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On the Continuous Dependence of Solutions of a Boundary Value Problem: .
for Ordinary Second-Order Differential Equations / _

1. 1t is well known that for an ordinary differential equation the uniqueness
of solutions to initial value problems implies the continuous dependence of so-
lutions on initial values. It is natural to ask if a similar result is true for boundary
value problems. In the present paper we show that for a broad class of second- .
order differential equations the answer to this question is affirmative.

2. Consider a second-order differential equation L
o | X =ftxx) RN

and assume that the real function J(, x, u) is continuous on Ix R* where I denotes.
an interval of the real line R. We assume moreover that

(i) For every (t_o,'xo, x;) € IX R?, the initial value problem (1) and ’ '
V) () =X, Xx(t)=x

has a unique solution x(f) defined in 7, x(¢) e C*(I).
(ii) For every palr (a, @), (b, p) of points of Ix R, the boundary value problem
(1) and
&) x@=a, xB)=p (@<b
has at most one solution. ,‘
Under the above assumptions (i) and (ii) we have the followjn:‘g
Theorem 1. If {x(0} (n=1,2,...) is the solution of equation (1) satisfying

(3n) na) =, mEI=f o
and if B ‘ o
@ (@, )= (a,0), (b B> (B, )

(@ a,), (Bys B, (@, @), (b, B) e IX R)




80 ' R » )
- as n—>+ oo, then the sequence {x,,(t)} is almqst uniformly convergent on I and the limit

x()= lim x (2)

. > 4-00
is the solution of equation (1) satisfying condition (3) with (a, ) and (b, ﬁ) given by (4).
Proof. The existence of solutions of problem (1), (3) follows [1] from the

assumptions (i) and (ii). .
Denote by X,(?) the solution of equation (1) satisfying the condition

Xi@=-e+1, Xb)= ﬁ+l
and by X,(r) the solution of equation (1) such that
Xy@)=a—1, Xyb)=

From assumptions (ii) and (4) it follows that, for any fixed positive number .
& < }(b—a), there exists an integer N such that

X0 <t <X (@te<t<b—e; n>N).
‘We have therefore .

X(b—e)—Xi(ate) _ xab— £)— x,.(a—l—a) Xl(b—e)—Xg(a—lis)
b—a—2¢ < b—a—2e < - b—a—2¢

(n>N).

Setting

Sp = min{t: ate < < b_s’ x,',(t) = Xn(b;?;faia+8) ,

we have
atess, § b—e 2 .
min{X,(t): 2 € [a+¢, b—e]} < x,(s,) <max{X,(t): telate, b—el},

Xy (b—e)— Xl(a—]—s) ()<X,(b £)— X,,(a—l—e)
- b—a—2¢ Yol S b—a—2¢

Replacing, if necessary, the sequence {s,} by a subsequence, we may assume that
the limits

s, =1lims,, x,=Ilimx/s,), —Ilmx(s

10 N0 .
exist. From the continuous dependence of solutions of equation (1) on their initial
values ‘it follows that the sequence {x,(f)} is almost uniformly convergent on /
to a solution x(¢) of equation (1) such that x(s,) = x, and x'(s,) = xo Moreover,

by (3n) and (4) we have »
x@=a, x(b)=4

and this completes the proof of Theorem 1.
3. The existence of solutions of the boundary-value problem (D), (3), deduced
from [1], played an important part in the proof of Theorem 1. There is another




situation [2], more general than that covered by Theorem 1, in which the existence
of solutions. of problem under consxderatlon is guaranteed by their uniqueness.
We shall show that also in that case we have the continuous dependence of solutions.
on their boundary-values. :

As in [2], considér a sequence (ﬁmte or infinite) of intervals [¢;, ] (j =1, ..., k,
k<+4o0; 0<e <u1<e,<u2 <...) assume that u,—e <e, (j=1,2,. ) and
suppose that

(iii) If two distinct integral curves of equatlon 09 agree in value at ¢, € I, then
if they agree in value again at z, there is a positive integer 7 such that '

lto‘“"zl uis

and if u, is finite, then for each j=1,..., k there is an , such that the curves agree ;
in value at ¢ and o .

<l—tl <

Under assumptlons (1) and (111) we have the followmg ‘
Theorem 2. If {x,(2)} (n-—l 2,..).is a solution of equation (1) satisfying

®) X@)=a,,  Xb)=p,, - o
if moreover : ' . .

O @na)>@,0, b)) (@ a), BB, @, ), B, P e IXR)

as n->oco and if for ‘some k . ’

) ' U, <b—a<e,

then the sequence {x ()} is almost unzformly convergent on I and its limit,

x(f) = hmx D,

n->00

is the solution of equation (1) satzsfymg the condition
® x@=a, . x(b)=

Proof. From assumptions (i), (iii) and (7), by {2], it follows the existence of
solution of problem (1), (8).

When k =1 Theorem 2 reduces to Theorem 1. We shall prove Theorem 2
when k = 2 only It will be easily seen that the general case follows in the same way.

First we consider the case a,= a, a,= a (n=1,2,..) and (b,,8,)—>(,H).
Denote by X;(#) the solution of equatipn (1) satisfying the condition

| X@=a, XB)=pr1 B
'and by Xy(#) the solution of equation (1) satisfying the condition ’

X)=a, Xb)—
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From (6) ‘and (m) it follows that ‘ :
XO<xO<XL) (>N,a<t<e).

'As in the proof of Theorem 1 we find a sequence of points {s,} (@ <
n=1,2,..) such that the sequences {x (s,,)} and {x,(s,)} are bounded. Hence,
by (1), it follows that the sequence {x,(f)} is almost uniformly convergent on I to
solution x() of equation (1) satisfying the condition (8).

The proof in the case when b,= 5, §,= ﬁ n=1,2,..) and (a,, a,,)‘—»(a a),
is quite analogous.

Finally, applymg the triangle mequahty we obtaln the complete proof of Theo-
rem 2.

4. By a standard compactness argument one can show that the continuous
dependence just proved is almost aniformly in the following sense : for any compact
subset K of R, any compact subinterval 4 of I and for any ¢ > 0 there exists 6 >0 -
such that if Py(a;, &), Pu(as, a3), Qi(by, B1), Qulbss B2) (Pr # @1, Py # Q) are ar-
bitrary points of 4X K and (P, Pp) <9, (@, @) <6 then |x(t)—x.(¢)+
+x()—xf)] <& (ted) where xi(f), x,(¢) denote the solutions of equation (1)
satisfying, respectively, the conditions x,(@,) = a,, x,(b,) = B,, Xx(@;) = 5, X;(b) = B,
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