 4] satisfying

(12 | f p(t)dt<M}j°.
By Lemma 2, there are sequences {p,}, {x,} C a1 such that 11 m. p,=
lim||x,—z|| = 0, Lx,= 0. Using the identities z = z+x,—X,, P = P,t+P- p,,,:
n—00

after simple calculation we obtain from .(4) the inequality
, 1xo] < palXalH+12a— Pl 1Xa| + Plz— X, | 2" — X,
or, putting
‘ gn=|Pa— Pl 1%, |+ plz—x,|+12"—x,} ,
the inequality’
Xl < PalXnl 85 -

By (12), for n sufﬁ(:lently large,
f p,,(t)dt < M°°

Hence, by Lemma 1,
0] <[ (0 f putydt) " exp ( f pt)di)+exp ( f (1)) f gt

Since the expression in the square brackets is bounded and lim f g (dt =0,

n—» 0
we have 11m|[x [| = 0, contrary to the. assumptlon liz|] > 0.

From Theorem 4 we obtain immediately the following

" Corrolary. Theorems 2 and 3 remain true lf condition (7) imposed on p(t) is
replaced by the inequality :

h
[ p(oyde < M.
0 .

5. From Theorems 2 and 3 one can obtain optimal estimates assuring the

existence and uniqueness’ of Nicoletti’s boundary value problem [7] or Floquet’s
boundary value- problem [3]. In this section we give further generalization of
results of [3].
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- Theorem 5. Let the mapping L: C, n—>R" be deﬁned by the formula -
Lx = x(0)+ABx (), '

where A >0 and the matrix B is orthogonal. Denote by a(u) the angle between u
and Bu (€ RY). :
If —a < a(u) <a for all u, then

M, =V(z—ap+n?i. A
Proof. Let x = x(¢) satisfy (4) and the boundary condition
(13) x(0)+ ABx(h) =

From the Gronwall’s 1nequa11ty ({2], p. 24) it follows that if x(to) =0 for
fo € [0, k], then x(r)=0. So we can assume that x(z) # 0 on [0, A). ‘
. Choose ¢ >0 so small that p*(s) = p(f)+-¢ satisfies (4). A change of the in- -

dependent variable v = f p'(s)ds transforms (4) and (13) into
: 0

(14) - Y@ <@l
. . h
(15) | YO+Byt) =0, {ln=[ p*(5)ds)
* Put 1) = YO, €)= y()y@). Then (14) and (15) give
(16) (FOP+r@Fe@E < r@P,
(7 ) r() = ir(h).

Since the angle between e(0) and e(h,) is less then #—a,
. o
18) [ le'(s)lds > n—a.
0

Using the inequality
\

f V1—(r'(s)/r(s)fds < V12—1ﬁ2(r ()/r(0))

(see [3]) and the mequahty
€@ <VI-{r'@/rGF

we obtain

. —a <VE—1n?r(h,)/r(0)) .
So .
' I/(n—a)2+ln22 <h= fp*(s)ds,

which contradicts (13).
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An immediate conséquchce of Theorems 2,i 3 and 5 is the following
Theorem 6. If f(¢, x) satisfies (C) and (10), p(?) satisfies
- (19) ) j p(t)dt<]/(:rt—a)2—1-1n21

then problem (1), (13) has exactly one solution. _ ‘
The estimation (19) is optimal, i.e., it cannot be replaced by the weak inequality

(20) fh p()dt <VE—afrina.

To prove this, consider the system of differential equations
1) x; = —x;(2/x)InA+ Xz Xy = —Xx;— Xy(2/7)Ink
with boundary conditions ‘ ,

(22) X 0)+Ax,()) =0,  x,(0)—Ax;(h) = 0
The right-hand sides of (21) satisfy (10) with

-2/

Let A= n/2. Obviously, p(t) satisfies (20).
- It is easy to verify that the general solution of (21),

x,(?) = exp [(—2¢/x)In1](C;cos t-+ C,sint)
xo(1) = exp[(—2¢/z) InA](— C,sin £+ Cyeos1) ,
satisfies (22) for arbitrary C;, C, while the inhomogeneous boundary value problem
O+ @2y =r, x0)—ix@2)=r, (i+r;>0)

“has, in general, no solution.
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